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The unit step, denoted as d—1(t), is a function

Consider some function f(t) : R — R, we have

0 t<0
i t)o_1(t) = ’
b F03-1(t) {m, o
2| d4(t)
. )0, t<0O Values of f(t) for ¢ < 0 have been set to zero
0—1(t) =
1, t>0 1 .
Graphically,
1 9 ¢ f(@) f(t) 6-1(¢)
The function is continuous over the domain, except for the origin /\ /\
e Discontinuity, size 1
Y AV t V) t
0 0
|
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Unit ramp

The integral of the unit step is called the unit ramp, §_2(t)

"t
52t = [ so(rr 2| 5a0)

_Jo, t<o .
)t t>o0

= td-1(t)
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Ramp functions

The family of ramp functions 6_j,(t) can be be recursively defined for k > 2

¢ ¢ 0, t<0
S_i(t) = S_i(r)dr =4 !
k(1) [x [x 1(T)dr LA
—— (k —1)!
k—1 times
tk‘fl
= 5t
D) 1(t)
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Ramps (cont.)

571(t) 672(1‘/) = té,l(t)

e Quadratic ramp, kK =3
42
~ o dog(t) = 55—1(15)
e Cubic ramp, k=4

t3
o 0oa(t) = 55710)
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Exponential ramp

A generalisation of the ramp function is the exponential ramp, or cisoid

tk 0, t<O0
;C(”'57 t) = k
k! 1(8) Deat, 430
k! -
It is defined in terms of two parameters
~ keN
~ a€C
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Ramps (cont.)

th
EE o_1(t)

Particular cases that can be generated from the exponential ramp

~ a=0and k=1,2,---, the family of ramp functions
tk
o 1-6-1(¢)

~ @ =0 and k = 0, the unit ramp
(1/1)-1-6-1(2)

~ k=0 and a € R, exponential function e
~ k=0 and a = jw € Z, a linear combinations of the resulting exponen-
tial ramps can be used to describe sinusoidal functions
ejwt + e—jwt
2
e]wt _ e—jwt

25

cos (wt) =
sin (wt) =

Linear combinations of ramps can be used for polynomial functions

62t2 4+ c1t+ co




This function is understood as a continuous approximation of the unit step

~ lim 61 ¢(t) =6-1(t)
e—0

e—0
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e e We can extend the family of canonical signals

I'he family of I'he family f

wnonical signal Imp]_I].Se anonical signal We consider the derivatives of the unit step (so far, we only integrated it)

Canonical signals e The results of classical calculus cannot be used for the purpose
e The derivative of a discontinuous function is not defined
We need to generalise the concept of function
~ The distribution
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Wl G W i Finite impul:
Ramp 0, t<0 . inite tmpulse
Tmpulse ‘ 571.5(0 _ t/E, te [0’ S) Impulse
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Derivative of th

0, t<O0
R Function 6_1.(t) = < t/e, t€[0,e) is continuous
o8t 1, t>e

Thus, it possesses a derivative

1) 1/e, t s
be(t) = 5. = e 1EIO)
dt 0, elsewhere

Function 6-(t) is denoted as finite impulse of base &

Function d:(t) is a rectangle, with base e and with height 1/
e Area equal to 1, whatever the value of
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Unit itmpulse or Dirac function

We define the derivative of the unit step §—1(t0
Dot 5(t) = 51 (8) = L lim 6_1.0(t) = lim “25_ 1.0 (#) = lim 6.(¢
‘ (/)7%(,1(/)7E511>% 7I'E</)7511}}]E(7l’5(‘>75113}] <(t)

e—0

™| =

Such a definition is not formally correct in the sense of the classical calculus

e It is valid only if we accept the generalisation of a function

e The impulse §(¢) is not a function, it is a distribution

Impulse (cont.)
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Derivative of ¢ 0-1.e(t) 5_1(t)
I'k f 1 f 1 1
m al
€ t t
1 e—0
A
3. (t) a(t)
£ t t

Impulse (cont.)
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fon The following properties hold

.
~» §(t) is equal to zero everywhere, except the origin
8(t) =0, ift#0
~» §(t) at the origin is equal to infinity
0(t) =00, ift=0
~» The area under 6(t) is equal to 1

ot

/j: 6(t)dt:/07 S(t)dt = 1

Impulse (cont.)
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‘ Let f(t) be some continuous function in t =0
Ramp e The product of f(t) and the impulse 6(t)

