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The Gaussian distribution

The Gaussian distribution

The Gaussian or normal distribution, is a classic
model for the distribution of continuous variables

In the case of a single variable x, the Gaussian distribution can be written as
2 1 1 2
N(x|p, o ):W@(P(—F(x‘ﬂ) ) (1)

> 1 is the mean and o2 is the variance

In the case of a D-dimensional variable x, the Gaussian distribution is

N ®) = e (— 50— 05 - w) @)

> p is the D-dimensional mean vector
> X is the D X D covariance matrix
> |X| is the determinant of X
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The Gaussian distribution

The Gaussian distribution (cont.)

N ®) = e (— 50— 05 - w) @)

Let us start by considering the geometric form of the Gaussian distribution

» The Gaussian depends on x is through the quadric form
A= (x—p) =7 (x—p) 4)

» Quantity A is the Mahalanobis distance from p to x

» |t reduces to the Euclidean distance when X =1

The Gaussian is constant on surfaces in x space for which Eq. 4 is constant
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The Gaussian distribution

The Gaussian distribution - Eigenequation

For a square matrix A of size M x M, the eigenvector equation is
Au; = A\ju;, withi=1 ... M

> u; is an eigenvector and )\; is the corresponding eigenvalue

\{

The condition for a solution is the characteristic equation

IA— X\l =0

v

Generally, the eigenvalues of a matrix are complex numbers

v

The rank of A equals the number of its nonzero eigenvalues

Rank(A) is the number of linearly independent row/columns in A

> Given a set of vectors {ai,...,ak}, the set is said to be linearly
independent if >, axax = 0 holds only when all ax =0

» No vector ax can be expressed as linear combination of the others
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The Gaussian distribution

The Gaussian distribution - Eigenequation (cont.)

A symmetric matrix A, a covariance of the Gaussian, is such that A; = Aj;
AT =A
The inverse of a symmetric matrix is also symmetric (A™!)7 = A™!, with

AA ' =A"IA=1

The eigenvectors u; of a real symmetric matrix can be chosen to be orthonormal

1, ifi=j
0, ifi#j

The eigenvalues A; of a symmetric matrix are real numbers

u/uj = I; with I; elements of I such that ; =
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The Gaussian distribution

The Gaussian distribution - Eigenequation (cont.)

Since the eigenvectors u; can be chosen to be orthogonal and of unit length, we
can take them to be the columns of an orthogonal M x M matrix U, UUT =1

» Incidentally, note that also the rows of U are orthogonal, UTU = I

We can use U to transform a vector x into a new vector X, that is X = Ux
> The length of the vector is preserved: %'% = x"U"Ux = x"x
> The angle between two vectors is preserved: %’§ =x"U"Uy = x"y

Multiplication by U represents a rigid rotation of the coordinate system
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The Gaussian distribution

The Gaussian distribution - Eigenequation (cont.)

We can write the eigenequation Au; = A\ju;, with i =1,... N, in terms of U
AU = UA
> Aisa M x M diagonal matrix, with diagonal diag(A) = (\1,...,Am)7

v

UTAU=U"UA = UTAU = A, matrix A is diagonalised by U
N——"
1
» UUTAUU" =UAUT = A=UAU" = A=V X\uu/
AN e
1 ]

1
> A—l _ UA—IUT _— A—1 = Z:\il Yu,'ul-T

Al =TT, N
Trace(A) = Z,Ai1 Ai

v

\{
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The Gaussian distribution

The Gaussian distribution (cont.)

Consider the eigenvector equation for a real symmetric covariance matrix X

Su; = A\iuj, withi=1...,D (5)
Real eigenvalues and its eigenvectors 1. ifizi
T ’ J
form an orthonormal set uiuj =l = e (6)
0, ifi#]
. D
3% can be expressed as an expansion
. . P P 3= )\,-u,-u,-T (7)
of its eigenvectors (x)
i=1
D
The inverse covariance matrix X! 1 1 T
can be expressed (x) as = Z; o (8)
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The Gaussian distribution (cont.)

By substituting the inverse covariance matrix X! into the quadratic form A2

A = (x—p) B (x—p)

%1
—u)T(Zx,u,-u,T)(x—u)

Il
—
X

Z ©) uu (x — p)
Ai

1

’ with y; = u/ (x — ) (9)

- 3%

>4|'*<

FC - Fortaleza The Gaussian distribution



Condition distributions

The Gaussian distribution

The Gaussian distribution (cont.)

We interpret {y;} as a new coordinate system defined by orthonormal vectors
u;, that are shifted by p and rotated with respect to the original coordinates x;

» Forming the vector y = (y1,...,yp)", we have
y=U(x—p) (10)

U is an orthogonal matrix whose rows are u/ (i.e., UUT =land UTU =1)

FC - Fortaleza The Gaussian distribution



Condition distributions

The Gaussian distribution

The Gaussian distribution (cont.)

The quadratic form and thus the Gaussian is constant
2

on surfaces for which A? = Z.D:I );\—' is constant
!

I

For positive \j, the surfaces are ellipsoids

ug . . .
2\/ > Centred in p and axis oriented along u;
up

> The scaling factors in the directions of
s the axes are )\%/2
n

T

The red curve is the elliptical surface of a
2D Gaussian in which the density is
exp (—1/2) of its value at x = p

A2
/2
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The Gaussian distribution

The Gaussian distribution (cont.)

