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Input-output models

We concentrate on single-input single-output (SISO) systems
e Input-output (IO) representation

e Linear and stationary systems

Linear ordinary differential equations w/ constant coefficients

e Direct integration of the ODEs in time
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Input-output models (cont.)

The analysis consists of determining the output signal for a given model
~» Force-free and forced evolution

~ Decomposition by linearity

We study the homogeneous equation associated to the model equation
~+ A definition of the system modes
~~ They characterise this evolution

The force-free evolution is given by a linear combination of modes
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Input-output models (cont.)

‘We study the forced response of the system to the unit impulse
e It is a canonical regime

~» Full characterisation

The forced evolution to any input is given as a convolution

e The input and the response to the unit impulse

e The Duhamel integral
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Representation and analysis

Consider a SISO system represented by a linear, time-invariant 10 model

d"y(t dy(t
L 0

d™u(t) ) du(t)
" dgm ar

+bou(t) (1)

The independent variable

~ Time, t € R

The dependent variables
~» The input, u(t) : R - R
~» The output, y(t) : R — R

The parameters
~ a; € R,withi=0,...,n
~ b €R,withi=0,...,m

The order of the system is the highest order of derivation of the output
e We suppose that the system is proper (n > m)
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Representation and analysis (cont.)

IO 10)
dtn 'Tae

+ aoy(t)

d™u(t) du(t)
— b 5 S L ot
g + 4+ b1 I + bou(t)

The problem
The fundamental problem of analysis for an IO model representation

~ Calculate the solution of the differential equation y(t)

~» From a given initial time ¢y (¢t > to)
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Representation and analysis (cont.)

This corresponds to determine the evolution of output y(¢), for ¢ > ¢

Initial conditions

y®|,_ =w
t=ty
dy(2) o
dt lt=tg & (2)
d"ty(t) — i

dtn—1 li=¢

The values of the output and its derivatives at the initial time ¢

Input signal
u(t), fort >t 3)

The value of the input at the initial time ¢y
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Representation and analysis (cont.)

We overview standard solution methods of ordinary differential equations

~~ And, some less standard methods will be introduced
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Representation and analysis (cont.)

The past of the system for ¢ € (—oo, fy] is summarised by the state x (o)
e The initial state is not given/available in the IO representation
e We have initial conditions for the output and its derivatives

~ The information is equivalent

Initial state and initial conditions are univocally related!

Initial state and initial conditions

If the initial state of the system is null, then all initial conditions are null

,— 1
x(to) =0 ~ go=yh=---=y"" V=0

If the initial state is not null, then not all initial conditions are null

x(t) #0 ~ (i e€{0,1,....n—1}) y? #0

I This is strictly true only for observable systems.
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Representation and analysis (cont.)

The solution (in terms of force-free and forced evolution)

We will consider the evolution of the output of a system

o We assumed that this is an effect

We assume that the effect is due to two types of causes
~ Internal causes in the system, the initial state

~ External causes to the system, the input
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Representation and analysis (cont.)

Consider a linear system (one for which the superposition principle holds)

The effect is due to the simultaneous existence of both causes

The response can be determined as the sum of effects

e Each cause is acting alone
() = yult) +yp (L), fort > 1o
yu(t) is called the force-free response
e Contribution to the output that is only due to initial state at ¢t = ty

yr(t) is called the forced response
e Contribution to the output that is only due to input for any t > &g
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Representation and analysis (cont.)

Force-free and forced response

y(t) = yu(t) +yr(t), fort>to

yu(t) ~ It can be defined as the system response (output) for an
input u(¢) that is identically null for ¢ > ¢ and for given initial conditions

yr(t) ~» It can be defined as the system response (output) for a given
input u(t) for t > ¢y and for initial conditions that are identically null
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Representation and analysis (cont.)

‘We want to study the two terms separately and show how they are calculated

e The analysis is restricted to stationary models

‘We introduce a simplification that will not disrupt generality

e We will assume that the initial time is tg = 0

If to # 0, solve for 7 = (¢t — tp) to get y(7) for 7 >0
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Homogeneous equation and modes

Consider SISO system represented by a linear, time-invariant IO model

d"y(t) dy(?)
+ ai at

I + aoy(t)

Qan
d™u(t) ‘e du(t)

-+ b1

—+ b t
dim a T boul®

= Om

‘We study a simplified form of this differential equation
e The homogeneous equation (RHS is null)

dny(t) dy(t)

o toa
din T

+ aoy(t) =0

~ an

This form allow us to introduce the focal concept of system mode

System modes are functions that characterise the system evolution

~+ The number of modes of a system equals the system’s order

Linear combinations of the modes solve the homogeneous equation
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Homogeneous equation and modes (cont.)

Homogeneous equation

Consider the differential equation of a IO model

d"y(t) dy(t)

— 22 L go0 A t

" + a1 — =+ aoy(t)

d"u(t du(t
A s 4 by ( )

bou(t
dem g T boul®)

= Om

Suppose that we let the RHS of the 10 representation be zero
Define the homogenous equation associated to it

d"y(t) . dy(t)

0y(t) =0
i o T ov®

v an

~ tER
~ y:R—=R
~ a; ER, withi=0,...,n

Input-output
representation

UFC/DC
CKO0255| TIP8244
2018.2

Homogeneous
equation and
modes

Homogeneous equation and modes (cont.)

"y o, @

am Tt tay(®) =0

Qan,

The homogeneous equation is a simplified form of the differential equation

It is possible to associate a polynomial to any homogenous equation

~» Characteristic polynomial

Input-output
representation

UFC/DC
CKO0255|TIP8244
2018.2

Homogeneous
equation and
modes

Aperiodic
Pseudo-periodic

Homogeneous equation and modes (cont.)

Characteristic polynomial

Consider the homogeneous differential equation

+apy(t) =0

Qan

d"y(t) dy(¢)
am T

The characteristic polynomial of a homogenous differential equation is a
n-order polynomial in the variable s whose coefficients correspond to the
coefficients {ap, a1, ..., an} of the homogeneous equation

n

~  P(s) = aps" + an—18"" 14+ +a1s+a = Z a;s’ (4)

=0
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Homogeneous equation and modes (cont.)

Consider any polynomial of order n with real coefficients

e It has n real or complex-conjugate roots

The roots are solutions of the characteristic equation

n

~  P(s)= Z(z,;sl =0

i=0

In general, there are » < n distinct roots p;, each with multiplicity v;

n

~opLocctopL P2 cct P2ttt Pt Dr

vy vy

— Tf i # j, then p; # p;

YT vi=1
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Homogeneous equation and modes (cont.)

pL P2 o p2 ot Pro ottt Pr

121

Consider the particular case in which all roots have multiplicity equal one
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Homogeneous equation and modes (cont.)

Modes
Let p be a root with multiplicity v of the characteristic polynomial

The modes associated to that root are the v functions of time

" ~s  ePt gePt 42opt . qv—1pt
~ o pr p2 o Pn—1 Pn 4 D
~ If i # j, then p; # pj A system with a n-order characteristic polynomial has n modes
) % )
~ v; = 1, for every 1 [ ]
. NN Homogeneous equation and modes (cont.)
representation Let p=1 representation
UFC/DC UFC/DC
CKO0255|TIP8244 T T CKO0255|TIP8244
2018.2 2018.2
4 A -6
o : s 3 0 14 5 N . - .
L(;::‘t’l’;:‘i‘]’]‘y 2 R C(;ﬂ:;’ii:‘i‘;‘:; Consider the following homogenous differential equation
modes modes
2 in 12 4 3 2
d*y(?) d?y(¢) d*y(t) dy(?)
3 +21 + 45 + 39 +12y(t) =0
e |l 1o et T ez dt u(®)
| ! | ! | ! ! !
Aperiodi 0 0.5 1 1.5 0 0.5 1 1.5 Aperiod . e i
Pseudo-periodic . . R The associated characteristic polynomial
1wl 1F "5 P(s) = 3s? +215% + 4552 + 395 + 12
=3(s+1)3(s+4)
- I 110
S 51 | S Its roots
L B p1 = —1, multiplicity 11 =3
| 1 5 ~
p2 = —4, multiplicity v2 =1
0L ! ! L ! ! 10
0 0.5 1 1.5 0 0.5 1 1.5