Impulse

e ~ o f(£)6(t) = f(0)o(t)
Let f(t) be some continuous function in t = T
e The product of f(t) and 6(t — T)
~ f(8)6( = T) = f(T)o(t = T)

We used function §(t — T') to denote the impulse centred in T

Proof
We have that §(¢) =0, for t # 0

The values taken by f(t) for t # 0 are not significant (as the impulse is zero)
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Derivative of the impulse

‘We use the limit reasoning to define higher-order derivatives of the impulse

Signals and

Derivative of the impulse (cont.)

distributions
UFC/DC
CKO0255|TIP8244
2018:2 Consider the function 8¢ (t)
4t /€2, t €[0,e/2)
e de(t) =< 4/e —4t/e?, t € [e/2,¢)
Derivative of the 0, elsewhere
impulse
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The impulse can be re-defined
e—0
2
€ R
5-(t) (1)
| e/2 € t |

v 8(t) = lim 5 (¢)
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Derivative

5-(t) =

of the impulse (cont.)

4t /€2, te€0,e/2)
4/e —4At/e?, te€[e/2,e) 5 ~ ()= 1%65(15)
0, elsewhere :

We define the first-order derivative of the impulse §(t)

4 e—0
e? .
R 01,-(t)
: 01(t)

) u 6.(0)
2

. d d < . d

~ o 6(t) = E{S(t) = ggh_rz})()g(f) = Elg% aéhs(t)
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Derivative of the impulse (cont.)

e—0

4
= 81.(t)
—‘ _ 1 §l(t)

Signals and
distributions

UFC/DC
CKO0255| TIP8244
2018.2

Unit step
Ramps
Impulse

Derivative of the
impulse

The family of
canonical signals

Derivative of the impulse (cont.)

The higher-order (k > 1) derivatives of the impulse

dk d
~ o Op(t) = @5(” = 55;;71(1‘/)

Signals and
distributions

UFC/DC
CKO0255|TIP8244
2018.2

The family of
canonical signals

The family of canonical signals

Canonical signals

Signals and
distributions

UFC/DC
CKO0255| TIP8244
2018.2

Unit step

Ramps

D,

The family of
canonical signals

The family of canonical signals

For k € Z, we can define a family of canonical signals, d(t)

~ 8o(t) = 4(t), the impulse (k = 0)
~ k < 0, the integrals of the impulse

~ k > 0, the derivatives of the impulse

Such signals are linearly independent
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The family of canonical signals (cont.)

Linear dependence of scalar functions
Consider a set of scalar real functions fi(t), f2(t), ..., fn(t)
fl(t) TR—R

Functions {f; }I'_, are said to be linearly dependent over the interval [t1, t2],
if and only if there exist a set of real numbers ay,a2,...,a, that are not
all equal to zero and such that

~  arfi(t) +asfa(t) + -+ anfa(t) =0, VtE [, 2]
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The family of canonical signals (cont.)

Consider two functions fi (t) and f2(t)
fi(t)=t, € (—o0,00)

f2t) = 1t = {t‘

t, te€(—o0,0
t € (0,00)

The two functions are linearly dependent on each interval [t1, t2] with t2 < 0

o Let a1 = ag # 0, we have a1 fi(t) + azfa(t) = 0, for every ¢ € [t1, t2]
The two functions are linearly dependent on each interval [t1, 2] with ¢t1 > 0
o Let a1 = ag # 0, we have a1fi(t) + aafa(t) =0, for every ¢ € [t1, to]

The two functions are linearly independent on [t1, t2], t1 < 0 and 2 > 0
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The family of canonical signals (cont.)

Two or more functions can be linearly dependent in an interval

e Yet, they can be linearly independent in a larger interval

Conversely, linear independence in a given interval implies linear indepen-
dence in any larger interval of which the initial interval is a subset
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The family of canonical signals (cont.)

