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Conditional distributions and expectations

We have discussed the joint probability distribution of a pair of RVs

~» How to get individual (marginal) distributions from the joint

‘We discuss conditional distributions
e Distribution of one of the two random variables
e ..., when the other one has taken a specific value
First the discrete case, as it follows from conditional probability

e Then, the continuous case
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Discrete case
Let X; and X3 be two random variables of the discrete type
Let px,,x, (21, 22) indicate their joint PMF

e Positive over S, zero elsewhere

Let px, (#1) and px, (z2) be the PMFs of X; and X2

e Positive over Sx, and Sy, , zero elsewhere
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Conditional distributions and expectations (cont.)

Let 21 be a point in the support Sy, of X1, px, (z1) >0
By using the concept of conditional probability,

P(Xs = m|X1 = 21) = P(Xi=m,Xo =m) px;,x,(21,22)
oA P(Xy =) T pxy(:)

This holds true for all 22 in the support Sy, of Xo
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P(Xl = :I;1,X2 = 12) _ PX1,Xo (515175112)
P(X1=m) px; (71)

P(Xo =m|X1 =m) =

Consider the discrete random vector (X1, X2) with the tabulated PMF

@1 /70 0 1 2 3 | px,(m)
0 /8 1/8 0 0 2/8
1 0 2/8 2/8 0 4/8
2 0 0o 1/8 1/8| 2/8
px,(@2) | 1/8 3/8 3/8 1/8
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Conditional distributions and expectations (cont.)

We can define the function

DXy, Xs (71, T2)

, €S 1
pX1(I1) ? X2 )

DXy x; (T2]21) =

This function is a valid PMF of the discrete RV
e [t is non-negative

e It sums up to one

1, T
S P X () PUIEACHS

 Pxi(z1) PX; (901

przp(l (22|m1)
T2

1
px; (1)

px, (11) =1

This is true for any fixed z; with px, (1) >0

PXo|x; (#2|71) is the conditional probability mass function (condi-
tional PMF) of discrete type RV Xz, given that discrete type RV X1 = z1
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Conditional distributions and expectations (cont.)

Given 3 € Sx,, we can similarly define the symbol px, | x, (1]|22)

DX1, X, (71, 22)
Px,|x, (m]32) = —22—— 11 € Sx,
px, (22)

This is true for any fixed a2 with px, (z2) > 0

Px,|x, (#1|22) is the conditional probability mass function (condi-
tional PMF) of discrete type RV X, given the discrete type RV X2 = z
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Conditional distributions and expectations (cont.)

DXy | x; (22]71) = Xy, x5 (21, 22) /P (1)

z1 /%2 0 1 2 3
0 2 12 0 0 |1
1 0 1/2 1/2 0
2 o 0 1/2 1/2 |1

—

Px1 )X, (21|22) = Py, %, (%1, 22) /P(22)

z1/x2 | O 1 2 3
0 I 1/3 0 0
1 0 2/3 1/2 2/3
0
1

2 0 1/2 1/3
1 1 1
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We may abbreviate the notation
~ Pxy | x, (T1]22) by p1jg(m1]22)
~ Pxy|x; (m2]21) by Doyt (72]21)

Similarly, we may use pi(z1) and p2(z2) to indicate the marginal PMFs
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Let X; and X3 indicate two random variables of the continuous type
o Let fx, (z1) and fx, (z2) be the marginal density functions
o Let fx, x,(z1,22) be the joint PDF

A definition of conditional probability density functions for continuous RVs
~ When fx, (z1) > 0, we define the symbol fx,|x, (z2|z1)

Ix1, x5 (71, 22) @)

le (z1)

Ixo1x, (22]m1) =
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Conditional distributions and expectations (cont.)

Ixox, (T2]m1) =

z1 is understood of as having taken a(ny) fixed value for which fx, (z1)

/ Fxox, (w2]z1)da2 =

o fX1,X2 (Ilv xQ)

—o0

fxl (I1
1

fX1(

Ixq, %o (21, 22)

le (71)

1)

fatm) O
/ fx1, x5 (@1, 22)da2
fX1 (z1)=1

>0
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Conditional distributions and expectations (cont.)

For fx,(z2) > 0, the conditional PDF of the random variable of the contin-
uous type Xi, given that the continuous type random variable Xo = 3

le,Xz (xlv IQ)

) Ix, (22) >0

Ix1 1%, (21 ]22) =
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Conditional distributions and expectations (cont.)

