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t- and F-distributions

The t-distribution and the F-distribution

~» Useful in statistical inference
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The t-distribution

Let W indicate a random variable that is N (0, 1)

1 29
flw) = e v —o0 < w < 00, zero elsewhere

Let V indicate a random variable that is x2(r)

fu"/2fle*”/2, 0 < v < oo, zero elsewhere
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The
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Let W and V be independent
The joint PDF of W and V

1 2 1
h - mwH/2 - r/2=1_,—v/2
(v, w) N I(r/2)27/2" ©
N(0,1) x2(r)

—oo < w < 00,0 < v < 00, zero elsewhere
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The t-distribution (cont.)

We define a new random variable
w

Ve

T =

The change-of-variable technique can be used to get the PDF of T

The transformation equations

o t= /)

~ U=

The sets
S={(w,v): —c0o<w<00,0<v< 00}
T={(t,u): —00o<t<00,0<u<oo}

The inverse transformation equation

- w = tu/VF

MU= U

The absolute value of the Jacobian of the transformation |J| = \/u/\/T
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The t¢-distribution (cont.)

The joint PDF of T and U = V

_ tvu _ ;u
g(t,u) = h(?’ u) = V27T (r/2)27/?

[t] < 00,0 < u < o0, zero elsewhere

r/2—1
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The t-distribution (cont.)

The marginal PDF of T
oo
gr(t) = / g(t, u)du
— 00

t2
0

In the integral, we let z = u[1+ (¢t2/r)]/2

(t) /oo ! ( 2 )(TH)/Q_l ( 2 )d
= e’ ————)dz
9T o V2mrD(r/2)27/2\1 +¢2/r 14t2/r

_ Pl(r+1)/2] 1 i<
T VET(r/2) (L+ 2/n)eh2 T >

(2)




t- and
F-distributions

UFC/DC
ATATI (CK0146)
PR (TIP8412)
2017.2

The
t-distribution

The t-distribution (cont.)

L[(r+1)/2] 1

— t
VED(r/2) (L4 2/r0th/2 0SS

The distribution of the random variable T is called the {-distribution

The t-distribution is completely determined by parameter r

~~ The number of degrees of freedom

Table of approximate values of probability for selected r and ¢
t
Pr<o [ gr(ar
—oo

As the degrees of freedom goes oo, the t-distribution converges to N(0,1)
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t-distribution
Mean and variance of the t-distribution
Let the random variable T have the t-distribution, r degrees of freedom

We can write T = W(V /r)~%2, with W ~ N(0,1) and V ~ x2(r)
e Let W and V be independent RVs

Provided (r/2) — (k/2) > 0 (that is, k < r), by independence

sty = [w ()] = moviye[ (1))
2=kT(r/2 — k/2)

= BE(W") 2R

ifk<r
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The F-distribution

Let U and V be two independent random variables with 71 and r3 DOF's
The joint PDF h(u,v) of U and V

1
(r1/2)T(r/2)2(r1+r2)/2
0<u,v<oo

w(r1/2=1) 4 (r2/2=1) o —(u+v)/2

h(u,v) = T

We define the new random variable

U/r
V/ra

We are interested in the PDF gy (w) of W
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The F-distribution (cont.)

The transformation equations

= w = (u/r)/(v/r2)

~ 2=
The sets
S={(y,v):0<u<o00,0<v <00}
T:{(w,z)10<w<oo,0<z<oo}

The inverse transformation equatons
~ u=(r1/re)zw

~ U =2

The absolute value of the Jacobian of the transformation |J| = (r1/m2)z
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The F-distribution (cont.)

The joint PDF of W and Z = V

1
g(w7 Z) = F(T1/2)F(7'2/2)2(T1+T2)/2

1

eyt o, [ 5C2)

T2 T2

For (w, z) € T and zero elsewhere
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The F-distribution (cont.)

The marginal PDF of W

aw (w) = [ ~ o(w, 2)dz

—o0

rLw
= /‘00 (r1/r2)(11/2) (w)(r1/2-1) z(r1+r2)/2—1e[_§<r_2+1>]dz
0 F('f‘l/2)1—‘(7‘2/2)2(7'1‘“'2)/2

In the integral, we let y = z/2(r1w/r2 + 1)
%0 (11 /1r9)(11/2) () (r1/2=1)
QW(U/) = o F('f‘l/Q)F(7‘2/2)2(T1+T2)/2
( 2y )(7'1+7'2)/2*16_y( )
riw/re +1 riw/ra + 1

CT[(r1 4 12)/2] (r1 /r2)(11/2) (w)r1/2-1
o T'(r/2)T(r2/2) (1 + riw/ra)(ritr2)/2

dy 4)

For 0 < w < oo and zero elsewhere



t- and
F-distributions

UFC/DC
ATATI (CK0146)
PR (TIP8412)
2017.2

The
F-distribution

The F-distribution (cont.)

() = Ll /2 (n/ra)/  (w)n/2
gwi) = T(r/2)T(r2/2) (% rw/r) 172072

The distribution of the random variable W (F) is called the F-distribution

The F-distribution is completely determined by two parameters 7 and o
Table of approximated values of the probability for selected r1, r2 and b

b
P(F < b) =/O gw (w)dw
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The

F-distribution Moments of the F-distribution
Let the random variable F' have the F-distribution, 1 and 5 DOFs

We can write F' = (r2/r1)/(U/V), with U ~ x2?(r1) and V ~ x?(r2)
e Let U and V be independent RVs

By independence,

B(F*) = (E)kE(U’“)E(V”“)

T1

Provided that both expectations exist
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The F-distribution (cont.)

Because k > —(r1/2) is always true, the first expectation always exists

The second one, exists if 7o > 2k (the denominator DOFs must exceed 2k)

Assuming this is true,

. 79 2_1F(T2/2 — 1) . ()
B = = w2 ®)
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Student’s theorem

An important result for inference of normal random variables
e It is a corollary to the t-distribution

~~ Student’s theorem
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Let X1,...,Xyn be IID random variables

Let each each X; ~ N(p, o2

Student’s
theorem

Define the random variables

E

3\H

Z(X X)?

n—l

Then,

(a) X ~ N(u,0*/n)

(b) X and S? are independent

(©) (n—1)82/0® ~ x*(n — 1)

(d) The random variable T = (X — u)/(S/\/n) ~ t(n —1)
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