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Functions and their derivatives

A function y = f (t) encodes the relation between two quantities or variables, y and t

t

f (t)

t

y

Consider the rate of change of quantity y
corresponding to a change in t

• It is the ratio between the differen-
tial change in y and the correspond-
ing differential change in variable t

We conventionally call the ratio of differential changes the derivative of function f
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Functions and their derivatives (cont.)

The derivative of a function f (t) is the rate of change of the function, it is a number

 The derivative is defined with respect to the independent variable (here, t)

 It can be computed at any point t of the domain of the function

We are given some function f (t), we are interested in its derivative at some point t

t

f (t)

t

y

Derivative of function f with respect to t

 
df (t)

dt

The rate of change is understood as the
slope of the tangent line to the function,

• ... at that specific point t
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Functions and their derivatives (cont.)

The value of the derivative can be approximated by using small changes in t and f (t)

t t + ∆t

f (t)

f (t + ∆t)

t

y
Consider the small change t → t + ∆t
and the associated f (t)→ f (t + ∆t)

df (t)

dt
≈

f (t + ∆t)− f (t)

∆t

 
∆y

∆t

The tangent line will be approximated

• By the secant line to the function

• Its slope is the approximation

Remember the equation of a line y = mx + c through two points (x1, y1) and (x2, y2)

y =
y2 − y1

x2 − x1
(x − x1) + y1 =

(
y2 − y1

x2 − x1

)
︸ ︷︷ ︸

∆y/∆x

x +
y2 − y1

x2 − x1
x1 + y1︸ ︷︷ ︸

constant
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Functions and their derivatives (cont.)

We can improve the quality of this approximation, by letting ∆t become smaller

• As ∆t → 0, the approximation will converge to the true derivative

• (Because the secant line will get closer to the tangent line)

t t + ∆t

f (t)

f (t + ∆t)

t

f (t)

 
df (t)

dt
= lim

∆t→0

f (t + ∆t)− f (t)

∆t
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Functions and their derivatives (cont.)

Example

Power law

Consider the function f (t) = tn (the power law) and its derivative
df (t)

dt
= ntn−1

−1 0 1
−1

−0.5

0

0.5

1

t

tn

−1 0 1
−1

−0.5

0

0.5

1

t

ntn−1

• n = 0

• n = 1

• n = 2

• n = 3

• n = 4

• The derivative is commonly known (remembered), but we can derive it

• We will be using the approximation of derivative that we defined
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Functions and their derivatives (cont.)

f (t) = tn

By definition of derivative, we have

df (t)

dt
≈

f (t + ∆t)− f (t)

∆t
=

1

∆t

[
(t + ∆t)n︸ ︷︷ ︸

Powers of a binomial

−tn
]

=
1

∆t

[
tn + ntn−1(∆t) +

n(n − 1)

2
tn−2(∆t)2 + · · ·︸ ︷︷ ︸

Powers of a binomial  Binomial theorem

−tn
]

=
1

∆t

[
��tn + ntn−1(∆t) +

n(n − 1)

2
tn−2(∆t)2 + · · · −��tn

]
=

1

∆t

[
ntn−1(∆t) +

n(n − 1)

2
tn−2(∆t)2 + O((∆t)3︸ ︷︷ ︸

H.O. terms

)
]

= ntn−1 +
n(n − 1)

2
tn−2(∆t) +O((∆t)2)

= ntn−1 +O(∆t)

≈ ntn−1

�
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Functions and their derivatives (cont.)

The first order derivative df (t)/dt is the ratio of two distinct quantities df (t) and dt

 The ratio can be manipulated by conventional algebraic procedures

Thus, we can have multiplication by some quantity

dt
df

dt
= df

And, multiplication and division by some quantity

df

dt

dt

dz
=

df

dz

As an application, we get the chain law of derivation

df (g(t))

dt
=

df (g(t))

dg(t)︸ ︷︷ ︸
f ′(g(t))

dg(t)

dt︸ ︷︷ ︸
g′(t)

= f ′(t)
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Functions and their derivatives (cont.)

Example

Consider the function f (t) = sin (t3), compute its first derivative with respect to t

−10 −5 0 5 10

−1

0

1
f
(t

)

−10 −5 0 5 10

−400

−200
0

200

400

t

f
′ (
t)
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Introduction to ODEs

Ordinary differential equations (ODEs) are probably our most useful modelling tool

 (Together with probability)

 (Not used in this course)
System

Inputs Outputs

First some motivating and yet simple examples of ODEs (understood as system models)

Systems for which the input is
identically null over time

• Non-zero initial conditions

• Force-free response

• y(t), when u(t) = 0

System
u(t) = 0 y(t)

Systems for which the input is
not identically null over time

• Zero initial conditions

• Forced response

• y(t), when u(t) 6= 0

System
u(t) 6= 0 y(t)
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Introduction to ODEs

Example

Consider the problem of modelling the number of bacteria in some bacterial colony

• We assume that each bacterium in the colony gives rise to new individuals

• We also assume that we know the birth-rate, let us denote it by λ > 0

We assume that, on average, each bacterium will produce λ offsprings per unit time

 The size y of the colony varies (grows) in time proportionally to its size

 (That is, the larger the population, the larger the rate of growth)

dy(t)

dt︸ ︷︷ ︸
ẏ(t)

= λy(t) (This identity is an ODE)

We are interested in knowing (determining) the size y(t) of the population, over time

• The function y(t) is the solution to the ordinary differential equation

• This is the function that satisfies the model ẏ(t) = λy(t)
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Introduction to ODEs (cont.)