Again, we may abbreviate the notation
o fxy|x, (m1]22) by fij2(z1]22)
o fxo|x, (w2]21) by for1(z2]21)

Similarly, we may use fi(z1) and fa(z2) to indicate the marginal PDF's
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Conditional distributions and expectations (cont.)

(w1 + 22)/(1/2 + z2)

Ixy 1%, (w1 X2 = 1/4[1/2]3/4)

1.5

0.5

~ fxo | x; (22|71) =

Ix1,x, (21, 22)

fX1 (xl)

(71 + 22)/(z1 + 1/2)

Fxo)xp (w2 X = 1/4]1/2]3/4)
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Conditional distributions and expectations (cont.)

Each of f1(22]71) and f|2(z1|22) is a PDF of a random variable
~~ Each has all the properties of a PDF

This means that we can calculate probabilities and expectations
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Conditional distributions and expectations (cont.)

Suppose that the random variables X; and X2 are of the continuous type
The conditional probability that a < X2 < b, given that X1 = z1

b
pla < X2 < b|X1 =11) :/ f2‘1($2|$1)d$2

The conditional probability that ¢ < X7 < d, given that X2

z2

d
Plce< X1 < d| X2 =22) = / f1|2($1|$2)d$1
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Conditional distributions and expectations (cont.)

Let u(X2) be a function of Xs

The expectation of u(Xz) (if it exists)

o]

Elu(X2)] =/ w(a2) fo (w2)dz2

—0o0

The conditional expectation of u(X2), given that X7 = z; (if it exists)

Eluln] = [ w(e)n(eln)de,

—o0

E[u(Xz)|z1] is a function of
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Conditional distributions and expectations (cont.)

Mean and variance of the conditional distribution of X2, given X1 = z;1

E(Xa|z1) = / 22 o)1 (z2|21)d22

Var(Xa|z1) = E{[X2 — E(Xa|m)]* |21} = E(X3|21) — [E(X2|21)]?

(If they exist)

AKA the conditional mean and conditional variance of X2, given X7 = 3
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Conditional distributions and expectations (cont.)

In a similar fashion, the conditional expectation of u(X1), given X2 = z2

Blu(le] = [ um)fia(ala)dn
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f(z1, z2) with (z1,22) € R2

2, O0<zm<mm<l1
0, elsewhere

f(x,22) =
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Conditional distributions and expectations (cont.)

2/20 =1/12, 0<m <z2<1
0, elsewhere

f1|2(731|z2) = {

f1|2(ZE1|:E2) with (z1,22) € R?
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Conditional distributions and expectations (cont.)

The conditional mean and the conditional variance of Xi, given Xo = x3

E(Xi|z2) = /oo Ilfl‘Q(Il‘Iz)dxl = /12 1 (1/x2)da:1
0

—o0

=22/2, 0<m<1

Var(Xi|z2) = E{[X1|x2 — E(X1|x2)]2} = /0362 (xl — z2/2)2(1/z2)dx1

=23/12, 0<mz <1

1072

87 .

0.4+ - o~
& & )
— >< 4 |

= 02] 1%
A S o) .
0 ! L O ! L
0 0.5 1 0 0.5 1
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Conditional distributions and expectations (cont.)

‘We can also compare these values
e P(0< X1 <1/2|X2 =3/4)
e P(0< X1 <1/2)

‘We have,
1/2 1/2
P(0 < X1 < 1/2| X = 3/4) :/0 fij2(21[3/4)da =/0 (4/3)da;
—2/3
But,

1/2 1/2
PO< X1 <1/2) = fi(z1)day :/ 2(1 — z1)dzy
0 0

=3/4
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Conditional distributions and expectations (cont.)

Since, E(Xz2|z1) is a function of z;, then F(X2|X1) is a random variable

e It has its own distribution, mean and variance
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f(zl,ZQ) with (221, CL‘Q) c R?

62, O0<m<uz <1
0, elsewhere

flz,22) = {
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The conditional PDF of X3, given X7 = z1

f2|1(ac2|x1) with (z1,22) € R?

fop (m2|a1) = 622 /307 = 29/}

for0<a <z, with0 < 21 <1
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Conditional distributions and expectations (cont.)