T Homogeneous equation and modes (cont.) eyt p1 = —1, multiplicity v1 = 3
representation representation _ T _
p2 = —4, multiplicity v2 =1
UFC/DC UFC/DC
CK0255|TIP8244 CK0255|TIP8244
2018.2 As the system has four root it also has four modes 2018.2 1] 0 04
7t - -10.3
— — —t
Homogeneous p1=-1, (Vl = 3) “ te Homogeneous - L 102 7
equation and {2e—t equation and |w 0.5 - ©
modes modes =
_ I -10.1
p2=—4, (r2=1) ~ {e 4t
. (= - -0
R Graphically, we have N | | L ! | | L L
P <n‘1 -periodic Pseudo-period 0 5 10 15 0 5 10 15
—t —t 2,—t —at
; e ; te ] te ; e ‘ t ‘ ‘ t ‘ ‘
= 11
08 08 08 08
06 06 06 056 - 0.4 |
[ 3
© = -10.5
04 0.4 0.4 0.4 L o2l - o
0.2 0.2 0.2 0.2
% 5 10 15 % 5,10 15 % 5,10 15 % 510 15 o’ ! | I | | 0
’ ) ‘ 0 5 10 15 0 5 10 15
t t
|
T Homogeneous equation and modes (cont.) e Homogeneous equation and modes (cont.)
representation representation
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Homogencous o oECEcons Linear combinations of modes
equation and equation and
modes modes
A linear combination of the n modes of a system is a function h(t)
. Lo /. . . o [t is given by a weighted sum of the modes
As modes are functions, their linear combinations are a family of functions ) ) )
R L . . o . : e Fach node is weighted by some coefficient
o “1 o 1 e The family is parameterised by the coefficients of the combination l D ‘ ‘
FEach root p; with multiplicity v; is associated to a combination of v; terms
v;—1
AjoePit + A qtePit .o+ Ay, _1t¥iTlePit = Z A ptherit  (5)
=0
Toot p;
There is a total of r distinct roots, 1 =1,...,r
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Homogeneous equation and modes (cont.)

v;—1

AgoePt + Ay 1tePt ot Ayt T el = YA ther

k=0

There is a total of r distinct roots, i =1,...,7

The complete linear combination of modes

v1—1 vo—1

h(t) = Z Al,kt/"e”l”ﬁ- Z Ao pther2t 4

k=0 k=0

vp—1

k=0

root p;

et ST A ptkernt

root pj root pa

r vi—1

~y = Z Z A,,’Tk.tkﬁp’l’

i=1 k=0

root p,

(6)
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Consider the case in which all roots (n) have multiplicity equal to one

~ o h(t) = ApePit 4 AgeP2t o Ay et = Z AjePit

i=1

(We have omitted the second subscript of coefficients A)
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Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

3

21

d®y(1)

d?y(1)

dy(t)

4
d*y(t) I

di*

dies3

+ 39

dit2

dt

e Two roots p1 = —1 (v1 =3) and po = —4 (vr2 = 1)

e Four modes e~ t, te~t, t2¢~! and e~ 4t

; e ] te !
0.8 0.8]
0.6 0.6
0.4 0.4
0.2 0.2
G0 5 10 15 00 5 10 15

0.8

0.6

0.4

t2et

)

0 5 10 15

0.8

0.6

0.4

0.2

+12y(¢) =0

—4t

0 5 10 15
t
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Homogeneous equation and modes (cont.)

et te ! tle ! et

1 1 1 1
0.8] 0.8] 0.8 0.8
0.6 0.6] 0.6 0.6
0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2

00 5 10 15 00 5 10 15 00 5 10 15 0O 5 10 15

t t t t

The family of functions h(t) is given as a linear combination of the modes

R(t) = A10e " + Ay 1te™t + Apot2e ™t 4+ Age 4
—_——

root p1 root pz
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Homogeneous equation and modes (cont.)

The modes are known through the characteristic polynomial

The coeflicients of their linear combination are parameters

r ov;—1

h(t) = Ajpther

=1 k=0
The equation is a parametric form of a family of functions

The actual coefficients determine the force-free evolution

~~ From every possible initial condition
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Homogeneous equation and modes (cont.)

Solution of the homogeneous equation
Consider the homogeneous equation

dny(t) dy(t)
g T

+aoy(t) =0

A real function h(t) is a solution of the homogeneous equation if and only
if it is a linear combination of its modes

r v;—1
~  h(t) = z Z A tFePit
i=1 k=0
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Homogeneous equation and modes (cont.)

Proof
We demonstrate only the necessary condition

Consider the case in which all n roots have multiplicity equal to one

n
BE) = Arem gl oot Ayt = 30 Aen
=1

For the k-th order derivative of function h(t), we have

d* d*
_ p1t pat 4 ... _ebnt
> dtkh(t) dtk(Ale + AgeP2 ...+ Aje )

:pfAleplt +p§Agep2t +---+prAnep"t

n
:prAiepit, for k=0,1,...,n
i=1
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Homogeneous equation and modes (cont.)

dk

n
dtkh(t) = prAiep%t, for k=0,1,...,n
i=1

We substitute the k-th order derivatives of h(t) in the homogeneous equation

d"y(t) dy(t) =
a et ag —— t) = ap —h(t) =0
" den g T v kz:;kdtk()
‘We have,
~ Zak—kh(t) = Z(lk prAi&pit
dt —
= k=0 i=1
=3 Sk aert = 3" ert (3 ank)
k=0i=1 i=1 k=0
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Homogeneous equation and modes (cont.)

n dk’ n n
_ _ pit kY _
Zakdtkh(t)fz:flze’ (Zakpl)fo
k=0 i=1 k=0
For all values of © = 1,--- | n, the term between parenthesis is equal to zero

~ As p; is a root of the characteristic polynomial

Pi

n

> akpf = anpl + -+ a1pi + a0 = P(s) =0
s=

k=0
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Homogeneous equation and modes (cont.)

Complex and conjugate roots
Consider as characteristic polynomial P(s) whose roots are complex

The modes in h(t) are complex signals

r vi—1

h(t) = Z Z Ai’ktkep’t

i=1 k=0

Let P(s) be a polynomial with real coefficients and complex roots

e Let p; = a; + jw,; with multiplicity v; be a complex root

For each p; = a; + jw; there is a conjugate complex root p = «;

e Multiplicity v, = v;

— Jwi
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Homogeneous equation and modes (cont.)

Complex numbers (Cartesian representation)
Consider the set C of complex numbers C = {u +jv|u, veER} (G=+v-1)

A complex number
Im

Jv

z = Re(z) + Im(z) M
=u+jv

é

It consists of two parts

e Real part, Re(z) = u

e Imaginary part, Im(z) = v
The complex conjugate of z

2" = Re(z) — jIm(z)

Input-output

representation

UFC/DC

CKO0255|TIP8244

2018.2

Homogeneous
equation and
modes

Aperiodic

Pseudo-periodic

Homogeneous equation and modes (cont.)

The complex exponential function
Consider an imaginary number z = 0 + j¢

We have, )
o e1? = cos (¢) + jsin (¢)

The exponential of an imaginary number is a complex number
e Real part, cos (¢)
e Imaginary part, sin (¢)
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Homogeneous equation and modes (cont.)

/% = cos (¢) + j sin ()

Proof
Let z € C be any scalar

We have (by definition),
23 ok

—1+z+—+§+ 2w

Let z = j¢, for this particular case
2 3
Vs e]¢_1+3¢_¢7 j¢7+...
¢2k+1

2k T —
[kz(_ >k(2k),] +J[k§)< >k—(2k+1),]
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Homogeneous equation and modes (cont.)

r ¢2k+1

. o $2k =
et = [g(_l)k(%)!] +J[;(_1) m]

=0

cos (¢)
The first sum is the McLaurin expansion of the cosine function
oo k k
¢" rd” cos (z)
s(9) = 3 [~k .m0

2 3
= cos (0) — sin (0)¢ — cos 0¢— + sin (0) (Z—'

2
:1—%+—+ [Z( 1)’“(%)']
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¢2k+1

PRI

sin ()

¢ = {Z(_ )k(2k)|]

The second sum is the McLaurin expansion of the sine function
© ik gk g
. ¢" rd” sin (z)
sin (¢) = Z F[ dzk ]1:0
k=0
3

2
= sin (0) — cos (0)¢ — sin 0¢— + cos (0)¢— +
¢2k+1

P
S0yttt [Z(_ )k(2k+1)v]

k=0
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Homogeneous equation and modes (cont.)

A pair of roots (p;, p!) is associated to a linear combination of 21; modes

o (AigePt 4 AL gel ) ko £ 1T (A a4 AL, o) (7)

k=0 k=v;—1

(Pairs of terms for k =0, ...,v; — 1 have been grouped up)

; / _ ,
(Ajoelt + Al gePih) 4. oo 4 17 YA€t A, ety

k=0 k=v;—1
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Homogeneous equation and modes (cont.)

r v;—1
h(t) = > A ptherit

i=1 k=0

Function h(t) is a real function (must take real values for all values of t)

’ ’
(Aioe?" + AfgeP ) -+ Vi (A, —1ePt + A,y ePi)

k=0 k=v;—1

Coefficients A; 1, and A’ ; need be complex and conjugated

e Forall k=0,...,v;,—1

Then, A; ;ePit and Agykel’;t are complex and conjugated
e Their sum will be a real number (as desired)

e For all values of ¢
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Homogeneous equation and modes (cont.)