The solution to the ODE is a (family of) function(s) y(t) that satisfies the identity

dy(t)

dt
= ẏ(t) = λy(t)

There are many techniques that can be used to solve ordinary differential equations

• For the simple growth model we can separate the variables, then integrate

dy(t)

dt
= λy(t)  

∫ y

y0

1

y(t)
dy =

∫ t

t0

λdt

1 Move all terms in y to one side

2 Move all terms in t to the other side

3 Integrate both sides over appropriate intervals

4 The intervals are set in terms of initial conditions

5 (The initial, at time t0, size of the population , y0 = y(t = t0))
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Introduction to ODEs (cont.)

We have,

 
∫ y

y0

1

y(t)
dy =

∫ t

t0

λdt

 ln
[
y(t)

]y
y0

= λ[t ]tt0

 ln
[
y(t)

]
− ln

(
y0

)
= λt − λt0

 ln
[
y(t)

]
= λt − λt0 + ln

(
y0

)︸ ︷︷ ︸
constant

Taking the exponential of both sides, we have

 y(t) = e(λt+constant)︸ ︷︷ ︸
e(α+β)=eαeβ

= eλt · econstant

= eλt · constant

The bacteria population y(t) evolves in time as an exponential function, it grows

• The exponential grow (λ > 0) is weighted by some constant

• The constant must be determined, we use initial conditions
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Introduction to ODEs (cont.)

y(t) = eλt · constant

Suppose that at time t = 0, the population size is known to be y(t = 0) = y0 = y(0)

y0 = eλ·0︸︷︷︸
1

·constant  constant = y0

That is, the solution to the ordinary differential equation is given by y(t) = (eλt )y0

• We can solve this ODE analytically (We have a closed-form solution)
• Function eλt is very important (The state transition function)

The system evolution, starting from an initial bacterial population size y0 at time t0

t0

y0

t

y
(t

)

λ = 0

λ = 1

λ = 2

 y(t) = eλty0

 y0 = 10

For λ = 0 the population
size remains constant

• Zero birth-rate
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Introduction to ODEs (cont.)

1 y0 = 10; % Set initial condition

2 lambda = 2; % Set model parameter

3

4 tMin = 00; tMax = 01; deltaT =0.1; % Define time range

5 tRange = tMin:deltaT:tMax; % Min , max , delta

6

7 y_clf = @(t) exp(lambda*t)*y0; % Set analytical solution

8

9 [timeR ,y_num] = ode45(@(t,y) lambda*y,tRange ,y0); % Compute the numerical

10 % solution using ODE45

11

12 figure (1); % Plotting stuff

13 hold on %

14 %

15 fplot(y_clf ,[tMin ,tMax],’k’); % Analytical

16 plot(timeR ,y_num ,’.-k’); % Numerical

17 %

18 stairs(timeR ,y_num ,’--r’); % Numerical

19 hold off %

20 %

21 xlabel(’Time’,’FontSize ’ ,24) %

22 ylabel(’N. of bacteria ’,’FontSize ’ ,24) %

23 %

24 xlim([tMin ,tMax]); %

25 ylim([0,max(y_num)]); %

26 % Could set a legend , ...

�
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Introduction to ODEs (cont.)

Example

Reconsider the problem of modelling the number of bacteria in some bacterial colony

• We assume that bacteria procreate, at rate λ1

• We assume that bacteria die, at rate λ2

ẏ(t) = λ1y(t)− λ2y(t)

= (λ1 − λ2)︸ ︷︷ ︸
λ

y(t)

= λy(t)

Formally, the resulting model (ODE) has not changed

• We know the solution for some initial condition

y(t) = (eλt )y0

• λ is no longer restricted to be non-negative
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Introduction to ODEs (cont.)

Suppose that at time t = 0, the population size is known to be y(t = 0) = y0 = y(0)

t0

y0

t

y(t)  λ = {−2,−1, 0, 1, 2}
 y0 = 10

We cannot discriminate between the effect of birth λ1 and death λ2 any longer (!)

�
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Solution by Taylor series expansion

Consider ODE ẏ(t) = λy(t), but suppose that we want approximate the solution y(t)

• Suppose we express the solution y(t) by its Taylor series expansion

y(t) = c0 + c1t + c2t
2 + c3t

3 + · · ·

 This is a parametric representation of function y(t)

 The parameters {c0, c1, c2, c3, . . . } are constants

We are interested in determining the actual solution y(t), from this approximation

• To characterise a specific y(t) we must set the parameters

• (We must determine the constants in the expansion)

In general, the Taylor series expansion of some function f (x) around some point x0

f (x) = f (x0) +
df

dx

∣∣∣
x0

(x − x0)

1!
+

d2f

dx2

∣∣∣
x0

(x − x0)2

2!
+

d3f

dx3

∣∣∣
x0

(x − x0)3

3!
+ · · ·
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Solution by Taylor series expansion (cont.)

Consider the ODE ẏ(t) = λy(t), we could compute its solution by variable separation

 We considered some value of λ and some initial condition y(t = 0) = y(0)

 Then, we calculated the closed-form solution y(t) = eλty(0)

By expressing the solution y(t) in terms of its Taylor series expansion, we have

y(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 +O(t5)

Given this expression of y(t), we could also calculate its first derivative ẏ(t)

 ẏ(t) = 0 + c1 + 2c2t + 3t2 + 4c4t
3 +O(t4)

We substitute ẏ(t) and y(t) into the ordinary differential equation, ẏ(t) = λy(t)
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Solution by Taylor series expansion (cont.)