The conditional mean of Xz, given X1 = 1

1 2
E(X2|z) = / x2<—22)dz2 =2/311, 0<zm <1
0 Ty

E(X2|z1)

0.2 - B
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0
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Conditional distributions and expectations (cont.)

The PDF of Y =2X;/3

g(y) =81y2%/8, 0 <y < 2/3 (zero clsewhere)

9(y)
T
|

The mean and variance of Y = 2X;/3
2/3
E(Y) =/ y(81y2/8)dy —1/2
0

2/3
Var(Y) =/O y2 (81y2/8)dy —(1/2)(1/2) = 1/60
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Conditional distributions and expectations (cont.)

We can show that E(X2) = 1/2 and Var(X2) = 1/20
That is,
E(Y) = E[E(X2|X1)] = E(X2)

and
Var(Y) = Var[E(X2|X1)] < Var(X2)
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Then,
(a) E[E(X2|X1)] = E(X2)
(b) Var[E(X2|X1)] < Var(X2)

Proof
For the continuous case

We first prove (a)

E(X2) = /j:o /O:O zof (21, 2)dz2d) = /j:o [/O:o z2%]f1(z1)dz1

:/ E(Xz|21)fi(z1)der = E[B(X2|X1)]
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We then prove (b)

Var(X2) =E[(X2 — p2)?] = E{[X2 — E(X2|X1) + E(X2|X1) — p2]°}
=E{[X2 — BE(X2|X1)]*} + {[E(Xa|X1) — u2]*}+
2B{[X2 — BE(X2|X1)][B(X2|X1) — p2] }
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z/jo /jo [22 = B lan)]| [E(Xalor) — po] (a1, 22)dandl

fz1, 22)

fi(z

E(Xz|z1) is the conditional mean of Xa, given X1 = 11

= 2/oo E(Xa|z1) — ug] { [xz — E(Xg\zl)] dzg}fl(zl dx

Consider the expression within inner brackets
E(X2|:E1) — E(Xg‘zl) =

Thus, the double integral is zero
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Conditional distributions and expectations (cont.)

Accordingly, we have
Var(X2) = E{[Xo — E(X2|X1)]*} + E{[E(Xa2|X1) — u2]?}

The first term on the RHS is non-negative
e It is the expected value of a non-negative function
2
~ [X2 — E(X1|X1)]

Since E[E(X2|X1)] = pa, it follows that the second term is Var[E(X2|X1)]

Hence,
Var(Xz) > Var[E(Xz2|X1)]
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Conditional distributions and expectations (cont.)

This result has an intuitive interpretation

Both the random variables X2 and F(X2|X1) have the same mean ps

Suppose p2 is unknown

~ We could use either of the two RVs to guess at ug

We proved that Var(Xp) > Var[E(X2|X1)]
~+ We would put more belief in EF(X2|X1)

If we observe (X1, X2) to be (z1,z2), we prefer to use E(X2|z1) to x2

e A less wobbly a guess at po
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The correlation .
o The next results are commonly shown in terms of X and Y

e We use those letters also here (rather than X; and Xb3)

We discuss the concepts for continuous and discrete cases jointly

e We only use notation for the continuous case

e Properties hold for the discrete case
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The correlation coefficient (cont.)

Let X and Y have the joint PDF f(z,y)

Let u(z, y) be a function of z and y
o We defined the mathematical expectation E[u(X, Y)]

o The definition of F is subjected to its existence!

The means of X and Y (p1 and p2)

~ Set function u(z,y) equal to z and y, respectively

The variances of X and Y (07 and 03)

~ Set function u(z, y) equal to (z — p1)? and (y — p2)2, respectively

1From now on, existence of all mathematical expectations is assumed.
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e EemElken Consider the mathematical expectation
coefficient

E[(X —p)(Y = p2)] = B(XY — p2 X —p1 Y + pipiz)
= E(XY) — 2B(X) — i B(Y) + pa p
= E(XY) — pip2

We call this number the covariance of X and Y
~ It is indicated by cov(X, Y)
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coefficient Suppose each of o1 and o2 is positive

Then, we can define

E[(X = p)(Y —u2)] _ cov(X, Y)

0102 0102

We call this number the correlation coefficient of X and Y
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The correlation = Bl —p)(Y = )] = B(XY) = papa
coefficient o E[(X —p)(Y —p2)]  cov(X,Y)
p= 0102 B 0102

The expected value of the product of two random variables

~  E(XY) = pip2 + po1o2 = prpz + cov(X, Y)

It is equal to the product of their expectations, plus their covariance



Two random
variables (B)

UFC/DC
ATML (CK0255)
PRV (TIP8412)

2017.2

The correlation
coefficient

The correlation coefficient (cont.)