For the Gaussian to be well-defined, all of the eigenvalues \; of the covariance
matrix need be strictly positive!, otherwise it cannot be properly normalised

» A Gaussian for which one or more eigenvalues are zero? is singular

> It is confined to a subspace of lower dimensionality

LA matrix whose eigenvalues are strictly positive is called positive definite
2A matrix in which all of the eigenvalues are nonnegative is called positive semidefinite
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The Gaussian distribution - Jacobian factor

Under a change of variable, a density does not transform like a regular function

For a change of variables x = g(y), a function f(x) becomes f(y) = f(g(y))

Consider a probability density p«(x) that corresponds to a density p,(y) wrt
a new variable y and notice that p«(x) and py,(y) are different densities

» Observations falling in a range (x, x + dx) have probability px(x)dx
» By transforming them, we make them fall in the range (y, y + dy)
» Observations falling in a range (y,y + dy) have probability p,(y)dy

Px(x)dx =~ py(y)dy

= p(x)lg'(v)

dg(y)’

b ) = pe()| | = )|
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The Gaussian distribution (cont.)

Consider now the Gaussian in the new coordinate system defined by y;

In going from x to y, we have a Jacobian matrix J
= Uj (11)

Thus, the elements of the J are the elements of U7
Using the orthonormality property of U, the square of the determinant of J

Pl=UP=uT|u=uY=Il=1 =J=1 (12)
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The Gaussian distribution (cont.)

We also have that the determinant |X| of the covariance matrix can
be written as the product of its eigenvalues, and thus we also have

D D
==][x = ==\ (13)
j=1 j=1
Hence, the Gaussian distribution in the coordinate system y; becomes

¥
14
p(y) = p(x)J| = H(Hm exp (- 2A) (14)

Here, it is the product of D independent univariate Gaussian distributions

> The eigenvectors define a new set of shifted and rotated coordinates

> Here, the joint distribution factorises into independent distributions
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The Gaussian distribution

The Gaussian distribution (cont.)

Using a result derived for the normalisation of the univariate Gaussian,

/p(ydy—H/w (27”\ BT p( Zy;)dyj—l (15)

which is the integral of the distribution in the y coordinate system
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The Gaussian distribution

The Gaussian distribution (cont.)

We now look at the moments of the Gaussian distribution (back to the x-space)

The expectation of x under the Gaussian distribution is given by

e Wﬁ/ P ( - %(x —u)E T (x - M))de
N wﬁ/eﬁ) ( o %ZTE_IZ) (z+ p)dz (16)

> We have changed variables usingz=x —
The exponent is an even function® of the components z, which for integrals
taken in (—o0, +00) will make the term in z in the factor (z 4+ p) vanish

Ex] =p (17)

3A real-valued function is said to even if f(x) = f(—x), or f(x) — f(—x) =0
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The Gaussian distribution (cont.)

There are D? second order moments [E[xix;] under the Gaussian distribution
Exx"] = —;/exp ( — E(x ) = (x - u))xdex
COREPIE 2
= ——/exp ( — lZTE_IZ) (z+ p)(z+ 1) dz (18)
(2ﬂ.)D/2 |E|1/2 2

» The cross-terms involving [.LZT and zuT will vanish by symmetry

> The term pp” is constant and can be taken outside the integral
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The Gaussian distribution

The Gaussian distribution (cont.)

As for the term involving zz”, using the eigenvector expansion of the
covariance matrix together with the completeness of the set of eigenvectors

z= Zyjuj-, with y; = usz (19)

1 1 1 Ts—1 T
Ww/exp(—iz X Z)ZZ dz

1 D 5y
~ (2m)p2 |2|1/2 ZZ“ u; /exp( Z Tk)y,-yjdy
i=1 j=1 —1
D
= ZUiUiTAi =3 (20)
i=1
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The Gaussian distribution

The Gaussian distribution (cont.)
We used the eigenvector equation 3u; = A\;u; and the fact that the integral on
the right-hand side of the middle line vanishes by symmetry unless i = j

In the final line we used E[x?] = jz N(x|p, 0?)x*dx = i + o? and
IS[Y2 =17, \/’?, together with X = 27 Auu/
As a result, we have

Exx"] = pp” +3 (21)

For single random variables, we subtracted the mean
before taking second moments and define a variance

Similarly, in the multivariate case it is again convenient to subtract off
the mean, giving rise to the covariance of a random vector x defined by

cov[x] = cov[x,x] = E[(x — E[x])(x” — E[x"])] (22)
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The Gaussian distribution

The Gaussian distribution (cont.)

For the specific case of a Gaussian distribution, we use of the first-order
moment E[x] = p and the second-order moment E[xx"] = pu” + 3

cov[x] =X (23)

The parameter matrix X governs the covariance of x under the
Gaussian distribution, hence it is called the covariance matrix
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The Gaussian distribution (cont.)

The Gaussian distribution is widely used as a density model

» Though, it suffers from some significant limitations

Consider the number of free parameters D(D + 3)/2 in the distribution (x)

> A general symmetric covariance matrix 3 has D(D + 1)/2 independent
parameters (x) and there are another D independent parameters in p

For large D, this number grows quadratically with D, and the computational
task of manipulating and inverting large matrices can become prohibitive

A way to address this problem is to use covariance matrices of restricted form
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The Gaussian distribution (cont.)