We substitute ẏ(t) and y(t) into the given ordinary differential equation, ẏ(t) = λy(t)

0 + c1 + 2c2t + 3c3t
2 + 4c4t

3 +O(t4)︸ ︷︷ ︸
ẏ(t)

= λc0 + λc1t + λc2t
2 + λc3t

3 +O(t4)︸ ︷︷ ︸
λy(t)

The identity is satisfied when the coefficients of the powers of t in both sides match

 (t0) 1c1 = λc0

 (t1) 2c2 = λc1

 (t2) 3c3 = λc2

 (t3) 4c4 = λc3

 · · ·

If we knew c0, we could calculate c1, then given c1

we could calculate c2, from c2 we could calculate
c2, then given c2 we could calculate c3, ...

 c0 can be determined

Using the initial condition y0, we know that at t = 0, we have

y0 = c0 +��c1t +��c2t
2 +��c3t

3 + · · ·
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Solution by Taylor series expansion (cont.)

 c0 = y0

 c1 = λc0 = λy0

 c2 =
1

2
λc1 =

1

2
λ2y0

 c3 =
1

3
λc2 =

1

3!
λ3y0

 c4 =
1

4
λc3 =

1

4!
λ4y0

 · · ·

By substituting the coefficients {c0, c1, c2, . . . } in the series expansion of y(t), we obtain

y(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 + · · ·

= y0 + λy0t +
1

2
λ2y0t

2 +
1

3!
λ3y0t

3 +
1

4!
λ4y0t

4 +O(t5)

=
[

1 + λt +
1

2
λ2t2 +

1

3!
λ3t3 +

1

4!
λ4t4 +O(t5)︸ ︷︷ ︸

Exponential function eλt

]
y0 = eλty0

�
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Solution by Taylor series expansion (cont.)

Taylor series expansion

Any smooth function f (t + ∆t) can be expanded as a Taylor series at some point t

f (t ±∆t) = f (t) +
df (t)

dt
∆t +

d2f (t)

dt2
(∆t)2

2!
+

d3f (t)

dt3
(∆t)3

3!
+ · · ·+

dn f (t)

dtn
(∆t)n

n!
+ · · ·

t

f (t)

t

y

If we know the function, its first derivative,
its second order derivative, ... at point t ,
we can approximate f near that point

 The more derivatives we add, the
more accurate the approximation

 Also, f (t) = f (t0) +
df (t0)

dt
(t − t0) +

d2f (t0)

dt2
(t − t0)2

2!
+

d3f (t0)

dt3
(t − t0)3

3!
+ · · ·
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Solution by Taylor series expansion (cont.)

Example

Consider functions f (t) = sin (t) and f (t) = cos (t), compute the Taylor expansions

• Expand them about point t0 = 0 (MacLaurin series expansions)

In general, we can write the expansion

f (t) = f (t0) +
df (t0)

dt
(t − t0) +

d2f (t0)

dt2
(t − t0)2 +

d3f (t0)

dt3
(t − t0)3 + · · ·

For the sine function, we have

sin (t) = sin (0) + cos (0)t −
1

2!
sin (0)t2 −

1

3!
cos (0)t3 +

1

4!
sin (0)t4 −

1

5!
cos (0)t5 + · · ·

=���sin (0) + cos (0)t −
�
����1

2!
sin (0)t2 −

1

3!
cos (0)t3 +

���
��1

4!
sin (0)t4 −

1

5!
cos (0)t5 + · · ·

= t −
t3

3!
+

t5

5!
−

t7

7!
+ · · · =

∞∑
k=0

(−1)k

(2k + 1)
t2k+1
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Solution by Taylor series expansion (cont.)

f (t) = f (t0) +
df (t0)

dt
(t − t0) +

d2f (t0)

dt2
(t − t0)2 +

d3f (t0)

dt3
(t − t0)3 + · · ·

For the cosine function, we have

cos (t) = cos (0)−���sin (0)t −
1

2!
cos (0)t2 +

�
����1

3!
sin (0)t3 +

1

4!
cos (0)t4 −

�
����1

5!
sin (0)t5 + · · ·

= 1−
t2

2!
+

t4

4!
−

t6

6!
+ · · ·

=
∞∑
k=0

(−1)k

(2k)!
t2k
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Solution by Taylor series expansion (cont.)

cos (t) = 1 + 0t −
t2

2!
+ 0t3 +

t4

4!
+ 0t5 −

t6

6!
+ · · · =

∞∑
k=0

(−1)n

(2n)!
t2n

1 tRange = -2*pi :0.01:+2* pi; # Define the t-range

2

3 Fcos = @(t) cos(t); # Define functional variable

4 # Fcos of t

5

6 Ccos_1 = [0 1]; # Set coefficients of a 1st

7 Tcos_1 = polyval(Ccos_1 ,xRange); # order expansion , evaluation

8

9 Ccos_3 = [-1/ factorial (2) 0 1]; # Set coefficients of a 2nd

10 Tcos_3 = polyval(Ccos_3 ,xRange); # order expansion , evaluation

11

12 Ccos_5 = [1/ factorial (4) 0 -1/factorial (2) 0 1]; # Set coefficients of a 3rd

13 Tcos_5 = polyval(Ccos_5 ,xRange); # order expansion , evaluation

14

15 figure (1); hold on # Some plotting

16

17 fplot(Fcos); # Plots function Fcos

18

19 plot(xRange , Tcos_1); # Plots 1st approximation

20 plot(xRange , Tcos_3); # Plots 2nd approximation

21 plot(xRange , Tcos_5); # Plots 3rd approximation

22

23 hold off

�
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Solution by Taylor series expansion (cont.)