Let the random variables X and Y have the joint PDF

77
T T ZFF T
L
"II”"':"
_Jrz+y, O0<z,y<l1
0, elsewhere

We want to compute the correlation coefficient p of X and Y
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ul =E(X)= fol fol z(z + y)dmdy =7/12
0% = B(X?) — 12 = [} [ 2%(z + y)dady — (7/12)% = 11/144

The correlation

coefficient . g = E(Y) _ fol fol y((l? + y)dydiE _ 7/12
0? = B(Y?) — 3 = [y [ v2(z + y)dyde — (7/12)% = 11/144

The covariance of X and Y

1 1
E(XY) = pps = /0 /0 wy(z + y)dady — (7/12)(7/12) = —1/144

The correlation coefficient of X and Y follows

. E[(X —m)(Y - p2)] _ —1/144 - _1/11

o102 V/(11/144) /(11/144)
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coefficient
For certain kinds of distributions of two random variables X and Y

e p proves to be a very useful characteristic of the distribution

e The formal definition of p does not reveal this explicitly

We make some superficial observations about p

e They will be explored more deeply later
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The correlation coefficient (cont.)

Consider a joint distribution of two random variables X and Y

Suppose that a correlation coefficient of the two RVs exists

e That is, both of the variances are positive

Then, it can be shown that p satisfies the relation

“1<p<+1

Consider the case in which p =1

This can be understood as there is a line with equation y = a 4+ bx,b > 0
whose graph contains all of the probability of the distribution of X and Y

e In this extreme case, we have P(Y = a+bX) =1

In the case that p = —1, we have the same state of things, except that b < 0
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The correlation coefficient (cont.)

Consider the case that p does not have one of its extreme values

Can this be understood as there a line in the z — y plane such that the
probability for X and Y tends to be concentrated in a band about this line?

e This is the case, under certain restrictive conditions

Under those same conditions, we understand p as a measure of the strength
of the concentration of the probability for X and Y about such a line



The correlation coefficient (cont.)

Two random
variables (B)

UFC/DC
ATML (CK0255)

PRV (TIP8412)
2017.2

Let f(z,y) denote the joint PDF of two random variables X and Y

Let fi(z) denote the marginal PDF of X

The correlation
coefficient

The conditional PDF of Y, given X =z

f(=z,y)
fiz)’

f(ylz) = at points in which fi(z) >0

The conditional mean of Y, given X =z

I3 uf(z, y)d

I = [ vy = ==
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oo S22 uf (2, y)d
coefficient E(Y|x) = / yf2|1(y|x)dy =T N

fi(@)

This conditional mean of Y, given X = z, is a function of z, u(z)

Let u(z) be a linear function, u(z) = a + bz

~~ The conditional mean of Y is linear in z

When u(z) = a + bz, the constants a and b have simple values
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The correlation coefficient (cont.)

Suppose (X, Y) have a joint distribution
Let the variances of X and Y be finite and positive

Indicate the means and variances of X and Y by the usual symbols
~ w1 and p2, for the means

2 2 ;
~ o1 and o3, for the variances

Let p be the correlation coefficient between X and Y

IfE(Y|X) is linear in X, then
02
E(Y[X) = p2 +PU—1(X—AL1) ®3)

and
E[Var(Y|X)] = 03(1 — p?) (4)
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The correlation coefficient (cont.)

Proof
The proof is given for the continuous case

Let E(Y|z) = a+ bz

From

B(Y|z) = W: a+ be,

we have

/ 7 (@ w)dy = (a+ ba)fi (@)
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oo
The correlation / yf(I, y)dy — (a + bx)fl (x)
=)

If both members are integrated on z, we have
E(Y)=a+ bE(X)

or
p2 =a+bu (6)

We know that 1 = E(X) and ps = E(Y)
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Tk lati —
T e W= @ mae

If both members are first multiplied by z and then integrated on z, we have
E(XY) = aE(X) + bE(X?)

or
po1oa + pape = apn + (o + pi) (7)

We know that pojos is the covariance of X and Y
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The correlation . . . .
coefficient The simultaneous solution of Equation (6) and (7) yields

02
a=pz—p—m
g1
b=p—
g1

These values give the first result, Equation (3)
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coefficient

Var(Y|z) = /;0:0 [y — p2 — P%(I - #1)] 2f2|1(y\z)dy

o 8
1% (=)= p 2 = )] S )y *

fi(@)

This variance is non-negative and it is (at most) a function of z alone
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Independence (cont.)