Consider a characteristic polynomial P(s) that has complex roots

It is possible to derive a proper parameterisation of h(t)

~ (That is, one that only contains real terms)
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Homogeneous equation and modes (cont.)

Complex numbers (Polar representation)
Consider the set of complex numbers C = {u + jv‘u, vEeER} (J=v-1)

The complex number z = Re(z) + Im(z) = u + jv

We can define

Im
Module Jv ?
o M=z =Vu?+v? M
Phase é
o ¢ =arg(z) = arctan (v/u)
u Re
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Homogeneous equation and modes (cont.)

The inverse formulse hold
~ u = M cos (¢)
~ v = M sin (¢)

‘We have,

z=u-+jv
= M cos (¢) + jM sin (¢) = M [cos (¢) + j sin (¢)]
= Mel?®

The polar representation of a complex number

z=Mel? = |z]e? = |z]ef 218 (%)

The complex conjugate

~ 2 = |Z|€7 arg(z)
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Homogeneous equation and modes (cont.)

Euler’s formula

Relationships to write a periodic function as sum of exponential functions

P 4 e—i¢
cos (¢) = ——"—
¢ _ o—J¢
sin (¢) = %
Proof
e/? + 79 [cos (¢) +sin (¢)] + [cos (—¢) +j sin (=¢)]
2 2

_ @ i@ ke @) —ii @) 2 @) _

2

¢/ — e79% _ [cos (¢) +jsin (¢)] — [cos (=¢) +jsin (=¢)]
2 2

_ feos () 4 y5in (9)] —eos (8) ~jsin(@)] _ 2sin(®) _

2 2
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Homogeneous equation and modes (cont.)

Consider the contribution of (p;, p.) = a; + jw; a pair of conjugate complex
roots with multiplicity v; to the linear combination of the (2v;) modes

/ o /
(Aisoe™ + AloePt®) 4o+ 1571 (Aiy_1 o7 4 AL,y o)

k=0 k=v;—1

This sum of terms can be re-written

vi—1
Y M gtFeit cos(wit + ¢i k) (®)
k=0

The 2v; complex coefficients, A; 1, and Al ., are replaced by 2v; real ones
~ M,

~ Pik
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Homogeneous equation and modes (cont.)

Proof
Consider the term (AeP! 4+ A’e?’!) in which (p, p') = o + jw
Write the coefficients A and A’ in polar form

A= |Alel?

A=A

e~ I®

~ |A| denotes the magnitude of coefficient A
~» ¢ = arg(A) is the phase of coefficient A
We have,

AePt 4 AleP't = |Alef%e(aHiw)t 4| A|e—i® lamiw)t
= |Ale® [ej(wt+¢) + e*j(ut+¢)}

2| Ale®t cos(wt + ¢) [Buler’s formula]
M ot t
e*" cos(wt + ¢)

M=2| 4|20
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Homogeneous equation and modes (cont.)

The linear combination of two modes (At*eP* + A/tkep/t)

~ MtF e cos(wt + ¢)

The term is denoted pseudo-periodic mode
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Homogeneous equation and modes (cont.)

We can define an alternative structure of the linear combination of modes

e The structure will be equivalent to the form in A

r v;—1

S5 Atent

i=1 k=0

Pairs of conjugate complex roots are expressed using a form in M and ¢

v,—1
Z M, ptF et cos(wit + @4 k)
k=0
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Homogeneous equation and modes (cont.)

Let R be the number of distinct real roots p;
e Multiplicity v; (¢ =1,...,R)

~ P1,P25-- 5 Pis- -y PR

Let S be the number of pairs of distinct complex conjugate roots (p;, p})

e Multiplicity v; (i =R+1,...,R+5)

~  (PR+1,PRr41) (PR+2,PRy2)s---» (Pi, Pi)s - - (PR+S, PRy S)

Clearly, the total number of roots

R R+S
~on = Zl/, + 2 Z v;
i=1 i=R41
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Homogeneous equation and modes (cont.)

R R+S
n = Z v +2 Z v
i=1 i=R+1

We consider a particular representation of the linear combination of modes

‘We distinguish modes associated with real and conjugate complex roots

R v;,—1
o h(t) =)0 Ay tFerit
i=1 k=0
R+S v;—1
+ >0 D M tFeit cos(wit + ¢i k) (9)

i=R+1 k=0
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Homogeneous equation and modes (cont.)

Consider the case in which all roots have multiplicity equal to one

n=R+2S
‘We have,
R R+S
~ o B(t) =) APt + S Mie®it cos(wit + ¢;) (10)
i=1 i=R+1

(We have omitted the second subscript of the coefficients A, M and ¢)
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Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

di“’y(t)Jchle(t)Jr dy(t) _

: 0
dt3 dt2 dt

The characteristic polynomial without constant term

P(s) = s+ 252 + 55 = 8(52 +2s+5)

Its roots, from P(s) =0

p1 =0, (V1 = 1)
~ p2 =z +jwr=—-14+32, (ra=1
ph=oas—jer=—1-j2, (Wh=1)

We can write a linear combination of the modes

h(t) = A1ePl? + Mye™" cos (wat + ¢2) = A1 + Mae ™" cos (2t + ¢2)
——

root p1 root (p2,p})
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Homogeneous equation and modes (cont.)

We can define yet another structure of the linear combination of modes
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Homogeneous equation and modes (cont.)

Consider the contribution of (p;, p.) = a; + jw; a pair of conjugate complex
roots with multiplicity v; to the linear combination of the (2v;) modes

! !
(AgoePit + A gePil) o+ 171 (Ay 1 ePil + A],jePit)

k=0 k=v;—1

This sum of terms can be re-written

vi—1
s Z {b’i‘kl,k e%it cos(w;t) + Cik £k et sin(w; [)]
k=0

(11

The 2v; complex coefficients, A; 1, and AL, are replaced by 2v; real ones

R Bz,.k*
7 Czk
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Homogeneous equation and modes (cont.)

Proof
Consider the term (Ae?! 4+ A’e?’t) in which (p;, p!) = a + jw
Write the coefficients A and A’ in cartesian form
A= u+jv
A= —ju
We have,
AePt 4+ Ale?'t = (u+ jv)e®' [ cos(wt) + j sin(wt)]
+ (u — jv)e™ [ cos(wt) — j sin(wt)]
= 2ue®! cos(wt) — 2ve®! sin(wt)
= B e%cos(wt)+ C e sin(wt)
~~ ~

B=2u C=—2v
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Homogeneous equation and modes (cont.)

We distinguish modes associated with real and conjugate complex roots

R v;—1
~ Z Z A; ]\t b epit
i=1 k=0
R+S vi—1
+ Z Z [Bmktke”’f’ cos(w;t) + C; ptF et sin(w;t)|  (12)
i=R+1 k=0

Consider the case in which all roots have multiplicity equal to one

~ n=R+2S8
We have,

R
~ h(t) =) Ageit
i=1
R+S

+ Z [ el cos(wit) + Cie®
i=R+1

Psin(w;t)|  (13)
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Homogeneous equation and modes (cont.)

The equations

R v;—1
h(t) = Z Z A, ptherit
i=1 k=0
R+S v,—1
+ Z Z ]W,)kt]“e“’f’ cos(wit + @i k)
i=R+1 k=0
R+S
( ZA elit 4 Z M;e“ "(‘os(w,/+o,))
i=R+1
The equations
R v;—1
h(t) =3 > A pthert
i=1 k=0
R+S v;—1
+ Z Z [ ik theo it cos(wit) + C; Al‘]‘(’“ [SIII(W7IL)]
i=R+1 k=0
R+S
( ZA ePit Z [ it cos(w;t) + Cie®i' sin(w, /)])
i=R+1

They provide

the parametric structure of the linear combination

~» They are all equivalent
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Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

ddy(t) _d*y(t) _dy(t)
2 5 -0
a3 acz T4

Characteristic polynomial P(s) w/o constant term and the roots of P(s) =0

P(s) = 52 +25% + 5s = s(s2 + 25+ 5)
p1 =0, (n =1
pézazfjuJszlij, (Ué:l)
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Homogeneous equation and modes (cont.)

This problem can be solved in two equivalent ways

s h(t) = A1 + Bse
~~

“tcos (2t) + Cae™ ' sin (2t)

1o R root (p2,p})

~  h(t)= A1 + Mae tcos (2t + ¢2)
~

root pp root (P%Pé)
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Homogeneous equation and modes (cont.)

The two coefficients A and A’ in the complex plane

Im
A= (M/2)et¥ = B/2 —jC/2
A= (M/2)e™% = B/2 +jC/2 4
v =—0.5C
0.5M
M =2|A| = VB2 + C? f
¢ = arg (A) = arctan (—C/B) 03B
B =+Mcos¢p =+2u
C=—-Msing = —2v A

Re
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Force-free evolution

The force-free response is a particular contribution to the output

It is due to the fact that the system is NOT initially at rest

e (This is the cause due to the non-zero state at tg)

y(t) = Yu(t) +yp(t), fort >ty
~——

force-free response

We study how to characterise it
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Force-free evolution (cont.)