We can consider covariance matrices that are diagonal (X = diag(c?))
> A total of 2D independent parameters in the density model

> Axis-aligned ellipsoids of constant density

We can restrict covariance matrices to be proportional to the identity matrix
(X = &I, or isotropic covariance), we then get D + 1 independent parameters

» Spherical surfaces of constant density

Such approaches limit the number of degrees of freedom in the distribution and
make inversion of the covariance matrix much faster

They also greatly restrict the form of the probability density and limit its ability
to capture interesting correlations in the data
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The Gaussian distribution (cont.)

T2 T2 T2

_ T (a1 Ty

() (b) (c)

> (a): general
> (b): = = diag(c?)
> (c): = =0
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The Gaussian distribution

Conditional Gaussian distributions

Property of the Gaussian: If two sets of variables are jointly Gaussian, then the
conditional distribution of one set conditioned on the other is again Gaussian

Suppose x is a D-dimensional vector with Gaussian distribution N (x|p, X)

» We partition x into two disjoint subsets x, and x;

Without loss of generality:
> X, comprises the first M components of x

> Xp comprises the remaining D — M ones

x= (:z) (24)

>
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Conditional Gaussian distributions (cont.)

We also define corresponding partitions of

w () *

2aa 2ab
3= 26
(Eba Ebb) (26)

Because of the symmetry 337 = 3, we have that
3., and Xy, are also symmetric and 3p, = 3],

> the mean vector p

» the covariance matrix X
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Conditional Gaussian distributions (cont.)

In many situations, it is convenient to work with the precision matrix
A=x"" (27)

The corresponding partitioned precision matrix is given by the form

Aaa Aab
A= 28
(Aba Abb) (28)

Because the inverse of a symmetric matrix is also symmetric,
AL, and Ay are also symmetric and Ap, = A, (%)
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

We begin by finding an expression for the conditional distribution p(xa|x5s)

From the product rule of probability, this conditional distribution can be
evaluated from the joint distribution p(x) = p(xa, xs) by fixing x, and
normalising the result to obtain a valid probability distribution over x,

Instead of performing this normalisation explicitly, we can obtain the solution
more efficiently by using the quadratic form in the exponent of the Gaussian

and reinstating the normalisation coefficient at the end of the manipulations
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

e . i _ Xa _ [ Ha _ Aaa Aab
We use the partitioning: X = <Xb) u= <ﬂb) A= (Aba Abb)
1 T 1 - 1 T
—s(x=p) Alx—p) = S(xa— pa) Aaa(xa — pa) — 5(xa — pa) Aan(x6 — po)
2 2 2

1 1
— E(Xb — Mb)TAba(Xa — W) — E(Xb — ub)TAbb(Xb — Wb)

We see that as a function of x,, this is again a quadratic form, and hence the
corresponding conditional distribution p(xa|xs) will be Gaussian

This distribution is completely characterised by its mean and its covariance, and
our goal is to identify expressions for the mean and covariance of p(xa|xs)
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

> We are given a quadratic form defining the exponent terms in a Gaussian,
and we need to determine corresponding mean and covariance

The exponent in a general Gaussian distribution (x|, ) can be written
1 1
—E(X—M)Tz_l(x—u) = —§XT2_1X+XT2_1[L+C0nSt (29)
. . . ; . L
where ‘const’ denotes terms which are independent on x (i.e., 5k X7 u)

If we take the general quadratic form and express it in the form given by the
right-hand side of Eq. 29, then we can equate the matrix of coefficients
entering the second-order term in x to the inverse covariance matrix 37! and
the coefficient of the linear term in x to X'y, from which we can obtain g
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

We apply this procedure to the conditional Gaussian distribution p(xa|xs):
» The quadratic form in the exponent

1 . 1 1
S ) E T ) = S — ) Aa(Xa — paa) — 5(Xa — pta) Aan(xb — pas)

1 - 1 T

=(xb — pp) Apa(Xa — pa) — =(x6 — pn) " Aps(X6 — pn)
2 2

We will denote mean and covariance of this distribution by p,, and 3,,

Consider the functional dependence on x, in which x; is regarded as a constant

» If we pick out all second-order terms in x,, we have

L
—5%a Aaaxa (30)

» From which, the covariance of p(x.|xs) is given as
S =A% (31)
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

1 B 1 1
S ) ET ) = S — ) Aa(Xa — pta) = 5(Xa — pta) Aan(xb — pas)

1 . 1 .
— E(Xb — ) Apa(Xa — pa) — E(Xb — b)) Abp(xp — o)

» Consider all terms that are linear in x,
x) (Aaaua — Aab(xp — Mb)) (32)

From our discussion, the coefficient of x, in this expression must equal E;})ua‘b

Hap = Z:a\b(fxaallfa - Aab(xb - IJ«b))
= HMHa— A;lAab(xb - I-Lb) (33)
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

Mean and variance of conditional distribution p(xa|xs) are expressed in terms of
partitioned precision matrix of the original joint distribution p(xa, xs)

» We can express these results also in terms of partitioned covariance matrix

To do this x, we make use of this identity for the inverse of a partitioned matrix

A B\ ' M —MBD ! (34)
c b/ ~\-D!'¢cMm D'+D!CMBD™
with M = (A -BD'C)™!

-1
M~ is the Schur complement of <2 g) with respect to sub-matrix D
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Conditional Gaussian distributions (cont.)