If multiplied by fi(z) and integrated on z

2
/ / (y — p2) —p—(w—ul)] f(z,y)dydz =

2

/ / (y — p2) —2p (y—u2)($—u1)+p ZQ(m—m) ]f(wﬂy)dydm

(o 0'2
=E[(Y — p2)?] —2P—jE[(X —p)(Y — p2)] + p* 2E[(X — m1)?]
ag Ul

2
o2 o

2 292 2

=05 — 2p0—p0102 +p 0—201
1 1

=03 —2p°05 + p°o5 = 03(1 — p°)

The result is non-negative
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The correlation coefficient (cont.)

Let the variance Var(Y'|z) be denoted by k(z)

Then,
E[k(z)] = 05(1—p*) >0

Accordingly, p? < lor —1< p< +1

—1 < p < +1, whether the conditional mean is linear or is not (x)
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The correlation coefficient (cont.)

Suppose that the variance Var(Y|z) is positive, but not a function of z

~~ The variance is a constant k£ > 0

Let k be multiplied by fi(z) and integrated on z
o The result is k, so that k = 03 (1 — p?)

In this case, the variance of each conditional distribution of Y, given X =z
2 2
~ 03(1—p%)
If p = 0, the variance of each conditional distribution of Y, given X =z
2

~ 0'2

This is also the variance of the marginal distribution of Y
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Suppose p? ~ 1
The variance of each conditional distribution of Y, given X = z, is small

e The concentration of probability for this conditional distribution near
the mean E(Y|z) = pu2 + p(o2/01)(z — p1)
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Similar comments can be made about E(X]|y), if it is linear
Specifically,

o B(X|y) = 1 + plor /o2)(y — )

o E[Var(X|Y)] = of(1 - p?)
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o E(Y|z)=4z+3

The correlation

coefficient e E(X|y)=1/16y — 3
—2.94| .
o 6 | 3 —296| 5
~ <)
= R 298] a
Al |
_3 I —
| L L
0 0.5 1 0 29 !
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;f;;efficg‘;‘;f:at‘o" From the general expression for linear conditional means

~ E(Yz) = p, if o= m
~ B(X|y) =, if y = po

Thus,
o uo=4p; +3=-15/4
o 1 =1/16pp — 3= —12



Two random
variables (B)

UFC/DC
ATML (CK0255)
PRV (TIP8412)

2017.2

The correlation
coefficient

The correlation coefficient (cont.)

Still from the general expression for linear conditional means
~» The product of the coefficients of z and y equals p?

~~ The ratio of the coefficients of z and y equals cr% / cr%

‘We have,
~ p? =4(1/16) = 1/4, with p = 1/2 (not —1/2)
~ 0%0’% =64

From the two linear conditional means, we find values for p1, p2, p and o2 /01

e Though not the values of o1 and o1 alone
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The correlation coefficient (cont.)

Consider the MGF for the random vector (X, Y)

e The joint MGF gives explicit formulas for some moments

For random variables of the continuous type

O™ M (ty, t2)
(1, 82) / / ghym ety f (g y)dzdy

Btkatm

So,

ok+m M (ty, 1 0o oo
M, 1) = [ [ tyni@adedy = B v
otyoty" t)=ty=0 oo J—oo
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OM(0,0)
he correlation M1 = E(X) =
cT:efficientl ! atl
oM (0,0)
H2 = E(Y) = Tﬁz
92 M (0,0)
ot = B -t = T
1
92M (0, 0)
U% :E(Yz)_#g = T—u%
2
92 M (0,0)
El(X — Y — =7 "=
[(X = p1)( p2)] 9405 p1p2

From these we can compute the correlation coefficient p
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coefficient

The results hold if X and Y are RV of the discrete type

Correlation coefficients may be computed from the MGF of the joint

~~ If that function is available
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Let the two random variables X and Y have the joint density

The correlation
coefficient

f(z,y) with (z,y) € R?

Flz,y) = eV, O0<z<y< o
= 0, elsewhere
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The correlation
coefficient

Independence

The correlation coefficient (cont.)