Free-force response

Consider a SISO system represented by a linear, time-invariant 10 model

d"y(t dy(t
v, L, )

wile
dain o T ov®)

Qnp,
dmu(t du(t
L
ahe dt

= Um

+ b()u(t)

The free-force response y,(t) is a linear combination of the modes

Proof

Let the input u(t) be always zero for t > 0
e Then, also its derivatives are zero

) )

=0
i ar T oov®

an
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Force-free evolution (cont.)

d"y(t) dy(t)
a +--+a—+ t)=0

" A 1 g T v(®)

The force-free response y,(t) for ¢ > 0 is equal to the solution of the asso-
ciated homogeneous differential equation, for some given initial conditions

—
,_ dy(®)
Yo dt lt=tg

(n—1) _ dnily(t)
Yo dtn=1 li=tq

h(t) solves the homogeneous equation iff it is linear combination of modes

~» Thus, yu(t) can be expressed as a linear combination of the modes
e (The n coefficients are still unknown)

Force-free evolution (cont.)

NN Force-free evolution (cont.)
representation
UFC/DC
CKO0255|TIP8244
2018.2

The coefficients of the force-free response depend on the initial conditions
~ So, does its evolution

Force-free
evolution

The force-free response y,(t) is a particular linear combination of the modes

e The n coefficients are determined from initial conditions
Aperiod
P 1do-pe 1
= y(t ‘
vo=y()],_ {
o = dy(t)
0 dt lt=tg

nory A" hy()
YV =

dtn=1 li=1

UFC/DC
CKO0255|TIP8244
2018.2

Force-free
evolution

Pseudo-periodic

Consider a system with homogeneous differential equation

Py(t) | (B0 | o di’l(t) +18y(t) =0

dt3 dt t

We are interested in the force-free response yy(t), for t > 0
e The initial conditions

Yo =2
yo =1
yé’:—QO
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UFC/DC
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2018.2

The characteristic polynomial

P(s) = s34 85%24+21s + 18 = (s + 2)(s + 3)
Force-free
evolution

Its roots from P(s) = 0 are all real

p1 = —2, multiplicity v; =1
Pseudo-period
p2 = —3, multiplicity vo =2

The force-free response

~

yu(t) = A e 2t + AQ,O e 3t —+ A2,1t673t

root pj root po
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Force-free evolution (cont.)

yu(t) = A1 e 2t + A2,0€_3t + A2,1t6_3t

root p1 root po

The three modes to be combined to get the force-free response

e 2t e 3t te~ 3t

1 y ]
038 038 038
0.6 0.6 0.
0.4 0.4 0.4
02 02 02

% 5 % 5 %

t t t
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Force-free evolution (cont.)

The force-free response

yu(t) = Are 2 + Ap ge ™3 4 Ag 1te ™3t

Its first- and second-order derivatives

dyu(t
ygt( ) = 241 e 2t — 3420 e 3t —+ A2’1(673t — 3t673t)
A2y (t
g%() =4A; e 2t —+ 9A2,06_3t + A2,1(76€_3t + 9t6_3t)
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Force-free evolution (cont.)

We substitute the initial conditions
yu(t)‘f*O =A1+A20=2

dyu(t)
dt It=0

d? Yu(t)
dt2 ‘t:O

=—2A1 —3A20+A21 =1

=4A1 + 9A270 — 6A2)1 =—-20
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Force-free evolution (cont.)

(t ’ — A+ Asg=2

yu(®)],_, = A1+ Az20

dyq (t

0 =241 - 3420+ A21=1
dt lt=0

L. (1) A1 +9A Agy =
T‘t:o 441 +9A2,0 — 6421 = —20

We have,

[ 1 1 0 a1 a2 613
A =(-2 -3 1]|=|a:1 a2 a3
| 4 9 —6 a3, 1 a3,2 433

[ 2 by

Ax=b ~dJ{b = 1 = | b2

|20 bs

[ Ax 1

x = [A20]| = |22

| A2,1 x3
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Force-free evolution (cont.)

The solutions of the linear system of equations
e Ay =21 =4
. Agyo =1 =—2
. A271 =x3 =3
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Force-free evolution (cont.)

We can write the complete expression of the force-free evolution y,(t)

yu(t) = A1eP1t + Ag geP2! + Ap jteP2!
=4e7 2 —2¢7 3 3t

3te 3
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Force-free evolution (cont.)

Complex conjugate roots

Consider a characteristic polynomial P(s) with conjugate complex roots

(pi,pl) = oy & jw;

We want to determine an expression for force-free evolution

e We need to use a(ny) linear combination of the modes

R v,—1
o h(t) =)0 Ay tFerit
i=1 k=0
R+S v;—1
+ Z Z M,ﬂktkea” cos(wit + ¢4 k)
i=R+1 k=0
R v;,—1
o h(t) =Y AgtFerit
i=1 k=0

R+S v;—1
+ Z Z [Bi,ktke‘”t cos(w;t) + Ci’ktkeo"'t sin(wit)]
i=R+1 k=0
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Force-free evolution (cont.)

Consider a system with homogeneous differential equation

d®y(t)  _d*y(t) _dy(t)
2 5 -0
s TPae TP

We are interested in the force-free response yy(t), for t > 0

e The initial condition

Yo =3
Yo =2
yo =1
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Force-free evolution (cont.)

The characteristic polynomial

P(s) = 5%+ 252 + 55 = s(s? + 25 +5)

Its roots from P(s) =0

p1 = —0, multiplicity v1 =1
p2 = —a2 + jw = —1+4 352, multiplicity vo
ph=—az —jw=—1—32, multiplicity v} =1

e R =1 distinct real roots

e S =1 distinct pair of complex conjugate roots
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Force-free evolution (cont.)

We first consider a parameterisation in the form

R vi—1 R+S vi—1
h(t) = Z Z A,;,k.tk’e”lt + Z Z Miykt’“e‘]’tcos(wit + dik)
i=1 k=0 i=R+1 k=0

We get the force-free response

Yu(t) :ﬂ+ Mae®2t cos (wat + ¢p2) = A1 + Mae™ ' cos (2t + ¢2)

root pp root (pa ,Pé)

Input-output
representation

UFC/DC
CKO0255|TIP8244
2018.2

Force-free
evolution

Aperiodic

Pseudo-periodic

Force-free evolution (cont.)

The force-free response and its derivatives of order 1 and order 2

yu(t) = A1 + Mse™*t cos (2t + ¢2)

dy., (¢
ydt( ) = —Mse tcos (2t + ¢2) — 2Mse ! sin (2t + ¢2)

d2yu(t)
—qg - —2Ms et cos (2t + ¢2) + 4Mae "t sin (2t + ¢2)

We substitute the initial conditions

yu(t)’f:() = Ay + Mz cos (¢2) =3
d u t
ydt( : =0 — M3 cos (¢2) — 2Ma sin (¢2) = 2

deu(t) _ . _
T‘t:o = —3Macos (¢2) + 4Masin (¢2) =1

The system of equations is non-linear in the unknowns

~ My, ¢2, (A1)
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Force-free evolution (cont.)

yu(t)‘t:O = A1 + Macos (¢2) =3
dyy
yd—t(t)’t:() = —M> cos (¢p2) — 2Ma sin (p2) = 2

d2yu(t)

ETD) ™ = —3M> cos (¢2) + 4Ms> sin (¢2) =1

The system of equations is linear in the unknowns
~ & = Macos (¢2)
— y = Masin (¢2)

For consistency, we let z = Ay
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Force-free evolution (cont.)

v(D)|,_ = AL+ Macos (62) = 3

2z x

dyu (t
Ul) =~ Mycos (62) 2 Mysin (92) = 2
dt t=0 ——

z y

d?yu(t

y—‘;()’ = —3 M> cos (¢2) +4 Ma sin (¢2) =1
dt t=0 —_——— —_———

T Y

The resulting system of linear equation

z+xz =3
~ —x —2y =2
—3z+4y =1
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Force-free evolution (cont.)

The solution
e z=4=4A
e z=—1= Mscos(¢2)
e y=—0.5= Mssin(¢2)

Thus, we get
A1 =4

~

Mo = /22 + 42 = /12 + 0.52 = 1.12
¢2 = arctan (y/z) = arctan (—0.50/ — 1) = —2.68 [rad]
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Force-free evolution (cont.)

The force-free response for ¢ > 0

yu(t) = A1ePrt 4 Mpe®2t cos (wat + ¢2) = A1 + Mae ! cos (2t + ¢2)

root py root (p2,ph)

~ =44+ 1.12e" cos (2t — 2.68)

4 1.12¢ ' cos(2t — 2.68)
5 0.5
N 0
3|
—-0.5]
2
; -1
0 -15
0 1 2 ? 4 5 6 0 1 2 ftS 4 5 6

yu(t) =4+ 1.12¢ 'cos(2t — 2.68)
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Force-free evolution (cont.)