Using the definition

-1
(5o =) =(An An) @
and using
A B\ ' M —MBD!
(c D) _<—D*ICM D*1+D*ICMBD*1)
we have that

Aaa = (Eaa - 2abzl:blzba)_l (36)
Ay = —(Boa— T2, 2. 12032, (37)
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The Gaussian distribution

Conditional Gaussian distributions (cont.)

From these we obtain the following expressions for the mean and variance of the
conditional distribution p(xa|xs) in terms of the partitioned covariance matrix

Hap = Mat o ps (X6 — fab) (38)
Ea\b Yo — EabE;blzba (39)

Compare X, = At with B, = Z.0 — Bap X, Ses
» The conditional distribution p(xa|xs) takes a simpler form when expressed
in terms of the partitioned precision matrix than when it is expressed in
terms of the partitioned covariance matrix

The mean p.p = pa + v X}, (xo — ps) of the conditional distribution
p(xa|xs) is a linear function of x,

The covariance X, = X, — 3.3, Bhs of the conditional distribution
p(xa|xs) is independent of x,

> It is an example of Linear-Gaussian model
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The Gaussian distribution

Marginal Gaussian distributions

If a joint distribution p(xa,Xs) is Gaussian, then p(xa|xs),
the conditional distribution, is also Gaussian

We discuss the marginal distribution p(x,)

p(xs) = [ plos,xe) o (40)

and we shall see that this is also Gaussian

The strategy for evaluating this distribution efficiently focuses
on the quadratic form in the exponent of the joint distribution

> to identify mean and covariance of the marginal distribution p(x,)

FC - Fortaleza The Gaussian distribution



Conditio Gaussian distributions

The Gaussian distribution

Marginal Gaussian distributions (cont.)

1 1 1
S ) A ) = (e — ) Aa(Xa — ta) = 5(Xa — pta) Aan(x6 — 1)

1 1
— E(Xb — Mb)TAba(Xa — W) — E(Xb — ub)TAbb(Xb — Wb)

The goal is to integrate out x», because p(xa) = [ p(xa, Xp)dxs

Picking out those terms that involve x5, we have

1 1 1
—EXZAbeb + me = _E(Xb — A;blm)TAbb(xb — A;blm) + EmTA;blm
(41)
withm = Abb[l«b — Aba(xa - I»La) (42)

The dependence on x;, has been cast into the standard quadratic form of a
Gaussian distribution corresponding to the first term on the right-hand side
above, plus a term that does not depend on x, but that does depend on x,
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Marginal Gaussian distributions (cont.)

When we take the exponential of this quadratic form, we see that the
integration over x, required by p(x.) = [ p(xa, Xs)dxs takes the form

1
/exp ( — E(Xb — At m)T Aps(xs — A;blm))dxb (43)
It is the integral over an unnormalised Gaussian, and so the

result will be the reciprocal of the normalisation coefficient

1 1
(2m)P/2 | %1/

which is independent of the mean, and it depends
only on the determinant of the covariance matrix

FC - Fortaleza The Gaussian distribution



Conditional n distributions

The Gaussian distribution

Marginal Gaussian distributions (cont.)

By completing the square wrt x5, we can integrate out x, and the only term
remaining that depends on x, from the contributions on the left-hand side of

1 1 1
——xZAbbxb + xpm = _E(Xb — A;blm)TAbb(xb — A;blm) + EmTA;blm
is the last term on the right-hand side because m = Appptp — Apa(Xa — 1a)

We then combine this term with the remaining terms that depend on x, from

1 1 1
S ) A=) = (e — ) Aa(Xa — ta) = 5(Xa — pta) " Aan(x6 — 1)

1 . 1 .
E(Xb — b)) Aba(Xa — pa) — E(Xb — b)) Abs(xp — o)
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Marginal Gaussian distributions (cont.)

%(Abbﬂb — Apa(xa — ua)) TA;bl (Abbub — Apa(xa — ua))

1
- EX;—Aaaxa + XZ(AaaHa + Aab[.l,b) —+ const

1
= =% (Ass = AapAjy Ava)xs

+ %] (Asa — AsbAp) Apa)ra + const  (44)

where ‘const’ denotes quantities independent of x,
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Marginal Gaussian distributions (cont.)

Again, by comparison with the general exponent in a Gaussian
1
—EXTZTIX + xTEflu + const

1 _
=) =T (x - ) =
» The covariance of the marginal distribution p(x,) is given by

3o = (Avs — AasApy Aba) ™" (45)
> The mean of the marginal distribution p(x.) is given by
Ha = 2a(jxaa - AabA;blAba)_IIJ/a (46)
. . . . ey .. . Aaa Aab
Covariance is written in terms of partitioned precision matrix A =
Apa App
. .. . . . zaa Z:ab
We can write this in terms of partitioned covariance matrix X =
DI IS
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Marginal Gaussian distributions (cont.)

Aaa Aab -t Eaa Eab
= 47
<Aba Abb) <2ba b (47)
Usin in A B 71— M -MBD™ we have:
sngagah (¢ p)] ~\_-p'cm D !+D'cmBD!)WenVE

2aa = (Aaa - AabA;blAba) (48)

We obtain an intuitively satisfactory result that the marginal distribution p(x.)

Exs] = na (49)
o (50)

cov[xa]
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The Gaussian distribution

Marginal Gaussian distributions (cont.)