We have already determined the MGF

1
Mt t) = T 5

fort7 +ta <land ta <1

777,
I T ITF 177
T

M(t1, t2)
—

t1
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The correlation coefficient (cont.)

For this distribution, Equation (9) becomes (*)

pr =1
p2 =2
0'%:1
U%:Q

B[(X = p)(Y —p2)] =1

The correlation coefficient of X and Y is p = 1/v/2

(10)



Independence

Two random variables
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Independence

Let X; and X5 be two random variables of the continuous type
~+ The joint probability density function is indicated by f(z1, z2)

~+ The marginal probability density functions are fi (z1) and fa(z2)

Let the definition of conditional PDF be indicated by fy|1 (z2]z1)

The joint PDF f(z1, 22)

f(z1, 22) = fopa (z2]21) f1 (21)
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Suppose that we have an instance where f2|1 (z2]2z1) does not depend on z;

The marginal PDF of 2z for random variables of the continuous type

Independence f2 (1132) = /; f2|1($2|$1)f1 (Zﬁl)diﬁl = f2‘1($2|$1) [ fl (ml)dml

:f2|1($2|$1)

Accordingly, when fy|; (#2|1) does not depend upon z;

fo(w2) = fop1(z2]21)

and

[z, 22) = fi(m)fo(z2)
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Independence f(I17 $2) = f2| 1 ($2 ‘Il )fl (Il)

Let the conditional distribution of Xs, given X1 = z;, be independent of z;

~ flx, 22) = foi(z2|p0)fi(z1) = fa(22)fi(21)
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Independence (cont.)

Independence
Let the RVs X1 and X2 have joint PDF f(z1,z2) [joint PMF p(z1,22)]

Let the marginal PDFs [PMFs] be fi(z1) [p1(z1)] and fa(x2) [p2(z2)]

The random wvariables X1 and X2 are said to be independent iff

f(z1, 22) = fi(z1)fa(z2) [p(z1,22) = p1(21)p2(22)]

RVs that are not independent are said to be dependent
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Independence (cont.)

On the product of two positive functions

The product fi(z1)f2(z2) of two positive functions fi(z1) and fo(z2)

e It refers to a function that is positive on the product space

Let fi(z1) and fa(z2) be two functions
Suppose that they are positive on, and only on, their spaces S; and Sa
Product of fi(z1) and fa(z2) is positive on and only on the product space

~s S:{(ml,zg):z1651,12652}
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Independence Let Sl _ {Il .0 <z < 1}

Let Sy = {z2: 0 < 22 < 3}

Then,
w8 ={(z1,m):0< 2 <1,0< 32 < 3}
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There may be certain points (z1,22) € S at which f(z1,22) # fi(z1)f2(22)
Let A be the set of points (z1,22) at which the equality does not hold
~ In A, we have (interpret) that P(A) =0

Products of non-negative functions and identities will be interpreted alike
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Independence (cont.)

Let X7 and Xs be random variables with the PDF
f(z1, 22)

8r1z2, 0<z1 <22 <1
0, elsewhere

f(zl,f@)—{

Expression (8z122) may suggest that X7 and X» are independent

Yet, S = {(z1,22) : 0 < 21 < 22 < 1} is not a product space
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X1 and X» are dependent if the space of positive probability density of X3
and Xz is bounded by a curve that is neither a horizontal nor a vertical line



Two random
variables (B)

UFC/DC
ATML (CK0255)
PRV (TIP8412)

2017.2

Independence

Independence (cont.)

Independence can be presented also in terms of cumulative distributions
CDF's

e No need for reasoning with PDFs/PMFs

Let (X1, X2) have the joint CDF F(z1, z2)
Let X1 and X2 have the marginal CDFs F1(z1) and Fa(z2)
Then, X1 and Xo are independent if and only if

F(z1,22) = Fi(21)F2(22), for all (z1,22) € R? (11)
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Proof

For the continuous case

Independence
Suppose F(z1,22) = F1(z1)Fa(x2) for all (z1, 22) € R? holds true
The mixed second partial derivative of the joint CDF

O?F (21, 22)

90 Si(@1)fa(z2)

Hence, X7 and X2 are independent
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Independence (cont.)

Suppose X; and X3 are independent, f(z1,z2) = fi(z1)f2(22), V(z1, 12) € R?