We can consider the Taylor series expansion of the exponential function et (important)

 et = 1 + t +
t2

2!
+

t3

3!
+

t4

4!
+ · · ·

We can consider the Taylor series expansion of the function eλt (this is also important)

• By replacing t with λt , we obtain

 eλt = 1 + (λt) +
(λt)2

2!
+

(λt)3

3!
+

(λt)4

4!
+ · · ·

We may want to write the Taylor series expansion of function eit , with i =
√

(−1)

 eit = 1 + it +
(it)2

2!
+

(it)3

3!
+

(it)4

4!
+ · · ·

= 1 + it −
t2

2!
− i

t3

3!
+

t4

4!
+ i

t5

5!
+ · · ·

= 1−
t2

2!
+

t4

4!
+ · · ·︸ ︷︷ ︸

cos (t)

+i
(
t −

t3

3!
+

t5

5!
+ · · ·︸ ︷︷ ︸

sin (t)

)

= cos (t) + i sin (t)

Again, by replacing t with it

 (Euler’s formula)
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Second- and higher-order systems

Example

Two tanks (SS to IO representation and return)

Consider a system consisting of two cylindric liquid tanks, same cross section B [m2]

• A main inflow to tank 1, a main outflow from tank 2

• The outflow from tank 1 is the inflow to tank 2
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First liquid tank

• Inflow, rate q1 [m3s−1]

• Outflow, rate q2 [m3s−1]

• h1 is the liquid level [m]

Second liquid tank

• Inflow, rate q2 [m3s−1]

• Outflow, rate q3 [m3s−1]

• h2 is the liquid level [m]
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Second- and higher-order systems (cont.)

Suppose that flow-rates q1 and q2 can be set to some desired value (pumps)

Also, suppose that q3 depends linearly on the liquid level in the tank, h2

• q3 = k · h2 [m3s−1], with k [m2s−1] some appropriate constant

Two tanks
u(t) = [q1(t), q2(t)]′ y(t) = d(t)

Inputs, q1 and q2, both measurable and manipulable

 They influence the liquid levels in the tanks

Output, d = h1 − h2, measurable, not manipulable

 It is influenced by the inputs

State variables, V1 and V2, not measurable and not manipulable

 They evolve according to own dynamics

 They are also influenced by the inputs
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Second- and higher-order systems (cont.)

For an incompressible fluid, by mass conservation
dV1(t)

dt
= q1(t)− q2(t)

dV2(t)

dt
= q2(t)− q3(t)

 


ḣ1(t) =

1

B
q1(t)−

1

B
q2(t)

ḣ2(t) =
1

B
q2(t)−

k

B
h2(t)

By taking the first derivative of y(t) = h1(t)− h2(t) and rearranging, we obtained

ẏ(t) = ḣ1(t)− ḣ2(t) =
1

B
u1(t)−

2

B
u2(t) +

k

B
[h1(t)− y(t)]

By taking the second derivative of y(t) and rearranging, we obtained

ÿ(t) =
1

B
u̇1(t)−

2

B
u̇2(t) +

k

B
ḣ1(t)−

k

B
ẏ(t)

=
1

B
u̇1(t)−

2

B
u̇2(t) +

k

B2
u1(t)−

k

B2
u2(t)︸ ︷︷ ︸

k

B
ḣ1(t)

−
k

B
ẏ(t)
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Second- and higher-order systems (cont.)

Rearranging terms, the IO system’s representation is an ordinary differential equation

 ÿ(t) +
k

B
ẏ(t)−

1

B
u̇1(t) +

2

B
u̇2(t)−

k

B2
u1(t) +

k

B
u2(t) = 0
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Suppose that the inputs are zero

 u1(t) = q1(t) = 0

 u2(t) = q2(t) = 0

Also their derivatives are zero

ÿ(t) +
k

B
ẏ(t) = +

�
�
�1

B
u̇1(t)−

�
�
�2

B
u̇2(t) +

�
�
��k

B2
u1(t)−

�
�
�k

B
u2(t)  ÿ(t) +

k

B
ẏ(t) = 0

What’s y(t), for some y(0) and ẏ(0)?

�
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Second- and higher-order systems (cont.)

Homogeneous equation

Consider the ordinary differential equation of a IO model (linear and time invariant)

αn
dny(t)

dtn
+ · · ·+ α1

dy(t)

dt
+ α0y(t) = βm

dmu(t)

dtm
+ · · ·+ β1

du(t)

dt
+ β0u(t)

Let the RHS of be zero, define the homogenous equation associated to the model

 an
dny(t)

dtn
+ · · ·+ a1

dy(t)

dt
+ a0y(t) = 0

The solution y(t) to the homogeneous equation can be defined as the system response
(the output) for an input u(t) that is null for t ≥ t0 and for given initial conditions

Input- or force-free response

• We may denote it as h(t) System
y(t)
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Second- and higher-order systems (cont.)

Example

ÿ(t) +
k

B
ẏ(t) = 0

Interest is in y(t) for some given initial conditions y(0) and ẏ(0) (assuming u(t) = 0)

• We want to use the Taylor expansion of the solution y(t)