Consider the function
o0

f®)y= > adi(t)

k=—o00

Suppose that such a function is identically null over [a, b], with a # b
~» Then, a =0 for all k € Z
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We can formally calculate the derivative of discontinuous functions

canonical signals

Discontinuous functions are common in systems analysis

Derivatives of a
discontinuous

function e Zero for t < 0 and continuous for ¢ > 0

e Discontinuity in the origin
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Derivatives of a discontinuous function (cont.)

Let f(t) be a continuous function

1) F(t) 6-1(t)
\J \/

We are interested in calculating the derivative of function f(t)d_1(t)
e If f(0) # 0, then f(¢)d—1(t) has a discontinuity in ¢t =0

R Derivatives of a discontinuous function (cont.)
distributions
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Unit step

The first-order derivative

Ramps

Impulse

Clrmiw] = [Sr0]sa @+ 1] $50)]
—_——

Derivatives of a

discontinuous

function -
5(t)

v = F(1)0-1(t) + £(0)5(t)

It is the first-order derivative of the original function multiplied by §_1(¢)

e Plus the impulse at the origin multiplied by f(0)
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The second-order derivative

b ot s 0] = [ 0] 5a(0)+ 50 [ a1 (0] + 500 300)]

discontinuous
function ~ = f(8)d-1() + f(0)3(t) + £(0)d1(2)
It is the second-order derivative of the original function multiplied by §_1
e Plus the impulse at the origin multiplied by f(O)
e Plus 4;(t) multiplied by f(0)
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Higher-order derivatives are calculated analogously

o o a* 1 — .
diccontinnons T (08-1(1) = fE81(8) + FETD©8(1) + -+ + F(0)8k-1(2)

function

k—1

w =@ (1) + Y FD0)0k—1-i(2)

1=0

We used 6o (t) = 6(t)

Derivatives of a discontinuous function (cont.)
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Consider the function

Unit step f(t) = cos (t)é,l(l)

D oF (it
mpulse We are interested in its derivatives

The first-order derivative,

Derivatives of a
discontinuous

function
d d
[cos td_1 (t)] = [a cos (t)] + sin (0)d¢ + cos (0)d1(t)

dt
= —sin (£)d_1(t) + &1(¢)

The second-order derivative,
2 2
d—z[cos(t)g_l(t)] = [;?cos(t)] §_1(t) — sin (0)8(¢) + cos (0)d1 (t)
= —cos(t)6—1(t) +d-1(¢)

Derivatives of a discontinuous function (cont.)
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Consider the cisoid function

f(t) =tel®s_1(¢)

etk o €8 . - .
. We are interested in its derivatives

Dresmiies of o The first-order derivative,
discontinuous

function
d
(at) _ _(at) (at) (at)
dt[te 5_1(t)} = e(®5_y (t) + ate +[te ]f:oé(t)

=1 —at)el®s_1(¢)

The second-order derivative,
d2
F[tewa_l(t)] = ae(®§_1 () + a(1 + at)e(@s_y (1)

t
= (2a + a?t)e(™s_1 (1) + 5(1)

+ [(1 + at)e(“t)] R0
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o Consider the two functions

o . - Convolution
:,‘ H‘ o Consider the two functions :“ S Fr) = 1, 7€][0,1]
\‘ \““V \ y of \H\‘ "H\ " i1y 0, elsewhere
wnonical signal /‘,gRA)C canonical signal
7, T€0,1]
. 9(r) = { , elsewhere
The convolution of f with g is a function h : R — C in the real variable t
oemrals es mrograls
me) =fro®)= [ fmglt-r)dr
- f(r) g(7)
. 1 1
Function h(t) is built by using the operator convolution integral
(@) 0 1 T (b)) 0 1 T

~ *
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Suppose that we want to calculate the function

g(Tt):{Tt, Telt,t+1]
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Convolution integrals (cont.)