1 10
Ty
z, = 0.7 p(x)ay = 0.7)
0.5 5
P(Tas )
0 0
0 05 24 1 0 1
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Bayes' theorem for Gaussian variables

We considered a Gaussian p(x) in which we partitioned vector x
into two subvectors x = (Xa, X5) and then found expressions for

» the conditional distribution p(xa|xs) = N (x|tayp, AZ")
> the marginal distribution p(xa) = N(Xa|tta, Xaa)

We also noted that the mean p,, of the conditional distribution
p(xa|xs) is a linear function of xb, fap = Ha + ZapZp, (X6 — fb)

A Gaussian marginal distribution p(x), Gaussian conditional distribution p(y|x)

> p(y|x) with mean a linear function of x and a covariance tindependent of x

We wish to find: > the marginal distribution p(y)

> the conditional distribution p(x|y)
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Bayes' theorem for Gaussian variables (cont.)

We take the marginal and conditional distributions to be

N(x|p, A™Y) (51)
N(y|Ax+b,L7Y) (52)

p(x)
p(ylx)

> w, A and b are parameters governing the means
» A and L are precision matrices

If x is M-dimensional and y is D-simensional, then A is D x M
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Bayes' theorem for Gaussian variables (cont.)

First we find an expression for the joint distribution over x and y, by defining

- (y) (53)

and considering the log of the joint distribution p(z) = p(x,y) = p(y|x)p(x)
np(z) = Inp(x)-+Inp(ylx)
1 T
= —5x—n) Alx—p)
1 T
—E(y— Ax —b) L(y — Ax—Db)
+ const (54)
with ‘const’ denoting terms independent of x and y

> It is again a quadratic function of the components of z

» Thus p(z) is again a Gaussian distribution
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The Gaussian distribution

e for the Gaussian

Bayes' theorem for Gaussian variables (cont.)

To find the precision of the Gaussian p(z), consider the second order terms of
Inp(z) = Inp(x)+Inp(y[x)

1 1
= —E(x — ) A(x— p) — E(y — Ax —b)"L(y — Ax — b) + const

which can be written as
1+ T 14 1. 1.7
- X (A+A LA)x—Ey Ay+§y LAx+§x ALy

1/x\" ([A+ATLA —ATL\ /x 1,
[ =——z Rz
2 \y “LA L y 2

So the Gaussian distribution over z has precision (inverse covariance) matrix R
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Bayes' theorem for Gaussian variables (cont.)

The covariance matrix is found by taking the inverse of the precision matrix

A71 AflAT >

p— _1 —
COV[Z] =R - (AA—I L—l + AA—IAT (55)

» The matrix inversion formula seen earlier is used (%)
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Bayes' theorem for Gaussian variables (cont.)

To find the mean of the Gaussian p(z), consider the linear terms of

np(z) = Inp(x)+Inp(ylx)

1 1
—E(x — )T A(x— p) — E(y — Ax — b)"L(y — Ax — b) + const
which can be written as

T AT
x"Ap—x"ATLb+y Lb = (;‘) <A” 2 "b) (56)
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Bayes' theorem for Gaussian variables (cont.)

Using our earlier result in Equation 29, we find that the mean of z is

Elz] =R <A" _L:TLb) (57)

We can now make use of Equation 55° for the covariance of z to get

E[z] = < AM“+ b) (58)

1 1
47§(x —w)'E M x—p) = 7£XT2_1X +x"=7 p + const

- —1pT
Scovjz] =R ! = ( Al ATA )

—AA"! L' AATIAT
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Bayes' theorem for Gaussian variables (cont.)
We turn now our attention to the marginal distribution p(y)
» which we have marginalised over x

The marginal distribution over a subset of components of the random vector
takes a simple form when expressed in terms of partitioned covariance matrix

[E[Xa] = U, and COV[Xa] =3.,

-1 -1
Use cov[z] = R7! = <A _ A L_ T) and E[z] = < K ) then

AA7Y L '4+AATIA Ap+b
Ely] = Ap+b (59)
covly] = L 'AAT'AT (60)

are the searched mean and covariance of the marginal distribution p(y)
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Bayes' theorem for Gaussian variables (cont.)

Finally, we seek an expression for the conditional p(x|y)

The conditional distribution is easier in terms of partitioned precision matrix

Sap=AL and s = pa — X5 Dan(x6 — pas)

-1 -1
Use cov[z] = R™! = <A AL ) and E[z] = < a ) then

AA7Y L'+ AATIAT Ap+b
Exy] = (A+ATLA™Y) (ATL(y —b)+ Au) (61)
cov[xly] = (A+ATLA)? (62)

are the searched mean and covariance of the conditional distribution p(x|y)
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Bayes' theorem for Gaussian variables (cont.)

So what about the Bayes' theorem?

The evaluation of the conditional p(x|y) is an example of Bayes' theorem

» We can interpret the distribution p(x) as a prior over x

The conditional distribution p(x|y) is the corresponding posterior over x

> If y is observed

Having found the marginal and conditional distributions, we effectively
expressed the joint distribution p(z) = p(x)p(y|x) in the form p(x|y)p(y)
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The Gaussian distribution

Maximum likelihood for the Gaussian

Given a data set X = (x1,...,xn)" in which the observations {x,} are assumed
to be drawn independently from a multivariate Gaussian distribution, we can
estimate the parameters of the distribution by maximum likelihood

> The log likelihood function is
ND N 1
Inp(X|p), = = =1 (2m) = 310 |8 = 53 (x0 = 1) 57 (%0 — 1) (63)
n=1

The likelihood function depends on the data set on thru terms

N N
Z Xn and anx,,T (64)
n=1 n=1

These are the sufficient statistics for the Gaussian distribution
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Maximum likelihood for the Gaussian (cont.)