• For simplicity, let k/B = 1

 We solve ÿ(t) + ẏ(t) = 0

h1

h2

d

q1

B B

q2
<latexit sha1_base64="QijqJgfYWIyLN4kz4SKRrIDidls=">AAAB6nicbZC7SgNBFIbPeo3xFrXUYjAIVmE3jZZBG8sEzQWSJcxOZpMhs7PrzFkhLHkEGwtFbH0In8POzkdxcik08YeBj/8/hznnBIkUBl33y1lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HqSNx+4NiJWdzhKuB/RvhKhYBStdXvfLXcLRbfkTkWWwZtDsXLyUfsGgGq38NnpxSyNuEImqTFtz03Qz6hGwSQf5zup4QllQ9rnbYuKRtz42XTUMTmzTo+EsbZPIZm6vzsyGhkzigJbGVEcmMVsYv6XtVMML/1MqCRFrtjsozCVBGMy2Zv0hOYM5cgCZVrYWQkbUE0Z2uvk7RG8xZWXoVEueW7Jq3nFyhXMlINjOIVz8OACKnADVagDgz48wjO8ONJ5cl6dt1npijPvOYI/ct5/ABGUj9w=</latexit><latexit sha1_base64="qStx2aP7vkunUZsW+jElxLVrXg4=">AAAB6nicbZDLSgMxFIbP1Futt6pLRYJFcFVmutFl0Y3LFu0F2qFk0kwbmknGJCOUoUuXblwo4taH6HO48xl8CdPLQlt/CHz8/znknBPEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9S1TBShNSK5VM0Aa8qZoDXDDKfNWFEcBZw2gsH1JG88UKWZFHdmGFM/wj3BQkawsdbtfafUyRfcojsVWgZvDoXy8bj6/XgyrnTyn+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy6LAEdV+Oh11hM6s00WhVPYJg6bu744UR1oPo8BWRtj09WI2Mf/LWokJL/2UiTgxVJDZR2HCkZFosjfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gLa68DPVS0XOLXtUrlK9gpiwcwSmcgwcXUIYbqEANCPTgCV7g1eHOs/PmvM9KM8685xD+yPn4Ae/KkUI=</latexit><latexit sha1_base64="qStx2aP7vkunUZsW+jElxLVrXg4=">AAAB6nicbZDLSgMxFIbP1Futt6pLRYJFcFVmutFl0Y3LFu0F2qFk0kwbmknGJCOUoUuXblwo4taH6HO48xl8CdPLQlt/CHz8/znknBPEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9S1TBShNSK5VM0Aa8qZoDXDDKfNWFEcBZw2gsH1JG88UKWZFHdmGFM/wj3BQkawsdbtfafUyRfcojsVWgZvDoXy8bj6/XgyrnTyn+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy6LAEdV+Oh11hM6s00WhVPYJg6bu744UR1oPo8BWRtj09WI2Mf/LWokJL/2UiTgxVJDZR2HCkZFosjfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gLa68DPVS0XOLXtUrlK9gpiwcwSmcgwcXUIYbqEANCPTgCV7g1eHOs/PmvM9KM8685xD+yPn4Ae/KkUI=</latexit><latexit sha1_base64="mkLkeW/2VvanY0SsQLi+0UG0JJ0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDHKRwIXsrfswYa9vWN3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj27nffuLaiFg94jThfkSHSoSCUbTSw6Rf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4bWfCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68Tlq1qudWvXuvUr/J4yjCGZzDJXhwBXW4gwY0gcEQnuEV3hzpvDjvzseyteDkM6fwB87nDwGajZc=</latexit>

q3 = kh2
<latexit sha1_base64="TJUQpbp097v24ZWj01jigdoll0s=">AAAB8XicbZDLSgMxFIbPeK31VnWpi2ARXJVJXehGKLpx2YK9YDsMmTTThmYyY5IRytC3cONCEbe+gM/hzp2PYnpZaOsPgY//P4ecc4JEcG1c98tZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBoPrcd58YErzWN6aYcK8iPQkDzklxlp39/4ZukSDvl/2C0W35E6EFgHPoFg5+qh9A0DVL3x2ujFNIyYNFUTrNnYT42VEGU4FG+U7qWYJoQPSY22LkkRMe9lk4hE6sU4XhbGyTxo0cX93ZCTSehgFtjIipq/ns7H5X9ZOTXjhZVwmqWGSTj8KU4FMjMbroy5XjBoxtECo4nZWRPtEEWrskfL2CHh+5UVolEvYLeEaLlauYKocHMIxnAKGc6jADVShDhQkPMIzvDjaeXJenbdp6ZIz6zmAP3LefwD6wZIE</latexit><latexit sha1_base64="leslHRhlvlKkAtsxR3h+v9fUtzs=">AAAB8XicbZDLSgMxFIbP1Futt6pLRYJFcFVm6kI3QtGNyxbsBdthyKSZNjSTGZOMUIYufQM3LhRx6wv0Odz5DL6E6WWhrT8EPv7/HHLO8WPOlLbtLyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+9fjvPFApWKRuNWDmLoh7goWMIK1se7uvTN0ifo9r+TlC3bRnggtgjODQvlwVP1+PBpVvPxnuxORJKRCE46Vajl2rN0US80Ip8NcO1E0xqSPu7RlUOCQKjedTDxEJ8bpoCCS5gmNJu7vjhSHSg1C31SGWPfUfDY2/8taiQ4u3JSJONFUkOlHQcKRjtB4fdRhkhLNBwYwkczMikgPS0y0OVLOHMGZX3kR6qWiYxedqlMoX8FUWTiAYzgFB86hDDdQgRoQEPAEL/BqKevZerPep6UZa9azD39kffwA2QaTag==</latexit><latexit sha1_base64="leslHRhlvlKkAtsxR3h+v9fUtzs=">AAAB8XicbZDLSgMxFIbP1Futt6pLRYJFcFVm6kI3QtGNyxbsBdthyKSZNjSTGZOMUIYufQM3LhRx6wv0Odz5DL6E6WWhrT8EPv7/HHLO8WPOlLbtLyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+9fjvPFApWKRuNWDmLoh7goWMIK1se7uvTN0ifo9r+TlC3bRnggtgjODQvlwVP1+PBpVvPxnuxORJKRCE46Vajl2rN0US80Ip8NcO1E0xqSPu7RlUOCQKjedTDxEJ8bpoCCS5gmNJu7vjhSHSg1C31SGWPfUfDY2/8taiQ4u3JSJONFUkOlHQcKRjtB4fdRhkhLNBwYwkczMikgPS0y0OVLOHMGZX3kR6qWiYxedqlMoX8FUWTiAYzgFB86hDDdQgRoQEPAEL/BqKevZerPep6UZa9azD39kffwA2QaTag==</latexit><latexit sha1_base64="c/qVBcQ3cPsc40ebpzg/bgB9Rl4=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0stBGCNpYRzAcmx7G3mUuW7O2du3tCCPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OmzrJFMMGS0Si2iHVKLjEhuFGYDtVSONQYCsc3kz91hMqzRN5b0Yp+jHtSx5xRo2VHh6Dc3JFhoOgGpTKbsWdgSwTLydlyFEPSl/dXsKyGKVhgmrd8dzU+GOqDGcCJ8VupjGlbEj72LFU0hi1P55dPCGnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/8zqZiS79MZdpZlCy+aIoE8QkZPo+6XGFzIiRJZQpbm8lbEAVZcaGVLQheIsvL5NmteK5Fe/OK9eu8zgKcAwncAYeXEANbqEODWAg4Rle4c3Rzovz7nzMW1ecfOYI/sD5/AHqx4+/</latexit>

