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Support vector regression

We now extend SVMs to regression problems while preserving sparseness

In simple linear regression, we minimised a regularised error function

25 () — 1)+ Sliwl? (1)

The quadratic error function is replaced by an e-insensitive error function

» which gives zero error if the absolute difference between
the prediction y(x) and the target t is less than a e > 0
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Support vector regression (cont.)

An example of an e-insensitive error function is given by

0, if [y(x) —t| <e
ly(x) —t| — ¢, otherwise
E(2) A linear cost associated with errors

outside the insensitive region

Outside the insensitive region, the
error increases linearly with distance

—€ 0 € z
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Support vector regression (cont.)

We thus minimise a regularised error function given by
N 1
C Y Ee(ylxa) = ta) + 5lwl? (3)
n=1
C again denotes the (inverse) regularisation parameter

We can re-express the optimisation problem by introducing slack variables

» Two slack variables for each data point x,,, £, > 0 and &, > 0
» with &, > 0, for points with t, > y(x,) + ¢
> with £, > 0, for points with t, < y(x,) — ¢
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Support vector regression (cont.)

y(z) y+e

> &, > 0 for points with t, > y(x) +¢
» £, > 0 for points with t, < y(x,) — &

Points inside the e-insensitive region have &, = é,, =0
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Support vector regression (cont.)

Condition for a target point to lie inside the e-tubeisthat y, —e < t, <y, +¢

y(@) y+e By introducing the slack variables, we
y allow points to lie outside the tube
y-e As long as the slacks are nonzero and
th < y(xn) e+ (4)
th > y(xn) —e—& (5)

As a result the error function for support vector regression can be written as

N . 1
CY (G+é)+ §|IWII2 (6)

n=1

to be minimised subject to the constraints ﬁn,fn > 0 and Equation 4 and 5
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Support vector regression (cont.)

The corresponding Lagrange function with multipliers a,, 3, > 0 and pn, fin > 0

N N

~ 1 N
L= CY (&) + WP = D (a4 )

n=1 n=1

N N
_Zan(€+£n+yn_tn)_zéﬂ(g+éﬂ_yﬂ+t") (7)
n=1 n=1
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Support vector regression (cont.)

Using the model y(x) = w’ ¢(x) + b and setting derivatives to zero, we get

oL N

% =0 = ; — a,, ,-, (8)
AL A

5=0 = ;(an—an)—o (9)
oL _ 0 =C 10
g, 0 T antin= (10)
oL Bn+ fin=C (11)
— = dn n =

08, K
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Support vector regression (cont.)

Eliminating w, b, £, and §An from the Lagrangian and introducing the kernel
k(x,x") = ¢(x)T d(x'), the dual maximisation problem wrt {a,} and {3} is

; 1N
L(a,a) = 5; 2 (an = an)(am — am)k(xn, Xm)
N N
— &‘Z (an+ &) + Z (an —an)tn  (12)
n=1 n=1
subject to constraints an, 3, > 0 (Lagrange multipliers), the box constraints
0<a,<C (13)
0<3,<C (14)

(from pn, fin > 0 together with a, + un = C and 3, + fin = C), plus
N
> (an—2,)=0
n=1
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Support vector regression (cont.)

Predictions for new input points are obtained in terms of the kernel function,
again by substituting w = 3" | (a, — 3,)¢(xa) into y(x) = w' ¢(x) + b

N

y(x) = (an — 3n)k(x,x,) + b (15)

n=1
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Support vector regression (cont.)

The corresponding Karush-Kuhn-Tucker conditons

an(e+&n+yn—ta) =0 (16)
an(e+ € —yn+ta) =0 (17)
(C—a,,){,, =0 (18)
(C_én)gn =0 (19)

> a, can be nonzero only if (¢ + &, + ya — tn) = 0, the point must
lie on or above the upper boundary of the e-tube where &, > 0

> 3, can be nonzero only if (e + &, — ya + t,) = 0, the point must
lie on or below the lower boundary of the e-tube where £, > 0

» Constraints (& + &, + yo — ta) = 0 and (e + &, — yo + t, = 0) are
incompatible because &,, £, are both nonnegative and ¢ is strictly
positive, so for every point x, either a, or 3, or both must be zero
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Support vector regression (cont.)

The support vectors are points x, that contribute to prediction,
and thus they must be those for which either a, # 0 or 3, # 0

» They lie on the boundary of the e-tube or outside the tube

» Points inside the tube are those for which a, = 3, =0

Parameter b can be found considering a point for which 0 < a, < C (thus with
£, = 0) and for which € 4 y, — t, = 0, by using the model y(x) = w’ ¢(x) + b

b = th — e — WT¢)(Xn)
N
= to—c— Y (am— 3m)k(Xn, Xm) (20)
m=1

A result can be found by considering a point for which 0 < 3, < C (fn =0)
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Support vector regression (cont.)

An application of support vector regression (Gaussian kernels) to the sine data
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