We now consider a parameterisation in the form

R v;—1

h(t) =" > Ajptherit

i=1 k=0
R+S vi—1
+ Z Z [Biyktke"‘”’ cos(w;t) + C’i,ktke““S sin(wit)]
i=R+1 k=0

We get the force-free response

yu(t) = A1 ePl! 4+ Boe®2! cos (wat) + Cae®2! sin (wat)
—_——

root p1 root (p2,ph)

= A1 + Bae 'cos (2t) + Coe™'sin (2t)
~ =4 — e tcos(2t) +0.5e ! sin (2t)
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Force-free evolution (cont.)

4 0.5e~'sin(2t) —e~"cos(2t)

yu(t) =4 — e 'cos(2t)+ 0.5¢ 'sin(2t)
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Force-free evolution (cont.)

We can compare the different forms of the solution

A= (M/2)etI% = B/2 —jC/2
A= (M/2)e7?¥ = B/2+ jC/2

M =2|A| = /B% + C?

¢ = arg (A) = arctan (—C/B)

B =+Mcos¢=+2u
C=—-Msing =—2v

‘We get,

5
|

¢2 = arctan (—C2/B2)

Ms = +Ms cos (p2)
—M> sin (¢2)

S
I
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Force-free evolution (cont.)

Initial time not equal zero

How to calculate the force-free response from an initial time ¢ # 0
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Force-free evolution (cont.)

Consider a system with homogeneous differential equation

dBy(t) _d?y(b) dy(t)
21
ar T8a g

+18y(t) =0

We are interested in the force-free response, for ¢t > to # 0

e The initial condition

t ‘ —yo=2
y(t) sy =0
dy(t) ’
2 = =1
dt lt=tg Yo
d2y(t
y( ) _ (/]/ — _90
dt? li=1
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Classification of modes

Modes fully characterise the dynamics of a system
e It is important to study their form

e It is important to classify them

We provide an intuitive classification
~~ Aperiodic modes

~~ Pseudo-periodic modes

Aperiodic modes have no oscillatory behaviour, pseudo-periodic ones do
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Classification of modes (cont.)

n
P(s) = ans" + an—18"" 14 dars+a = Z a;s' =0
=0
We start from the roots of the characteristic equation/polynomial P(s) =0

Aperiodic modes
the®t, fork=0,...,v—1

Associate to real roots p = o € R (multiplicity v)

Pseudo-periodic modes

{t’“c”" cos (wt)

, fork=0,...,v—1
theat sin(wt)

tkc”tcos(wt+¢k), fork=0,...,v—1

Associate to conjugate complex roots (p, p’) = a + jw € C (multiplicity v)
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Modes
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Aperiodic modes

These are the modes associated to real roots p = a € R, multiplicity v

the?t, k=0,...,v—1

The fundamental parameter of the generic aperiodic mode is « # 0

< 7—:71/&’ (a:p;é[))

The exponent /7 in tFe®t = tFe=t/7 is dimensionless
e Parameter 7 has the units of time

~» Time-constant

The time constant is not defined for a = 0
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Aperiodic modes (cont.)

Roots with multiplicity one
Let real root o have multiplicity v = 1, there is only one associated mode
at

~ e

This mode (a simple exponential) is aperiodic

Stable or convergent, if o < 0

~ As t increases, the mode e’ tends to 0 asymptotically

Stability limit or constant, if « =0

~» The mode is equal to ¢°! = 1, for any ¢t > 0

Unstable or divergent, if « > 0

~+ As t increases, the mode e’ tends to oo asymptotically
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Aperiodic (cont.)

't (ol >0)
=1
1 P
r// N o't ”
B v € (o’ < 0)
0 N
T’ 0 7 t [s]

Unstable (a > 0)

~~ The time-constant takes negative values 7 < 0

Stable (a < 0)

~~ The time-constant takes positive values 7 > 0
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Aperiodic (cont.)

7 is geometrically understood as the (below) tangent to mode at ¢t = 0

The value of the tangent where it intersects the abscissa

d
-~ —et = qe®! =«
dt t=0 t=0

The line tangent to e“! in ¢t = 0 is f(¢) = at + b with slope a = «
e The intercept (at ¢t =0) is b = f(0) =1
e f(t)=at+1=0whent=—-1/a=7
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T is also the time after which the mode has lost &~ 63% of its initial value

t | 0 T 2T 3T At 5T

et = e t/T | 1 037 014 0.05 0.02 0.01
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Roots with multiplicity larger than one

Let real root o have multiplicity v > 1, there are v associated modes

— eul,’tgul,’ t2€ul,’ 4 .7tk 8”1’,..., ,I/_I('E(”’

We consider only modes in the form t¥ e’ with k > 0

Stable, if « <O and k£ > 1

~ As t increases, the mode e’ tends to 0 asymptotically

Unstable,if a > 0and &k > 1

~ As t increases, the mode t¥e®! tends to oo asymptotically
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Aperiodic (cont.)

Case with o« <0 and k£ >0 (k> 1)

Consider the case in which & < 0 and k& > 0

~ o tReot

If we study the asymptotic behaviour of the mode, we get

tk
n —— =o0/co

~ o lim tRFe®t = lir
t—oo t—oo g—at

The undetermined form is solved by differentiating k times (de I’Hospital)

. t* k!
~lim e = lim = lim ——— =10 (stable)
t—o0 t—oo et t—roo (—(}')A"e*”f
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Aperiodic (cont.)

Case with > 0 and k > 1

Consider the case in which @ > 0 and k& > 1

theat

If the root is null (a = 0), the mode is t* and it grows
~ k=1, aline
~ k = 2, a parabola
~ k =3, a cubic

For a positive root (o > 0), the mode grows faster
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Aperiodic (cont.)

(a) For k =1, the tangent to the mode has unit slope in ¢t =0

(b) For k > 1, the tangent to the mode has zero slope in ¢t = 0

tkea’f,
(o' >0)

k0t _ 4k

tkea”t (" < 0)

(b)

(a)
tea't 10 — ¢
(a">0)
et (a” < 0)
0 0
0 T t[s] 0

Stable modes have one maximum at ¢t = k7

~

T=-1/a

kr"

t[s]
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Aperiodic (cont.)

Consider a stable (decreasing) mode of the form t*e®! and k& > 1

Still, the smaller the time-constant 7 = —1/a, the faster a mode vanishes
e Different geometrical interpretation compared to the case k =0

~» t = k7 is the value of ¢t where the mode has its single maximum

To appreciate this fact, we can differentiate the mode
d k _at k—1 ot k _at k—1_at
Et'e =kt"" e +atte® =" e (k + at)

The derivative is zero for ¢ > 0 and a <0 at t = —k/a = kT

k

o Curve efe®! for a < 0 has a maximum at t = k7
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Pseudo-periodic modes

Modes
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Pseudo-periodic modes

These are the modes associated to conjugate complex roots (p, p’) = a + jw

Pseudo-periodic modes can take various forms

e We restrict our presentation to one type

th et cos (wt), withk=0,...,v—1

The other cases (phased) are not considered
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Pseudo-periodic modes (cont.)

tFe* cos (wt), (k=0,...,v—1)
The parameters that characterise the generic pseudo-periodic mode

~+ Time-constant

~» Natural pulsation

~» Dumping coefficient
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Pseudo-periodic modes (cont.)

Natural pulsation

We can represent the pair of roots (p, p’) = o £ jw on the complex plane

Im (a) Im (b)

P C=+0
,,,,,,, jeo =05 (=-05

0 = arcsinC

Re

OF ——i——
(==}

Suppose that p = o + jw is a pole on the positive imaginary half-plane

e w, is the module of the vector that connects pole p (p’) and origin

~ wp =Va? 4+ w?
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Pseudo-periodic modes (cont.)

Dumping coefficient

Im () Im (b)

,,,,,,, jw
0 = arcsinC

Re

o] S
[}

( is the sine of the angle 6 between the vector connecting p with the origin
and the positive imaginary half-axis (counterclock-wise = positive)

« «
s (=———=————
Wn, va? + w?
e Negative o, ~» positive 0
e Null oy ~ null 0

e Positive o, ~» negative 0
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Pseudo-periodic modes (cont.)

Roots with multiplicity one
Consider a pair of conjugate complex roots (p, p’) = o+ jw with v =1
The corresponding pseudo-periodic mode

~ e cos (wt)

Such a mode has an oscillatory behaviour

e This is due to the cosine factor

The mode is cos (wt) enveloped with functions —e®* and e®?

™
—e¥t, t=@2h+1)— heN
~ e cos (wt) = w

s
et t=2h— heN
w
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Pseudo-periodic modes (cont.)