The derivative of log likelihood with respect to p can be written as °

ad
%In p(X|M7 2) = ; 2_1()(n - p,) (65)

Set to zero, it gets us the maximum likelihood estimate of the mean

1N
B = o g Xp (66)
n=1

which is, as expected, the mean of the observed set of data points

7] 19}
5We used —(x"a) = —(a’x) = a
Ox Ox
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Maximum likelihood for the Gaussian (cont.)

Maximisation of the log likelihood function In p(X]|u, ) wrt to X is tough (%)
As expected, the result takes the form

N
v = 3 (%0 — ) (%o — ponar) " (67)
o

n=1

It involves pp as a result of the joint maximisation wrt g and 3, whereas the
solution for g does not depend on 3 (we first solve for e and then X))
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Maximum likelihood for the Gaussian (cont.)

If we evaluate the expectations of the maximum likelihood solutions
under the true distribution, we obtain the following results

Elpm] = n (68)
N-—-1

> The expectation of the maximum likelihood estimate
for the mean is equal to the true mean, unbiased

» The maximum likelihood estimate for the covariance
underestimates the true covariance, it is biased

We correct the bias, by defining the estimator 3

= 1 Z — umL (Xn HML)T (70)
which has an expectation that equals the true X
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Bayesian inference for the Gaussian

The maximum likelihood framework gives point estimates for g and X

Now we develop a Bayesian treatment by introducing prior distributions

> over these parameters

We start simple, with a single Gaussian random variable x
» We will suppose that the variance o2 is known
» We consider the task of inferring the mean p

We are also given a set of N observations x = {x1,...,Xn}
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Bayesian inference for the Gaussian (cont.)

The likelihood function can be viewed as a function of y and takes the form

N

plan) = [T ptonle) = oo (- %ﬂ;(xn —w?)

n=1

It takes the form of the exponential of a quadratic form in p and if we choose a
Gaussian prior p(), it is a conjugate distribution for the likelihood function

> The posterior is a product of two exponentials of quadratic functions of u

» Thus, it is also a Gaussian
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Bayesian inference for the Gaussian (cont.)
We take our prior distribution to be

p(p) = N (plpo, o3) (72)

The posterior distribution is given by

p(ulx) o< p(xlu)p(1) (73)

Some manipulations (%) involving completing the square in the
exponent allow to show that the posterior distribution is given by

p(u|x) = N(ulpn, o) (74)
B o2 n No? (75)
BN = No? + cfgﬂo No? + g2hML
1 1 N
= 4 76
o3 ol + o? (76)

FC - Fortaleza The Gaussian distribution
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Bayesian inference for the Gaussian (cont.)

Note that the mean of the posterior distribution p(u|x) is a compromise
between the prior mean o and the maximum likelihood solution rime
o? No?

~ NoZ + USNO * N2 T2t

iy

> It reduces to the prior mean, if the number of observed data points N =0

» For N — o0, the posterior mean equals the maximum likelihood solution
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Bayesian inference for the Gaussian (cont.)

Consider the result for the variance of the posterior distribution p(u|x)

1 1 N
o of o2

It is most naturally expressed in terms of inverse variance, or precision

Precisions are additive, so the precision of the posterior is given by

» the precision of the prior, plus one contribution of the
data precision from each of the observed data poins
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Bayesian inference for the Gaussian (cont.)

1 1N
o o o

As we increase the number of observed data points, the precision steadily
increases, giving a posterior distribution with steadily decreasing variance

» With no observed data points, we have the prior variance

» If N — oo, variance o3 — 0 and the posterior distribution
becomes infinitely peaked around the ML solution pme
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Bayesian inference for the Gaussian (cont.)

Bayesian inference for the mean p of a Gaussian with known variance o

» Data from a Gaussian of mean 0.8 and variance 0.1

5 The prior is chosen to have mean 0

In both prior and likelihood function,
the variance is set to the true value

> the prior distribution over p, the
curve N = 0, itself Gaussian
N=0 » the posterior distribution for

increasing numbers N of points

0
-1

We see that the maximum likelihood result of a point estimate for p is
recovered precisely from the Bayesian formalism in the limit N — oo

For finite N, in the limit 08 — oo in which the prior has infinite variance then
the posterior mean is the ML result, while the posterior variance is o3 = o/N
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Bayesian inference for the Gaussian (cont.)

The analysis of Bayesian inference for the mean of a D-dimensional Gaussian
random variable x with known covariance and unknown mean is straightforward

(%)
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Bayesian inference for the Gaussian (cont.)

So far, we have assumed that the variance of the Gaussian distribution
over the data is known and our goal is to infer the mean

» Let us suppose that the mean is known and we wish to infer the variance

Calculations are simpler, if we choose a conjugate form for the prior distribution

» The likelihood function for A = 1/0?

