Matricula (First-name Last-name) CK0255/TIP8421: Homework D

Exercise A.1. Let X and Y be two random variables with the joint PDF f(z,y) = 1 for 0 <
x,y < 1 and zero elsewhere. Find the CDF and the PDF of the product Z = XY

Solution:
1,1
G(z)=P(XY <z)=1 —/ / dydz
z Jz/x

:1—/1 (1—z/x)dx:z—zlogz

—log(z), 0<z<1

9(2) = G'(2) = {

0, elsewhere
(—log(z) > 07)

Exercise A.2. Let X; and X3 be two random variables with the joint PMF p(zq,z9) = 1/12(x1 +
x9) for 1,9 = 1,2 and zero elsewhere.

Compute
e F(X;) and E(X?)
e F(X;y) and E(X2)
o E(X1,X,). Is E(X1X2) = E(X1)E(X2)?
e E(2X; —6X3 +7X,X2)

Exercise A.3. Let X; and X5 be two random variables of the continuous type with the joint
PDF fX17X2($1,$2), for —oo < x; < o0, 1 =1,2. Let Y] = X1 4+ Xo and Yy = Xo.

e Find the joint PDF fy, v,

Solution:
The inverse transformation equations,

®T1 =Y~ Y2
® T2 =12
The Jacobian,

J: al‘l/ayl 8:171/8]42 _ 1 -1 -1
6x2/6y1 8:172/8]42 0 1 )

The space
T ={(y1,42) : —00 < y1,y2 < 00}.

The joint PDF,
iy, y2) = fxix. (Y1 — Y2, y2).



Exercise A.4. Let the random variables X and Y have the joint PDF fxy(z,y) = 1/7 for
(x —1)2 4 (y 4+ 2)? < 1 and zero elsewhere.

e Find fx(z) and fy(y)
Are X and Y independent?

Solution:
The marginal PDF of X7 ,

—2—(z1—-1)2 1 2
le(xl) = / —dxy = —/1 — (a;l — 1)2, O<zy <2
—244/1—(21-1)2 T ™

The RVs X; and X5 are not independent.

Exercise A.5. Let X7, X9 and X3 be IID random variables with common PDF f(z) = exp (—z)
for 0 < x < oo and zero elsewhere. Let

y = 1
YTX X
X1+ Xo
Yo=—+————
X1+ X0+ X3

Y3 =X1+Xo+ X3
e Show that Y7, Y5 and Y3 are mutually independent
Solution: The joint PDF of (X7, X5, X3)

£ ) e-Ximi®) 0 <a;<o0,i=1,23
1,T2,x3) =
Y 0, elsewhere
The transformation equations,
® T1 = Y1Yy2y3

® T2 = Y2Y3 — Y1Y2y3

® I3 =Y3— Y293

The space,
T ={(y1,92,¥3) : 0< 41 < 1,0 <o < 1,0 < y3 < o0}

The Jacobian,
Y2y3 Y2Y3 0
J=|yiys ys—wviys Y3 | = you3
Yiy2 Y2 —Y1y2 1 —y2

The joint PDF,

9(y1.y2,y3) = yayie™¥) = (1)(2y2) (3¢ /2) = 91(y1)g2(y2)93(y3)



The marginal PDFs above

1 [e%e) 1 0 1 0
g(y1) Z/ / 9(y1,y2,y3)dysdys =/ / yoyse V3 dysdys =/ y2/ yae V3dyzdys
o Jo o Jo 0 0
1 00 1 0o
= / Yo / y3el ¥ dys dry = / Yo [e_%(—y?, — 2y3 — 2)]0 dzs
0 0 0

[ x2ectdr=ec*(1/ca?2—2/c2x+2/c3)

1
= / 2yodys = 1 (the result is obvious, given the PDF of V)
0

1 [e'e) 1 e 1 [e'e)
9(y2) = / / 9(y1,y2,y3)dysdys = / / yoyse ¥3dysdyr = yo / / yze ¥3dysdy;
0 0 0 0 0 0
1

= yz/ 2dy; = 2y»
0

1,1 1,1 1,1
9(ys) = / / 9(y1, 92, y3)dy2dyr = / / yayse P dyadyr = yie ™ / / y2dyadys
0 Jo 0o Jo 0 Jo
2 — frl oo 2 — 'l 2 —
= y3e yg/ [5?42} dy; = yze yg/ Sdyr = yze ¥ /2
0 0 0o 2
Exercise A.6. Let X; and X5 be independent random variables with means py and ps and with

variances a% and a%, respectively. Show that the mean and the variance of the product Y = X1 Xo
are fi1/t2 and O'%U% + /L10% + ,ugcr%, respectively.