Iy e cos(wt)  (a < 0) (a) 1§ e cos(2wt) (a < 0) (b)-

X 2r 3w 47 5 X~  2r 37 4m 5
T T U Y

Stable (a < 0)
~» As t increases the envelops tend to 0 asymptotically

Case (a) has a larger damping factor ( = —a/wy than (b)

e Time constant is equal (same «)
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Pseudo-periodic modes (cont.)

¢ cos(wt) = cos(wt)  (a)

éat cos(wt) (a>0) (/k?)/ =

O =
/\
v
\
v
v
\
\
v
|
v
\
\
>
y

Stability limit (o = 0)
~» The mode becomes equal to cos (wt) and it is periodic

~ As functions of ¢, the envelops are constant +1 curves

Unstable (a > 0)
~» As t increases the envelops tend to oo asymptotically
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Pseudo-periodic modes (cont.)

The time constant

The time constant 7 = —1/« indicates the velocity of the mode (envelops)

e (As in the aperiodic case)
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Pseudo-periodic modes (cont.)

The dumping factor ¢

«
The dumping factor { = —— = ————
pie C Wn, vV o? —+ w?
~» As it is equal to sin ()

is a real number in [—1,1]

@ " m

0 = arcsinC

Re

ofF——i——
o R
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Pseudo-periodic modes (cont.)

We study various pairs of roots (p, p’) = a & jw with natural pulsation ws,

e Dumping coefficient is different (different o and w)

«@ «@
¢=- wn va? 4+ w?
Im Im
(a) (b)
p =0
,,,,,,, jw ¢=0.5 ¢=-0.5
| 0 = arcsin¢
l Wn
1 Re
@ 0
,,,,,,, —jw
p/

These roots lie on the complex plane

e Along a circle, radius wy,
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Pseudo-periodic modes (cont.)

Im Im
(a) (b)

p =0

,,,,,,, jw (=05 (=-05
| 0 = arcsinC
W
1 Re
o 0

,,,,,,, —jw
p/

(=+1,ifa=—-w, <0and w=0

e Two complex roots coinciding with a negative real root, multiplicity 2

e The associated modes are e~“»! and te~“nt

(=-1,ifa=4w, >0and w =0
e Two complex roots coinciding with a positive real root, multiplicity 2

o The associated modes are et“»? and tetwnt
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Pseudo-periodic modes (cont.)

Im () Im (b)

p =0

,,,,,,, jw (=05 (=-0.5
| 0 = arcsin¢
| Wp
1 Re
o 0

,,,,,,, —jw
p/

(=0,ifa=0and w=w,

e Two conjugate imaginary roots

e The associated mode is at the stability limit
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Pseudo-periodic modes (cont.)

Im Im
(a) (b)

p =0

,,,,,,, jw (=05 (=-05
| 0 = arcsin
W
1 Re
o 0

,,,,,,, —jw
p/

¢Ce(0,+41),ifa<0and w >0

e The two complex roots have a negative real part

e The associated mode is stable

(e (—1,0),ifa>0and w>0

e The two complex roots have a positive real part

e The associated mode is unstable
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Pseudo-periodic modes (cont.)

Roots with multiplicity larger than one

Consider a pair of conjugate complex roots (p, p’) = a + jw with v > 1

The corresponding pseudo-periodic modes

ot ,t2e cos (wt), ...

o tPe®t cos (wt), ..., t""teot

et cos (wt), te™! cos (wt)

We consider the modes in the form t¥e®* cos (wt) with k > 0

cos (wt)
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Pseudo-periodic modes (cont.)

The modes are obtained by enveloping cos (wt) with functions 4t*e®?

the cos(wt)  (a<0) (a) the cos(wt)  (a > 0) (b)
- kot treort 7/\//’//\
NSNS D =\
T 7tk€at —tkeo‘t \;‘*\\ /
CEE T EEOM 0 £ % % % f ol

Stable (o < 0 and k£ > 0)
~» As t increases the mode tends to 0 asymptotically

Unstable (o> 0 and k > 1)

~» As t increases the mode tends to co asymptotically

The mode envelops cos (wt) with functions +¢* e
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Impulse response
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Impulse response

We will study the general forced response of a system due to arbitrary inputs

We start by studying a particular forced response

~ Impulse response
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Impulse response (cont.)

Impulse response

The impulse response w(t) is the forced evolution of a system subjected to
an input u(t) = §(t) applied at time t =0

The impulse response is an important function, as it is a canonical regime

What do we get from its knowledge?
~+ The forced evolution of the system under any input

~~ The force-free evolution for any initial condition
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Impulse response (cont.)

Unit impulse and unit step

The unit impulse §(¢) is the derivative of the unit step d_1(¢)
d
o0(t) = —0_1(¢
(1) = =51(0)
The unit step is the Heaviside function

0, t<0
61(”‘{1 t>0

)
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Structure of the impulse response

Structure of the impulse response

Consider a linear, stationary and proper SISO system

Qan

dtn

dy(t
v®

dy(t) )

— ®
al gt + aoy(

d™u(t) du(t)
= bmdtim"‘ cooqp 617-‘1- b()u(t)

For t < 0, the impulse response w(t) is null

~  w(t)=0

For ¢t > 0, the impulse response w(t) can be parameterised as linear combi-
nation h(t) of the n modes of the system and, possibly, an impulsive term

~w(t) = Agd(t) + h(t)d—1(1)
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Structure of the impulse response (cont.)

w(t) = Aod(t) + h(t)6_1(t)

Let v; be the multiplicity of root p; of the characteristic polynomial

vi—1

h(t) = i Z A; ptherit

i=1 k=0

The impulsive term is present IFF the system is not strictly proper

A — bn/an, m=mn
0, m<n
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Structure of the impulse response (cont.)

Proof
w(t) = Aod(t) + h(t)d-1(2)

In a causal/proper (n > m) system, the effect cannot precede the cause

When subjected to impulse §(t) at ¢ = 0, the response is null for ¢ < 0
e This is imposed by 6_1(t) in w(t)

Moreover, an impulsive input u(t) = §(¢) is (definition) null for ¢ > 0

The system is assumed initially at rest in { = 0~
e At time ¢t = 07T, it is in a non-null initial state

Because of the action due to the impulsive input

After t = 0% the input is null

The evolution is a particular force-free response
e Unknown coefficients A; j to be determined

e This is given by h(t) in w(t)
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Structure of the impulse response (cont.)

Consider an instantaneous system with the model
3y(t) = 2u(?)

We are interested in the force-free response

e To a unit impulse §(¢)

d™y(t dy(t
di£)+~~~+a1%+aoy(t)

an

d™u(t) du(t)
= bmdtT"""-i-bl q

+ bou(t)

The system has m = n = 0 (non strictly proper)
° ap, =3
e b, =2
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Structure of the impulse response (cont.)

3y(t) = 2u(t)

Model is an algebraic equation, characteristic polynomial has order n = 0

~+ A system represented by this model does not have any mode
The impulsive response for an input u(t) = 6(t)
w(t) = Apd(t) + h(t)d—1(t)
~ (2/3)8(t)

~ h(t)=0
~ Ag = bn/an

Input-output
representation

UFC/DC
CKO0255|TIP8244
2018.2

Impulse response

Structure of the impulse response (cont.)

Consider a characteristic polynomial of the general system
e R distinct real roots
e S distinct pairs of conjugate complex roots

‘We can re-write
r vi—1

h(t) =D Ajpther?

i=1 k=0

We can use one of the forms where the pseudo-periodic modes are explicit

R v;—1
b)) =)0 Ajgtherit
i=1 k=0
R+S vi—1
.. Z Z (Bzyktkea"’ cos(w;t) + Ci,ktkealt sin(w;t))
i=R+1 k=0
R v,—1
~ h(t) = Z Z Aiyktkeplt
i=1 k=0

R+S vi—1
+ Z ZMivktkea’tcos(witer)i,k)

i=R+1 k=0
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Structure of the impulse response (cont.)

Unknown coefficients in the expression of A(t) in the impulse response w(t)

o We used the symbols A, M, ¢, B and C

o As in force-free responses

In the force-free case, coefficients can take an infinity of arbitrary values
e They depend on the initial conditions

In the impulse case, coefficients depend univocally only on the system

We study a technique/algorithm to find their value
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Calculation of the impulse response

Computing the impulse response
A complicated technique to calculate the impulse response in time-domain

The algorithm is based on the knowledge of the impulse response w(t)

e We know that w(t) has a known parameterisation
w(t) = Aod(t) + h(t)d—1(t)

As such, w(t) must satisfy the model

n m

Sa =5 b S
a; —y(t) = hi —u(t
a2t

i=0

~ For a given impulse input u(t) = §(¢)

~ For any value of ¢
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Calculation of the impulse response (cont.)

w(t) = Aod(t) + h(t)5_1 (t)

In the parameterisation of w(t) there are (n + 1) unknown coefficients
e The n coefficients associated to the modes

e The coefficient Ag of the impulsive term
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Calculation of the impulse response (cont.)