A
p(x|\) = HN Xnlpt, A )o<>\N/2exp(—§

N
S ta—n?) ()

The corresponding conjugate prior should therefore be proportional to the
product of a power of A and the exponential of a linear function of A
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Bayesian inference for the Gaussian (cont.)
This corresponds to the gamma distribution, which is defined as
1

Gam(\l|a, b) = )

b\ exp (—bA) (78)

The gamma function I'(-) assures a correct normalisation

2 2 2
a a 4
b=0 b=1 b=6
' 1\1
0 0 0
0 Al 2 0 Al 2 0 Al 2

The integral of the gamma distribution is finite if a > 0
The distribution itself is finite for a > 1
E[A] = a/b

The mean and variance of the gamma distribution are s
var[A] = a/b
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Bayesian inference for the Gaussian (cont.)

Consider a prior distribution Gam(\|ag, bo), multiply by the likelihood function
» Obtain a posterior distribution

AN
ag—1yN/2 _ _- _ )2
p(Alx) oc A TIAY 2 exp ( boA = 3 ,1511 (X0 — 1) ) (79)

> Recognise the Gamma distribution Gam(\|aw, bn), with

N
an ao + > (80)

by

1 N
2 2
bo + 5 HE:I (Xn — )" = bo + oML (81)

where o2, is the maximum likelihood estimator of the variance
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Bayesian inference for the Gaussian (cont.)

Note that there is no need to keep track of the normalisation constants in the
prior and in the likelihood function in

AN
ag—1yN/2 B A Ry
p(A|x) oc AT AT “exp ( boA 5 g (xn — 1) )

n=1

Because, if required, the correct coefficient can be found at the end using the
normalised form of the gamma distro

1
Gam()\|a, b) = mbu“ exp (—bA)
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Bayesian inference for the Gaussian (cont.)

The effect of observing N points is to increase the value of coefficient a by N/2

N
aN:ao-F?

We can interpret ag in the prior in terms of 2a ‘effective’ prior observations

Similarly, the N points contribute No3, /2 to parameter b, o, is the variance
1 N
by = by + Ez(xn — )’ = bo+ zoin

We interpret by in the prior as arising from the 2ay ‘effective’ prior observations
having variance 2bg/(2a0) = bo/ a0
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Bayesian inference for the Gaussian (cont.)

Suppose now that both mean and variance are unknown

To find a conjugate prior, consider the dependence of the likelihood on 1 and A

N
p(xlp,N) =] (g) exp ( -

n=1

(o — 1))

x ()\1/2 exp ( — )\T;ﬁ))Nexp (Aﬂix,, — % N x,f) (82)
n=1 -

We wish to identify the prior distribution p(u, A\) with the same functional
dependence on p and A as the likelihood function above
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Bayesian inference for the Gaussian (cont.)

p(p,\) ()\1/2 exp ( — )\TMZ))ﬁ exp (cApu — dX)
= oo (- D)o (< (- ) @

where ¢, d and 3 are constant

Because p(u, A) = p(u|A)p(A), we can find p(u|A) and p(A) by inspection
> p(p|A) is a Gaussian whose precision is a linear function of A

> p(A) is a gamma distribution
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Bayesian inference for the Gaussian (cont.)

The normalised prior takes the form

p(1, A) = N (ulpio, (8X) ) Gam(Ala, b) (84)
where we defined the new constants
> po=c/p
> a=(1+8)/2

» b=d—c?/28

This distribution is called normal-gamma or Gaussian-gamma distribution

> It is not simply the product of an independent Gaussian prior over p and
gamma prior over A, because the precision of x is a linear function of A

» Even if we choose a prior in which 1 and A are independent, the posterior
distribution would exhibit a coupling between precision of u and value of A
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Bayesian inference for the Gaussian (cont.)

Contour plot of the normal-gamma distribution

Parameter values o =0, =2, a=5and b=6
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Bayesian inference for the Gaussian (cont.)

In the case of a D-variate Gaussian distribution A'(x|u, A7) over a variable x

> the conjugate prior distribution for the mean p assuming a known
precision is again a Gaussian distribution

> the conjugate prior distribution for the precision matrix A assuming a
known mean is a Wishart distribution

1
W(AIW,v) = BIA[" ™2™ exp (= STrH(W'A)) (85)
where v is the number of degrees of freedom of the distribution, W is a

D x D scale matrix and Tr(-) denotes the trace of a matrix
The normalisation constant B is given by

BOW, ) = W[ (20200 0 [T (L)) T (g
’ - i=1 2
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Bayesian inference for the Gaussian (cont.)

> the conjugate prior distribution assuming both mean g and precision
matrix A unknown is a normal-Wishart or Gaussian-Wishart distribution

p(1, Alpio, 8, W, v) = N (lpo, (BA™) ) W(AIW,v)  (87)
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Student’s t-distribution

The conjugate prior for the precision of a Gaussian is a gamma distribution

If we have a univariate Gaussian N(x|u, 77 1) together with a gamma prior
Gam(7]a, b) and we integrate out the precision, we obtain the marginal
distribution of x in the form

+oo

N (x|p, 7 1)Gam(7|a, b)dT

p(x|u, a, b)
0

/O+Oo Le;z;;a_l (%)1/2 exp ( - %(x - u)z) dr

b ( 1 )1/2(b+ (x — p)>

r(a)\2r 2

) e (e9)

where we can make the change of variables z = ’T(b +(x— p)2/2)
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Student’s t-distribution (cont.)