The differential equation is second-order

 Initial position

y(t = 0) = y(0)

 Initial velocity

ẏ(t = 0) = ẏ(0)
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Second- and higher-order systems (cont.)

ÿ(t) + ẏ(t) = 0

• We assume that y(t) can be expressed by using a Taylor series expansion

y(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 + · · ·

• We can compute the first derivative of the assumed solution y(t), ẏ(t)

ẏ(t) = c1 + 2c2t + 3c3t
2 + 4c4t

3 + 5c5t
4 + · · ·

• We compute the second derivative of the assumed solution y(t), ÿ(t)

ÿ(t) = 2c2 + 2 · 3c3t + 3 · 4c4t
2 + 4 · 5c5t

3 + · · ·

• Then, proceed by substituting function and derivatives into the ODEs
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Second- and higher-order systems (cont.)

y(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 + · · ·

After considering initial conditions y(t = 0) = y(0) and ẏ(t = 0) = ẏ(0), we have

y(t = 0) = c0 +��c1t +��c2t
2 +��c3t

3 +��c4t
4 + · · · = y(0)

 c0 = y(0)

ẏ(t = 0) = c1 +��2c2t +���3c3t
2 +���4c4t

3 +���5c5t
4 + · · · = ẏ(0)

 c1 = ẏ(0)

• Then, from the ordinary differential equation ÿ(t) + ẏ(t) = 0 we have

2c2 + 2 · 3c3t + 3 · 4c4t
2 + 4 · 5c5t

3 + · · ·︸ ︷︷ ︸
ÿ(t)

= −(c1 + 2c2t + 3c3t
2 + 4c4t

3 + 5c5t
4 + · · · )︸ ︷︷ ︸

ẏ(t)



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

Second- and higher-order systems (cont.)

2c2 + 2 · 3c3t + 3 · 4c4t
2 + 4 · 5c5t

3 + · · ·︸ ︷︷ ︸
ÿ(t)

= −c1 − 2c2t − 3c3t
2 − 4c4t

3 − 5c5t
4 − · · · )︸ ︷︷ ︸

ẏ(t)

By equating the coefficients to satisfy the identity and rearranging, we obtain

 2c2 = −c1

 2 · 3c3 = −2c2

 3 · 4c4 = −3c3

 4 · 5c5 = −4c4

 · · ·

• c0 = y(0)

• c1 = ẏ(0)

• c2 = −
1

2
ẏ(0)

• c3 = +
1

3!
ẏ(0)

• c4 = −
1

4!
ẏ(0)

• c5 = +
1

5!
ẏ(0)

• · · ·
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y(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 + · · ·

Substituting the coefficients in the assumed (Taylor’s) solution form, we obtain

y(t) = y(0) + ẏ(0)t −
1

2
ẏ(0)t2 +

1

3!
ẏ(0)t3 −

1

4!
ẏ(0)t4 +

1

5!
ẏ(0)t5 − · · ·

= y(0)− ẏ(0)
(
−t +

1

2
t2 −

1

3!
t3 −

1

4!
t4 +

1

5!
t5 − · · ·︸ ︷︷ ︸

−1+e−t

)

= y(0) + ẏ(0)︸ ︷︷ ︸
k1

−ẏ(0)︸ ︷︷ ︸
k2

e−t

= k1 + k2e
−t

With k1 and k2 constant values depending on the initial conditions

 k1 = y(0) + ẏ(0)

 k2 = −ẏ(0)

We used e−t = 1 + (−t) +
(−t)2

2
+

(−t)3

3!
+ · · ·



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

Second- and higher-order systems (cont.)