The impulse response w(t) must satisfy the model for all ¢, ¢ = 0 included
o All of the nasty things happen here

~ Discontinuities or impulsive terms

+ aoy(t)

d"y(t) dy(t)
T T
d™u(t) du(t)

=bpy—=+---+0b

m dm + + b1 dt

+ bou(t)
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Calculation of the impulse response (cont.)

We calculate derivatives? of w(t) = Aod(t) + h(t)d—1(t), up to order n

w(t)= h(t)5_1(t) + Aod(t)

d(_lt“’(t): h(t)6_1(t) + h(0)5(t) + Aody (t)

n

w(t)= h™()§_1(t) + LD (0)8(t) + A" =2(0)8(t) + - - - + Aodn(t)

din

2In the sense of distributions,

dk i k=1
FrelOLERIO) =" @)6_1 (1) + ;’f“w)sk_l_m

ak d
8k(8) = —p8(8) = 01 (1), with k > 1.
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Calculation of the impulse response (cont.)

Moreover, we have,

u(t)= 6(t)
du(t)
=01(¢
dt 1)
amu(t)
= 0om (2
dtm ( )
Thus,
d™w(t) dw(t)
g Tt a—g =+ au(®)

= bmﬁm(t) + -+ blél(t) + boé(t)

We can now substitute for the expressions of w(t) and its derivatives
e We solve after imposing equality between the coefficients

e Those that multiply the terms 6(¢), 61(t), ..., dm ()
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Calculation of the impulse response (cont.)

A set of n + 1 equations in n + 1 unknowns coefficients of w(t)
e Ao, {Ai} and {M;} and {¢;} (or, {B:i} and {Ci})

bo= apAg + a1h(0) + - - + an_1 A" =2 (0) + a, ("1 (0)
bi= a1 Ao + azh(0) + - - - + an k("2 (0)

bn—1= an—140 + (l'n,h(o)
bp= anAg
The unknown coefficients Ag, {A;} and {M,;} and {¢;} (or, {B;} and {C;})
e They appear also in the expression of k(0), k(0), - - - , A(*=1)(0)

~~ The coefficients a; and b; with ¢ = 1,...,n are given by the model
~ If we have n < m, we can set b1 = bpy2 = =b, =0

~ Terms that multiply 6_1(¢) cancel out (missing from RHS)
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Calculation of the impulse response (cont.)

bo= apAo + a1h(0) + -+ a,,,_1h<"’_2> (0) + (Ln,}L(”'_l)(O)
bi= a1 Ao + a2h(0) + -+ ap R("=2) (0)

bp—1= an—140 + (lrr,h(0>
bn=an Ao

From b, = an Ao,
o If m = n, then ap Ao = by, # 0 and Ag = bn/an #0
e If m < n, then ap,Ag = b, =0and Ag =0

It thus is possible to simplify the calculation
e Determine a priori the term Ag
e Treat it as constant

(Last equation of the system becomes an identity)
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Calculation of the impulse response (cont.)

Algorithm

1 Determine the characteristic polynomial P(s) of the homogeneous equa-
tion associated to the IO model and calculate its roots

2 Determine the n modes of the model
3 Write w(t) = Aod(t) + h(t)d—1(t) using a parameterisation of h(t)
4 Calculate the derivatives of h(t), up to the (n — 1)-th order

5 Write the system of n equations in the n unknown coefficients of h(t)

bo — apAo= a1 h(0) + (zzh(O) + -+ apn_1 p(n=2) (0) + anh("=1 (0)
b1 — a1 Ao= a2h(0) + (13}.1,(0) 4ot guh(m2) (0)

bp—2 — an—2A0= an—1 h(o) + (lrz,il(o)
bp—1 — an—1A4o0= (1,,,,]7/(0)

6 Solve for the n unknown coefficients A; of w(t)
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Calculation of the impulse response (cont.)

Consider a system described by the IO model

2 u
ddytit) n Gdl(/ii(tt)+4y(t) = dTit)+ 3u(t)

2

We are interested in computing the the impulse response

The characteristic polynomial
P(s) =252 +6s+4
From P(s) =0, two real roots, both with multiplicity one

~ p1 = —1, mode e~ P1t

~ pg = —2, mode e P2¢

A strictly proper model, m =1 <n =2
~ w(t) w/o the impulsive term
~ Thus, Ag =0
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Calculation of the impulse response (cont.)

The structure of the impulse response and its derivative

w(t) = (Ale’t n Aze*ﬂ) 5_1(t)

— ———
h(t)
dw(t) _ . Y
= (f Are~t —245e ) 51 () + (A1 + A2) 85(t)
h(t) h(0)
d2w(t) ¢ b
= (Ale + 4Aze ) S_1(t) + (— A — 2A2) 8(t)
N———
i (t) (0)
+ (A1 + Az) 01(t)

—_————
h(0)
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Calculation of the impulse response (cont.)

By substituting w(t) and its derivatives in the model and setting u(t) = §(t)

4(A1 eit + A2672t)5,1 (t)

agw(t)

+6(—Aret — 2427251 (1) + 6(A1 + A2)d(t)

d
ay Ew(t}

+2(A1e "t F4A2e7 251 (t) + 2(— A1 — 242)5(t) + 2(A1 + A2)81(2)

d2
ag @w(t)

= 35(t) + 61.(t)
N————

bod(t)+b161()

The coefficients multiplying §_1(¢) will cancel each other out, always
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Calculation of the impulse response (cont.)

Since m < m and thus Ag = 0, we can write a system of two equations

{[alh(O) + a2k (0)]6(t) = bod(t)

azh(0)6_1 (£) = bro_1 (1)

The resulting impulse response

s(t)

4A1 +2A2 =3 A =1
2A1 +2A2 =1 Ax=-0.5
w(t) = (e7t —0.5e72)5_1(t)
w(t) = (¢! — 0.5¢-2)5_ (1)
05
0.4
0.3
0.2
0.1
10 o 2 4 & 8 10
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Calculation of the impulse response (cont.)

Calculate the impulse response for the system described by the I0 model

d3y(t)+2d2y(t) dy(t) _ ,du(t)
dt3 dt? dt dt

+ u(t)

The characteristic polynomial
P(s) = s34+ 2s% + 55

From P(s) = 0, the roots
e A real root p1 = a1 = 0 with multiplicity one v

e A pair of conjugate complex roots p2 = ag + jws = —1 £ 52 also with
multiplicity one v = v =1
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Calculation of the impulse response (cont.)

A strictly proper model, m =1<n =3

e w(t) without the impulsive term

~ o w(t) = h(t)d_1(t) = [A1ePL + Mye®2" cos (wat + ¢2)]5_1(t)

= [A1 + Mae™"cos (2t + ¢2)]5-1(t)
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Calculation of the impulse response (cont.)

By differentiating h(t) two times,

h(t) = A1 4+ Mae ™" cos (2t + ¢2)
h(t) = —Mge ™t cos (2t + d2) — 2Mae ™ sin (2t + ¢2)
h(t) = —3Mae™ ! cos (2t + ¢o) + 4Mze ™ sin (2t + ¢2)

‘We have the system of equations

a1 h(0) + a2h(0) + ae,}i(o) =bo
azh(0) + a3f'L(0) =b1
azh(0) = b
541 =1
~ 2A1 + 5M> cos ((252) — 2M> sin (gbg) =4
A1+ Macos (¢2) =0
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Calculation of the impulse response (cont.)

Let up = Ma cos (¢2) and va = Mo sin (¢2)

541 =1
2A1 +up — 219 =4
Al +uy =0

¢2 = arctan (u/v) = arctan (—1.9/—0.2) = —1.68 [rad]

3

A1 = +0.2
ug = —0.2
vg = —1.9

{M2 =vu2 £ o2 =191
-
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Calculation of the impulse response (cont.)

The impulse response

~ o w(t) =[0.241.91e™" cos (2t — 1.68)]6_1(t)

a(t) w(t) = (0.24 1.91e "cos(2t — 1.68)d_1(t)
1.2

1
0.8,
0.6

0.4
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Forced evolution and Duhamel’s
integral
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Forced evolution (cont.)

‘We show a fundamental result in the analysis of linear IO models

o The Duhamel’s integral

The forced evolution y¢(t) of a linear time-invariant system subjected to
input u(t) is determined by its convolution with the impulse response w(t)
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Forced evolution (cont.)

Convolution
Consider two functions f,g: R — C
The convolution of f with g is function h : R — C in the real variable ¢

b0 =rro0= [ swet-mar

— oo

Function h(t) is constructed using the operator convolution integral x
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Forced evolution (cont.)

We start by assuming that the system is at some remote time t = —oc0
e We assume that no cause has ever acted on it before

~» The system is therefore assumed to be at rest

At such a remote time, the system is subjected to an input u(t)
o We assume that the input u(t) is known in (—oo, ¢]

~ This is needed to determine the output at time ¢
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Forced evolution (cont.)