By definition of joint CDF
T T2
F(z1,12) :/ / fi(w1)fo(w2)dwadw

:/z1 fi(wr)dwr -/12 fo(w2)dws

—o0

= Fi(21)Fa2(22)

Hence, condition F(z1,22) = Fy(z1)Fa(x2) for all (z1,22) € R? holds true
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Let X7 and X5 be two random variables with the PDF
f(z1, 22)

Independence

777
T T I
L A
77

77
77

1+ 12, 0<x1,m20<1
0, elsewhere

f(z,22) =

We show that X; and X are dependent
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The marginal densities

Independence

fi(a) = f_ f(z1,m2)dre = fo (z1 +x2)doe =21 +1/2, 0< 21 <1
elsewhere

f(:l?): f_ 11171122 d:l:g fol(:lll +:l:2)d1172:1/2+$2, O0<x <1
2 elsewhere

Since f(z1,22) Z fi(z1)f2(22), random variables X; and X» are dependent
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Independence (cont.)

We can assert that X; and X3 are dependent, without the marginal PDF's

Let the random variables X1 and Xa have supports S1 and S2 respectively

Let the joint PDF be indicated by f(z1, z2)

Then, X1 and Xo are independent if and only if f(x1,z2) can be written as
product of a non-negative function of r1 and a non-negative function of

f(z1,22) = g(z1)h(22)

o g(z1) >0 for z1 € S1 and zero elsewhere

g9
o h(z2) > 0 for z € S2 and zero elsewhere
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Independence (cont.)

Proof

If X; and X2 are independent, then f(z1,22) = fi(z1)f2(22)

e fi(z1) and f2(x2), the marginal PDFs of X; and X»
Thus, condition f(z1,z2) = g(z1)h(z2) is satisfied
Conversely, let f(z1,22) = g(z1)h(z2)

Then, for RVs of the continuous type

fi(a) :/oo 9(z)h(zz) das = g(xl)/_oo h(zz)das

f(zy,22)
f(w) = / g(@)h(a2) dar = h(zo) / o(z)dm
— 00 N—— —o0o
f(z1,22)

c1 and ¢z are constants (not functions of z1 and z2)

= c1g(z1)

= cag(22)
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Independence (cont.)

Moreover, I also know that cjco =1

1= / / g(z1)h(z2) dzrdao
00 J 00—
f(z1,22)

[/oo g(ml)dml] [/oo h(mg)dzg]

—o0 —o0

= c2c1
These results imply
flz1,22) = g(m1)h(z2) = c1g(z1)cah(22) = fi(m1)fa(22)
Accordingly, X7 and X» are independent
| |
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The theorem is true for the discrete case, too
~» Replace the joint PDF by the joint PMF
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Independence (cont.)

Let X1 and X2 be two random wvariables
X1 and X2 are independent RVs if and only if the following condition holds
Pla< X1 <b,c<Xa<d)=Pla< X1 <b)P(c< Xz < d) (12)

for every a < b and ¢ < d, where a,b,c and d are constants

Proof
If X7 and X2 are independent, then by the previous theorem
Pla< X1 <b,c< X2 <d)=F(b,d)— F(a,d)— F(b,c)+ F(a,c)

= F1(b)F2(d) — Fi(a)F2(d) — F1(b)F2(c) + Fi(a)Fa(c)
= [Fl(b) — F1(a)] [Fg(d) — FQ(C ] = P(a < X1 < b)P(C < Xo < d)

The joint CDF of (X1, X2) factors into a product of marginal CDF's
~~ This again implies that X; and X are independent
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Independence (cont.)

Let the RVs X; and X> have supports 81 and Sz and joint PDF f(z1, 22)
We know that X; and X> are independent if and only if
f(z1,22) = f(z1)h(22)

e g(z1) > 0 for z1 € S1 and zero elsewhere

e h(z2) > 0 for 22 € So and zero elsewhere

Independence is necessary for condition

pla<X1 <bc<X2<d)=p(a<Xi <b)p(c< X2 <d)
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Independence

Independence (cont.)