Example

h1

h2

d

q1

B B

q2
<latexit sha1_base64="QijqJgfYWIyLN4kz4SKRrIDidls=">AAAB6nicbZC7SgNBFIbPeo3xFrXUYjAIVmE3jZZBG8sEzQWSJcxOZpMhs7PrzFkhLHkEGwtFbH0In8POzkdxcik08YeBj/8/hznnBIkUBl33y1lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HqSNx+4NiJWdzhKuB/RvhKhYBStdXvfLXcLRbfkTkWWwZtDsXLyUfsGgGq38NnpxSyNuEImqTFtz03Qz6hGwSQf5zup4QllQ9rnbYuKRtz42XTUMTmzTo+EsbZPIZm6vzsyGhkzigJbGVEcmMVsYv6XtVMML/1MqCRFrtjsozCVBGMy2Zv0hOYM5cgCZVrYWQkbUE0Z2uvk7RG8xZWXoVEueW7Jq3nFyhXMlINjOIVz8OACKnADVagDgz48wjO8ONJ5cl6dt1npijPvOYI/ct5/ABGUj9w=</latexit><latexit sha1_base64="qStx2aP7vkunUZsW+jElxLVrXg4=">AAAB6nicbZDLSgMxFIbP1Futt6pLRYJFcFVmutFl0Y3LFu0F2qFk0kwbmknGJCOUoUuXblwo4taH6HO48xl8CdPLQlt/CHz8/znknBPEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9S1TBShNSK5VM0Aa8qZoDXDDKfNWFEcBZw2gsH1JG88UKWZFHdmGFM/wj3BQkawsdbtfafUyRfcojsVWgZvDoXy8bj6/XgyrnTyn+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy6LAEdV+Oh11hM6s00WhVPYJg6bu744UR1oPo8BWRtj09WI2Mf/LWokJL/2UiTgxVJDZR2HCkZFosjfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gLa68DPVS0XOLXtUrlK9gpiwcwSmcgwcXUIYbqEANCPTgCV7g1eHOs/PmvM9KM8685xD+yPn4Ae/KkUI=</latexit><latexit sha1_base64="qStx2aP7vkunUZsW+jElxLVrXg4=">AAAB6nicbZDLSgMxFIbP1Futt6pLRYJFcFVmutFl0Y3LFu0F2qFk0kwbmknGJCOUoUuXblwo4taH6HO48xl8CdPLQlt/CHz8/znknBPEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9S1TBShNSK5VM0Aa8qZoDXDDKfNWFEcBZw2gsH1JG88UKWZFHdmGFM/wj3BQkawsdbtfafUyRfcojsVWgZvDoXy8bj6/XgyrnTyn+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy6LAEdV+Oh11hM6s00WhVPYJg6bu744UR1oPo8BWRtj09WI2Mf/LWokJL/2UiTgxVJDZR2HCkZFosjfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gLa68DPVS0XOLXtUrlK9gpiwcwSmcgwcXUIYbqEANCPTgCV7g1eHOs/PmvM9KM8685xD+yPn4Ae/KkUI=</latexit><latexit sha1_base64="mkLkeW/2VvanY0SsQLi+0UG0JJ0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDHKRwIXsrfswYa9vWN3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj27nffuLaiFg94jThfkSHSoSCUbTSw6Rf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4bWfCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68Tlq1qudWvXuvUr/J4yjCGZzDJXhwBXW4gwY0gcEQnuEV3hzpvDjvzseyteDkM6fwB87nDwGajZc=</latexit>

q3 = kh2
<latexit sha1_base64="TJUQpbp097v24ZWj01jigdoll0s=">AAAB8XicbZDLSgMxFIbPeK31VnWpi2ARXJVJXehGKLpx2YK9YDsMmTTThmYyY5IRytC3cONCEbe+gM/hzp2PYnpZaOsPgY//P4ecc4JEcG1c98tZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBoPrcd58YErzWN6aYcK8iPQkDzklxlp39/4ZukSDvl/2C0W35E6EFgHPoFg5+qh9A0DVL3x2ujFNIyYNFUTrNnYT42VEGU4FG+U7qWYJoQPSY22LkkRMe9lk4hE6sU4XhbGyTxo0cX93ZCTSehgFtjIipq/ns7H5X9ZOTXjhZVwmqWGSTj8KU4FMjMbroy5XjBoxtECo4nZWRPtEEWrskfL2CHh+5UVolEvYLeEaLlauYKocHMIxnAKGc6jADVShDhQkPMIzvDjaeXJenbdp6ZIz6zmAP3LefwD6wZIE</latexit><latexit sha1_base64="leslHRhlvlKkAtsxR3h+v9fUtzs=">AAAB8XicbZDLSgMxFIbP1Futt6pLRYJFcFVm6kI3QtGNyxbsBdthyKSZNjSTGZOMUIYufQM3LhRx6wv0Odz5DL6E6WWhrT8EPv7/HHLO8WPOlLbtLyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+9fjvPFApWKRuNWDmLoh7goWMIK1se7uvTN0ifo9r+TlC3bRnggtgjODQvlwVP1+PBpVvPxnuxORJKRCE46Vajl2rN0US80Ip8NcO1E0xqSPu7RlUOCQKjedTDxEJ8bpoCCS5gmNJu7vjhSHSg1C31SGWPfUfDY2/8taiQ4u3JSJONFUkOlHQcKRjtB4fdRhkhLNBwYwkczMikgPS0y0OVLOHMGZX3kR6qWiYxedqlMoX8FUWTiAYzgFB86hDDdQgRoQEPAEL/BqKevZerPep6UZa9azD39kffwA2QaTag==</latexit><latexit sha1_base64="leslHRhlvlKkAtsxR3h+v9fUtzs=">AAAB8XicbZDLSgMxFIbP1Futt6pLRYJFcFVm6kI3QtGNyxbsBdthyKSZNjSTGZOMUIYufQM3LhRx6wv0Odz5DL6E6WWhrT8EPv7/HHLO8WPOlLbtLyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+9fjvPFApWKRuNWDmLoh7goWMIK1se7uvTN0ifo9r+TlC3bRnggtgjODQvlwVP1+PBpVvPxnuxORJKRCE46Vajl2rN0US80Ip8NcO1E0xqSPu7RlUOCQKjedTDxEJ8bpoCCS5gmNJu7vjhSHSg1C31SGWPfUfDY2/8taiQ4u3JSJONFUkOlHQcKRjtB4fdRhkhLNBwYwkczMikgPS0y0OVLOHMGZX3kR6qWiYxedqlMoX8FUWTiAYzgFB86hDDdQgRoQEPAEL/BqKevZerPep6UZa9azD39kffwA2QaTag==</latexit><latexit sha1_base64="c/qVBcQ3cPsc40ebpzg/bgB9Rl4=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0stBGCNpYRzAcmx7G3mUuW7O2du3tCCPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OmzrJFMMGS0Si2iHVKLjEhuFGYDtVSONQYCsc3kz91hMqzRN5b0Yp+jHtSx5xRo2VHh6Dc3JFhoOgGpTKbsWdgSwTLydlyFEPSl/dXsKyGKVhgmrd8dzU+GOqDGcCJ8VupjGlbEj72LFU0hi1P55dPCGnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/8zqZiS79MZdpZlCy+aIoE8QkZPo+6XGFzIiRJZQpbm8lbEAVZcaGVLQheIsvL5NmteK5Fe/OK9eu8zgKcAwncAYeXEANbqEODWAg4Rle4c3Rzovz7nzMW1ecfOYI/sD5/AHqx4+/</latexit>