Duhamel’s integral
Consider a system at rest at t = —oo, for every value of t € R

We have,
t
~ y(t) = /7 u(T)w(t — 7)dr

Duhamel’s integral

Proof

Let we () be the forced response of the system due to a finite impulse ¢ ()

1/e, te|0,¢)

d
bc(t) = —0-1, =
=) ar e {07 elsewhere

Input-output
representation

UFC/DC

CKO0255|TIP8244
2018.2

Forced evolution

Forced evolution (cont.)

e—0

™
o~
~

From the definition of the derivative of the unit step d_1(t), we have

d d . d .
B(t) = -1(8) = - lim 5-1,0(8) = lim =6 1.:(t) = lim 6:(¢)

m | =
™
o
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Forced evolution (cont.)

Because §(t) = lime—,0 d¢(t), it is intuitive to see that w(t) = lim.—0 we(t)

8¢ (1) we(t)
lsao lsao
1) w(t)

Forced evolution (cont.)
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Forced evolution (cont.)

We are interested in approximating the function u(t)

We approximate u(t) with a series of rectangles

e Each rectangle is a finite impulse, da(+)

A u(t)

\ A

—2At =At 0 At 2At 3At

At denotes the sampling time (the base of the rectangles)

UFC/DC
CKO0255|TIP8244
2018.2

Aperiodic

Pseudo-periodic

Forced evolution

Each rectangle is a assumed to be a finite impulse, da+(t — kAt)
e Subscript At is the base of the rectangle (was €)
e Argument (t — kAt) right-shifts it by kA¢

A u()

12
—2At —Ar 0 Ar 2At 3At
u(-At) u(0) u(Ar) uAD)
=+ + + + + oo
3 3 3 3
i > i > > >
—At 0 0 Ar 0 At 2At 0 2At 3At

Ol1+A1) u(-ADAL O (Af) u(0)Ar - Oy, (1—At) u(Ar) At

O (1-2A1) u(2AnAt

Each finite impulse is multiplied by the scaling factor u(kA¢)At
e The area of a rectangle with base At and height u(kAt)
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Forced evolution (cont.)

The approximation gets better as At gets smaller

Thus, we define

[e%e}

uar(t) = > u(kAt)sa(t — kAL)At

k=—oc0

We have,

~

u(t) = lim uni(t)
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Forced evolution (cont.)

The system is assumed to be linear (the superposition principle holds true)

We approximate the total system output due to such an input ua(t)

e A sum of the outputs due to the component inputs

wyar(t) = D u(kAt)war(t — kAL)AL
k=—o0

Again, the approximation gets better as At gets smaller

We have,

o0
~  y(t)= Al)l‘rgo yai(t) = Al}rBOkZ u(kAt)wae(t — kKAL)AL

=—o00

/oo u(r)w(t — 7)dr

—o00

As At — 0, we let kAt =7 and At =dr

e 7 is now a real variable
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Forced evolution (cont.)

The system is assumed to be proper (causes first, then effects)
e w(t—7)is zero when (t —7) <0 (7 > t)

‘We have,

~  y(t)= /O:o u(T)w(t — 7)dr = /joo u(r)w(t — 7)dr

Duhamel’s integral
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Forced evolution (cont.)

The Duhamel’s integral is a convolution integral

y(t) = /; u(T)w(t — 7)dr

Duhamel’s integral

The upper-limit is set to be t instead of +oo

e As the convolution of u(7) and w(7) is zero for 7 >t
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Forced evolution (cont.)

Convolution integrals posses the commutative property

‘We can write
y(t) = ux w(t) = wu(t)

= [t:o u(t — T)w(r)dr = /O+oo u(t — T)w(r)dt

Moreover, for 7 < 0 we have that w(r) =0
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Forced evolution (cont.)

+oo
y(t) = /0 u(t — T)w(r)dr

Consider the contributions to y(t) at time ¢

They are due to the value of the input u(t — 7) 7 times earlier

e Weighted by the impulse response w(7)

Consider a system whose modes are all stable
e The impulse response w(t) tends to zero
o It is virtually zero for 7 > 7
e 7 depends on system time-constant

The system loses memory of the input after a time 7 from application
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Forced evolution (cont.)

Decomposition in forced and force-free response
Consider some initial time ¢t = ty

‘We decompose the Duhamel’s integral

y(t):/jo u(T)w(th)dTJr/tt w(ryw(t —7ydr,  for t > to

yu(t) yr (t)

The first term v, (t) is the contribution to the output signal at time ¢t due
to the values taken by the input before the initial time o

~~ At time tp, the system is a non null state
~ (Non-zero initial conditions)

~ Force-free evolution

The second term y;(t) is the contribution to the output signal at time ¢ due
to the value taken by the input after the initial time ¢y

~~ Forced evolution
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Forced evolution (cont.)

Forced response by convolution
Consider some initial time g

The forced evolution
“t—1

t
~ o yp(t) = / u(T)w(t —7)dr = / u(t — 7)w(r)dr

to 0

The second formula is derived from the first one

e Change variable, p=1¢ — 7

- /tt w(r)w(t — 7)dr

0

0 t—1g
= [t puo)-an = [ att - pulodp
t—to 0

Let tp = 0, we have the expression

~ () = // u(r)w(t — 7)dr = / u(t — 7)w(r)dT

0=0 to=0
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Forced evolution (cont.)

Consider the system represented by the IO model

d?y(t) n i) FAy(t) = du®) + 3u(t)

2
dt? dt dt

We are interested in the forced evolution (¢ > 0) due to input u(t) = 46_1(t)

The impulse response of the system
~ w(t)= (et —0.5e72)5_1(t)

a(t) w(t) = (e7t = 0.5e72")5_4(t)
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Forced evolution (cont.)

The forced response will be zero for ¢t < 0

For t > 0, we have

yr(t) = /0 u(T)w(t — 7)dr
u(r) =4, for T € [0, t]

¢ ¢
~ o yp(t) = / u(T)w(t — 7)dr = / 4le= =) —0.5e72("]dr
0 0

t t
=4e ! / eTdr —2¢ 2% / e27dr
0 0

=de (et —1) —2e724(0.5¢%* — 0.5)
=3—4de e %
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Forced evolution (cont.)

The forced response will be zero for ¢t < 0

Altervatively, for ¢ > 0,

yr(t) = /0 u(t — 7)w(r)dr

u(t) =4, for 7 € [0, ¢]

t

~ o yr(t) :/;4[6’7'70.56’27}&':4/

t
e Tdr — 2/ e 27dr
0 0

=4(e”t —1) — 2(0.5e7% — 0.5)
=3—4de t+e 2
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Forced evolution (cont.)

u(t) = 45_4() yst) = (3= de™ + )54 (1)

4 3
2.5
3
2
2 15
1
1
0.5]
0 0 2 4 p 6 8 10 0 0 2 4 ; 6 8 10
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Forced evolution (cont.)

Consider the system represented by the IO model

a2y(t) N s () i) = du(t)

2 7
dt? dt dt

+ 3u(t)

We are interested in the forced evolution (¢ > 0) due to input u(t)

u(t) = {3 te[1,4)

, elsewhere

This input can be understood as the sum of two functions
1. A step with size 42, at t = 1
2. A step with size —2, at t =4
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Forced evolution (cont.)

The impulse response of the system
o w(t) = (e7t = 0.5e7 251 (1)

a(t) w(t) = (e~' = 0.5¢~2)5_y(t)
0.5
0.4
0.3
0.2]

0.1
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Forced evolution (cont.)

Using the Duhamels integral, we can calculate the forced response

yr(t) = /7 u(T)w(t — 7)dr

0 t € (—o0,1)

=2l wt—r)dr, te1,4)
2f14 w(t —7)dr, t€ [4,4+00)
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Forced evolution (cont.)

The change of variable p =1t — 7

For1<t<4

¢ t—1 t—1
~ / w(t —7)dr = / w(p)dp = / (e7" —0.5e72P)dp
0 0 0

=0.75 — e~ (=1 4 0,252~ 1)
=0.75 — 2.72e" " + 1.85¢ %

For t > 4

4 t—1 t—1
~ / w(t —7)dr = / w(p)dp = / (e7P —0.5¢72P)dp
1 ¢ t—4

—4
= —e (=D 1 02572071 4 o= (=1 _25,=2(t=4)
=51.9¢" " 4 743e~ 2!
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Forced evolution (cont.)

0, t € (—o0,1]
~ o yp(t) =< 1.5 — 5.44e7t +3.69¢ 72, t € [1,4)
104e~t 4 1487e~2t, t € [4,+00)
u(t) ys(t)
1.5]
2
1.5 1
1
0.5]
0.5]
0 0 5 10 15 0 0 5 10

The input signal u(t) is active only in the interval ¢ € [1,4]
e The response is not null for ¢ > 4
e At t = 4 there is a non-null state

From ¢t = 4, the evolution is force-free