Let X7 and X5 be two random variables with the PDF
[z, 22)

1 + 22,
0,

0<x,z2 <1
elsewhere

1/2 p1/2
P(O<X1<1/2,0<X2<1/2)=/ / (z1 + 2z2)dzidaze = 1/8
0 0
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Independence (cont.)

fx, (@) =21 +1/2,31 € (0,1)

1.5

0.5

Thus,

x1

fx2(332) = 1/2+ T2, X2 € (O, 1)

1.5

0.5

z2

1/2
P(0< X1 < 1/2) = / (21 +1/2)dz1 = 3/8
0

1/2
P(0< Xy < 1/2) = /O (1/2 + 22)das — 3/8

pla<X1<bec<Xo<d)#pla<X1<b)p(c<X2<d)

1/8

3/8

3/8
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Independence
Some probabilities are simpler when we have independent random variables

True also for some expectations (and some moment generating functions)
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Suppose that E[u(X1)] and E[v(X2)] ewist

Then,
Eu(X1)v(X2)] = E[u(X1)] E[v(X2)]
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Independence (cont.)

Proof

Independence of X7 and X2 implies factorisation of the joint PDF of (X7, X2)

f(z1, 22) = fi(z1)fa(z2)
Thus, by definition of expectation

E[u(X1)v(X2)] / / [w(z1)v(22)] fi(z1)fe(22) dzrdas
f(=1,22)

[/ u(zl)fl(zl)dzl] [/j:o v(:c2)f2(m2)]
= Efu(X1)] E[v(X2)]
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Independence Upon taking function «(-) and v(-) to be the identify functions
~  E(X1X2) = E(X1)E(X2) (13)

The expectation of the product of two independent variables X; and X2
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Independence (cont.)

Let X and Y be two independent random variables

e Let p1 and po indicate the respective means

e Let 0% and 0% indicate the respective (positive) variances

‘We show that independence of X and Y implies correlation coefficient zero
The covariance of X and Y
B[(X = m)(Y —p2)] = B(X — ) E(Y — p2) = E(XY) —pap2 =0
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theClme Suppose the joint MGF M(t1,t2) exists for random variables X1 and Xo
Then, X1 and Xo are independent if and only if
M(t1,t2) = M(t1,0)M (0, t2)

The joint MGF is identically equal to the product of the marginals MGFs



Two random
variables (B)

UFC/DC
ATML (CK0255)
PRV (TIP8412)

2017.2

Independence

Independence (cont.)

Proof
Suppose that X; and X5 are independent
Then,
M(t1, t2) = E(eltX12X2) = p(ehiXiel2X2) = peh1X1)p(et2X2)

= M(t1,0) M (t2,0)

The independence of X7 and X> implies that the MGF of the joint distribu-
tion factors into the product of the MGF's of the two marginal distributions
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Consider the MGF of the joint distribution of X; and Xs

M(t1,t2) = M(t1,0)M (0, t2)

Independence

X1 has a unique MGF

~ M(tl,O) = / etlzlfl(xl)dzlll

— 00
Xo has a unique MGF

s M(O7 tg) = / et2z2f2(x2)d:lt2

—0o0
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Thus,

Independence
oo

M(t1,0)M(0, t2) = €% fi (ar )| [/jo 1272 o (2 ) o]

/ = enn 292 £, (21 (22)day A

')
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We know that M (¢1,t2) = M (t1,0)M (0, t2)

oo oo
Independence ~> M(tl, t2) :/ / et1z'1+t21'2f1 (xl)fz(Iz)dxldxz
— 00 — 00

We know that M (¢1, t2) is the MGF of X1 and X»

oo oo
~ M(t, t2) = / / et1z1+t2z2f($l7 z2)dz1dae
— 00 — 00
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The two distributions described by fi(z1)f2(z2) and f(z1,z2) are the same
e By the uniqueness of the MGF

~ fz,22) = fi(e)fa(22)

Independence

That is, if M(t1,t2) = M(t1,0)M (0, t2), then X; and X2 are independent
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The proof relies on the assertion that a MGF (when it exists) is unique
e The MGF uniquely defines the distribution of probability

Independence

The proof for discrete-type RV uses summation instead of integration
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Independence

Independence (cont.)

Let (X, Y) be a pair of random variables with the joint PDF

f(z,y) with (z,y) € R?

f(z,y)—{

e Y,
07

0<zr<y<oo
elsewhere
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Independence

Independence (cont.)

We determined the that the MGF of (X, Y)

M(t1, t2) = / / exp (t1z + tox — y)dydz
0 T

1
(1 —t — t2)(1 — t2)

(provided that 1 + t2 < 1 and t2 < 1)

Because M (t1,t2) # M (t1,0)M (0, t2), the random variables are dependent
]
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