By convention, we define new parameters v = 23 and A = a/b to get

v 1
Ms+3), Av1/2 A(x — )2\ —»/2-1/2
plxli. 2. b) = Stu(x|u, A,v) = —2—2( ) (14 =)
r(3)

(89)
which is known as Student’s t-distribution with parameter A being
the precision and parameter v being called the degree of freedom

05 Student’s t-distribution for 1 =0, A =1
0.4 V=10 and for various values of v
v=0.1
0.3 The limit v — oo equals a Gaussian
02 distribution with mean p and precision A
01 For v =1, the t-distribution reduces to the
Cauchy distribution
% 0 5
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Student’s t-distribution (cont.)

+o00
N (x|, 7~ )Gam(7|a, b)dT
0

The Student’s t-distribution is obtained by adding up an infinite number of
Gaussian distributions having the same mean but different precisions

» This can be interpreted as an infinite mixture of Gaussians

The result is a distribution that in general has longer ‘tails’ than a Gaussian

> the t-distribution has an important property called robustness

> it is less sensitive than the Gaussian to the presence of outliers
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Student’s t-distribution (cont.)

Maximum likelihood fits for a Gaussian (green) and a t-distribution (red)

0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
: : Il
-5 0 5 10 -5 0 5 10
@ (b)

The Gaussian is strongly distorted by the presence of outlying points
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Student’s t-distribution (cont.)

Substituting parameters v = 2a, A = 1/b and n = 7b/a, the t-distribution is

St(au ) = [ N (s ) ) Gam(e w2 (90)
v 1
I'(E-i- 5)( by )1/2 (1 N A(x — M)z)_u/2_1/2
_ I A=) (1)
r(g) V. 14

We can also generalise this to a D-dimensional Gaussian N'(x|u, A) to get

St(x|u, A, v)

| (sl (o) Y Gam(L. v /2)d (92)

D v

MG+ A2 0 =)A= )y 0272
: v : (WV)D/2( : s ) (33)
)

14
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Mixtures of Gaussians

While the Gaussian distribution has some important analytical properties, it
suffers from significant limitations when it comes to modelling real data sets

100
A Gaussian distribution fitted to the
data using maximum likelihood

80 This distribution fails to capture the

two clumps in the data and places
much of its probability mass in the
60 central region between the clumps
where the data are relatively sparse

40
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Mixtures of Gaussians (cont.)

100

A linear combination of two Gaussians
80 fitted using maximum likelihood

A linear superposition gives a better
60 @ characterisation of the data set
40

1 2 3 4 5 6

Superpositions, formed by taking linear combinations of basic distributions such
as Gaussians, can be formulated as probabilistic models (Mixture distributions)
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Mixtures of Gaussians (cont.)

A Gaussian mixture distribution in one dimension

p(7)y

Three Gaussians (blue, scaled by a
coefficient) and their sum (red)

We can get very complex densities

—

T
By using a sufficient number of Gaussians, and by adjusting their means and

covariances as well as the coefficients in the linear combination, almost any
continuous density can be approximated to arbitrary accuracy
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Mixtures of Gaussians (cont.)

We consider a linear superposition of K Gaussian densities of the form
K
p(x) = mN (x|, k) (94)
k=1

Such a model is a mixture of Gaussians, each Gaussian density N'(x|u«, Xk) is
a component of the mixture, with its own mean g, and covariance 3y

The parameters 7, in p(x) = Zszl N (x|, k) are mixing coefficients
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Mixtures of Gaussians (cont.)

A Gaussian mixture distribution in two dimensions

0.5

» The contours at constant density for each of the mixture components
» The contours at constant density of the mixture distribution p(x)

> The surface plot of the mixture distribution p(x)

The numbers in the first plot are are the mixing coefficients
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Mixtures of Gaussians (cont.)

If we integrate both sides of p(x) = ZkK:1 kN (x| i, 2«) with respect to x and
note that both p(x) and the Gaussian components are normalised, we get that

K
> m=1 (95)

The requirements that p(x) > 0 and N (x|, Xk) > 0 imply that 0 < m <1
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Mixtures of Gaussians (cont.)

K
p(x) = > mN (x|, k)

k=1

mk € [0,1] and > m = 1: The mixing coefficients can be seen as probabilities

From sum and probabilities rules, the marginal density is given by

K
p(x) =) _ p(k)p(xk) (96)

By p(k) = 7k, we view coefficients as prior probabilities (of picking the k-th
component) and by p(x|k) = N (x|u«, «) the probability of x conditioned on k
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Mixtures of Gaussians (cont.)

An important role is played by posterior probabilities (or responsibilities) p(k|x)

By the Bayes’ theorem, the posterio probabilities can be written as

w(x) = p(klx)
p(k)p(x|k)
>, p(Dp(xl)
kN (x|, 2i)

ST AN K =) ©7)
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Mixtures of Gaussians (cont.)

The Gaussian misture distribution is governed by the parameters 7, p and X

n = {m,...,7«}
o= {p,... px}
¥ = {21,...,2;{}

One way to set the values of the parameters is to use (log) maximum likelihood

Inp(X|m, pu, ) = Z In (Z TN (Xn| it Ek)) (98)
n=1 k=1

which is bad, very bad, because of the summation over k inside the logarithm

» No longer closed-form solution
> |terative numerical optimisation

» Expectation maximisation (ok!)
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