CKO0255/TIP8421: Second exam (AP02) November 24, 2017

Q 01 (20%). Complete the table of the joint probability mass function and the marginal
mass functions of the discrete random vector (X,Y) [70%)]

pX=zY=y) |y=1 y=2 y=3|pX =2

=1 - 02 - 0.4
x =2 - - 03 -
pY=y) || - 03 04 |

Calculate P(X +Y = 3) [30%]

Solution:

pX=2Y=y) |y=1 y=2 y=3|pX =2

=1 — 02 0.1 0.4
T =2 — 01 03 -
p(Y =y) | - 0.3 04 |
pX=xY =y [ly=1 y=2 y=3]pX=2x)
=1 0.1 02 0.1 0.4
T = — 01 03 -
pY=y) | - 03 04 |

pX=2Y=y) |y=1 y=2 y=3|pX =2

=1 01 02 01 0.4
z =2 - 01 03 0.6
pY=y) || 03 03 04 |

pX=2Y=y) |y=1 y=2 y=3|pX =2

=1 01 02 01 0.4
z =2 01 03 0.6
pY=y) || 03 03 04 |

P(X+Y =3)=04.

Q 02 (40%). Consider the function f(x) = 2e(=*1722) for 0 < 2, < 2; < 0o and f(x) = 0
elsewhere.

1. [60%] Show that f(x) is the probability density function of a random vector X
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2. [40%)] Calculate the marginal probability density functions

Solution: Function f(z,y) is continuous and positive over the support S. It suffices to
check the normalisation condition.

//f dx-/ / f(xq, z2)dxdey = / / 2e(*17%2) o dy
/ / 26(_m1 (=22) dl‘gdl’l / 26(_m1)|:/ ( r2 dl‘g] dl‘l (1)
0

Tr1—00

= / 26(—1‘1)(1 _ e_xl)dl'l — [6(—2:(:1) _ 26(—x1)] -1
0

x1=0

The marginals
f(LU1|LU1 < 0) = / f(X)dZL’Q =0
o) x1 z1
f(z1|xy > 0) = / f(x)dzy = / 2e(mm1=22) gy = / 2e(~71)e(=22) 4z, (2)
—00 0 0

— 9¢l-21) /m1 e dgy = 2e(77) [1 — e(_ml)]
0

f(xa]ze < 0) = / f(x)dzy =0
f(xo|ze > 0) = /OO f(x)dzy = /OO 2e(~T1=22) gy = /OO 22 e(=¥2) g, (3)

z2 T2

= 2¢(~72) /x1 e dpy = 2e(~272)
0

Q 03 (40%). The probability density function of the continuous random vector (X, Y') with
support the triangle S = {(z,y) : 0 <y <2 <2} is f(x,y) = Kzy.

1. [20%)] Calculate the value of K

2. [40%)] Calculate the marginal probability density functions

3. [40%)] Calculate the covariance of X and Y

Solution: By the normalisation condition

1:/S/f(x,y)dxdyzK/:xdx/oxydy:K/2/02x3d$:2K (4)

~ K=1/2



The marginals

B(X) = /: o f (2)de = /02 1 /4dz = 8/5

B(Y) = / Ty y)dy = / J2(4 — ) /Ady = 16/15

E(XY) = /T [ sty - /O 2 /0 ey (. y)dady

1 2 T 11 2
2 2 5
2/0 ) I/o ye 23/0 e

~16/9 (32/9)

The covariance

Cov(X,Y) = E(XY) — E(X)E(Y) = 16/9 (32/9) — (8/5)(16/5) = 416/225