Suppose that we want to calculate the function

0, elsewhere t—71, TE[t—1,1]
o g(t—71) =
0, elsewhere
We shift g(7) by the quantity ¢
~ If t > 0, to the right We flip g(7 — t) around 7 = t (vertically)
; ~ If t <0, to the left ;
gt =)
g(r — 1) 11
t
1
| Il
(d) 0 t1 T
I
(c) 0 ¢t1 2T
e, Convolution integrals (cont.) St exd Convolution integrals (cont.)
distributions distributions
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20182 We can now calculate the product function 2018.2
Uit stes ~ o f(r)g(t—7)
. . We thus have,
f(r)g(t —7) f(m)g(t —7) o
1 fxg(t)
t—1 \ 0.5¢2, te€[0,1]
|\\ fxg(t) =<0.5—-05(t—1)2, t€]l,2] 1
Convolution | LI I I Convolution D 7
integrals (e) 0 1 T (f) 0 1 ¢ T integrals 0, elsewhere |
() 0o 1

+oo
W) =frg®)= [ gt -rydr
e For t € [0,1], area 0.5¢2
e For t € [1,2], area 0.5 — 0.5(t — 1)2

e Zero elsewhere
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Convolution integrals (cont.)

The convolution operator is commutative

fxg(t)=gxf(t)

Proof

Let p =t — 7, then write
frg(t)=
+oo +oo
[ tmate=nar = [ 1= patoap

—0o0 — 00

=gxf(t)
]
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Convolution integrals (cont.)

Convolution and differentiation/integration

Consider the two functions

f,9: R—C
Their derivatives
F(o= f®)
e d
9(0)= =4(0)

Their integrals
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Convolution integrals (cont.)

The following statements are true

(1) The derivative of the convolution between two functions is given by the
convolution of one function with the derivative of the other function

1 .
— —fag(t)=Fxa(t) =Fxg(t)
dt

(2) The integral of the convolution between two functions is given by the
convolution of one function with the integral of the other function

t
- [ fxa(r)dr = £ xG(t) = Fx g(t)

(3) The integral of a convolution between two function does not change if
one of the two operands is derived and the other one is integrated

o frg(t)=Fxg(t) =F*G(t)
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Convolution integrals (cont.)

Proof

To demonstrate (1), observe that we can write
d d +oo +oo d
— t) = — t—7)dr = —g(t —7)d
o= [ @ nar= [ pe) ot - nar

—+o0
= [ i@t —rar =i
— 00
Because of the commutative property f *x g(t) = g * f(t), we also have
d d +oo d
— t) = — t) = —f(t — d
a0 = orf = [T L nglnar

= [T -memar =g i = Fro0
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To demonstrate (2), where the three functions are identical, we use (1) To demonstrate (3), we use (1) again
k)

m,‘ ,m : Observe that all three functions when evaluated for ¢t = —oo are null
F % g(t) is obtained from (1)

e Whereas their derivatives are equal, for all values of ¢

d d d
This is because of the definition of integral E}—* g(t) = F* [EQ] (t) = [E}—] *g(t)
o Frg(t) =fxg(t)

integrals

d 0
E ./700 F g(T) dr =f g(t) Convolution

Convolution
integrals

f % G(t) is obtained by differentiating f x G(t)
And, because
d d d
00 =+ [20] (1) =[]+ o0

S =+ [$6] =190 |
~ o frg(t) =f*G(t)

Loty = [i]—']* (t) = f * g(t)
a0 T g =r=g -

Convolution with canonical signals
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Convolution with the impulse

Consider a function f : R — R continuous in t

We have,

.
£(8) :/ F()b(t = )dr

— 00

For any interval (tq,tp) containing t, we have

f@& = [ frs —rydr

ta
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Convolution with canonical signals (cont.)

Proof

Observe that §(t — 1) = §(7 — ¢) is an impulse centred in 7 = ¢
Thus,

—+oo —+o00
/ f(r)é(t —r)dr = / f@)o(t —7) dr
—c0 — oo —_———
F()6(t=T)=f(T)6(t—T)

+oo
— (1) /_ 5(t—mydr = f(1)

|
JTZ s(tyat=[" s(t)di=1

The second part is derived from the first one, as §(t —7) =0 for 7 # ¢
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Convolution with canonical signals (cont.)

Consider a continuous function f : R — R with k continuous derivatives

We have, .
i+ +o0o
2 ) = / F(r)o(t — 7)dr

dtk J o

Proof

Observe that f(t) = f % 6(t)

d .
By repeatedly differentiating and using that Ef *g(t) =f*xg(t) =f*g(t),

Crw = Sras) = £« [So] @ = £ a0

d2 d

@f(t) = Ef*th(t) = fx2()
dk d

@f(t) = Ef *Op_1(t) = f % 8(¢)