ÿ(t) + ẏ(t) = 0

For simplicity, we let
k

B
= 1 and obtained

the system evolution by solving the ODE

y(t) = y(0) + ẏ(0)− ẏ(0)e−t

1 y0 = ?; % Initial position , set me!

2 yd0 = ?; % Initial velocity , set me!

3

4 tMin = 0; % Initial time is zero ,

5 tMax = ?; % Final time , set me!

6 tRnage = [tMin , tMax] % Define the time interval

7

8 yt = @(t) y0 + yd0 - yd0*exp(-t) % Define the solution function

9

10 fplot(yt,tRange) % Plot solution over time

�
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Higher-order systems

Consider the general linear time-invariant system and homogeneous (with no inputs)

αn
dny

dtn
+ αn−1

dn−1y

dtn−1
+ · · ·+ α2

d2y

dt2
+ α1

dy

dt
+ α0y = 0

Or, equivalently

αny
(n) + αn−1y

(n−1) + · · ·+ α1ÿ + α0y = 0

We consider an alternative to assuming that the solution is written as Taylor expansion

Instead of using Taylor expansions, we assume that the solution is given by y(t) = eλt

• (Which is not very different, in practice)

y(t) = c0 + c1t + c2t
2 + c3t

3 + · · ·

eλt = 1 + λt +
(λt)2

2!
+

(λt)3

3!
+ · · ·
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If we set the solution to be y(t) = eλt , then we can easily compute its derivatives

 ẏ(t) = λeλt

 ÿ(t) = λ2eλt

 · · ·
 y(n)(t) = λneλt

These functions can be substituted into homogeneous linear time-invariant ODEs

αny
(n) + αn−1y

(n−1) + · · ·+ α1ẏ + α0y = 0

By substituting the assumed solution and derivatives into the differential equation

 
[
αnλ

n + αn−1λ
n−1 + · · ·+ α2λ

2 + α1λ+ α0

]
eλt = 0

The identity is verified for all n values of λ solving the characteristic equation

αnλ
n + αn−1λ

n−1 + · · ·+ α2λ
2 + α1λ+ α0︸ ︷︷ ︸

Characteristic polynomial

= 0

︸ ︷︷ ︸
Characteristic equation



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

Second- and higher-order systems (cont.)

αnλ
n + αn−1λ

n−1 + · · ·+ α2λ
2 + α1λ+ α0 = 0

The characteristic equation has n solutions, or roots, collected in set {λ1, λ2, . . . , λn}
• They can be real and/or complex (and associated complex-conjugate) numbers

• They can be positive and/or negative, distinct and repeated (multiplicity)

αny
(n) + αn−1y

(n−1) + · · ·+ α1ẏ + α0y = 0

For distinct (real and complex) roots, the ODE solution has the simple form

y(t) = c1e
λ1t + c2e

λ2t + · · ·+ cne
λn t

=
n∑

i=1

cie
λi t

The solution is a sum of exponential functions, each weighted by coefficients

• The coefficients are determined from the n initial conditions
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Example

h1

h2

d

q1

B B

q2
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q3 = kh2
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ÿ(t) +
k

B
ẏ(t) = 0

For simplicity, let
k

B
= 1 and obtained

the system evolution of ÿ(t) + ẏ(t) = 0

y(t) = y(0) + ẏ(0)− ẏ(0)e−t

Start by assuming a solution y(t) = eλt and computing its derivatives ẏ(t) and ÿ(t)

 Substitute then in the original system ODE

 Compute the characteristic equation

 Solve the characteristic equation

�
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Definition
Characteristic polynomial

Consider the homogeneous part of the linear and time-invariant differential equation

αn
dny(t)

dtn
+ · · ·+ α1

dy(t)

dt
+ α0y(t) = 0

The characteristic polynomial is a n-order polynomial in the variable λ whose coefficients
correspond to the coefficients {α0, α1, . . . , αn} of the homogeneous equation

 P(λ) = αnλ
n + αn−1λ

n−1 + · · ·+ α1λ+ α0

=
n∑

i=0

αiλ
i

Any polynomial of order n with real coefficients has n real or complex-conjugate roots

• The roots are solutions of the characteristic equation

 P(λ) =
n∑

i=0

αiλ
i = 0
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Second- and higher-order systems (cont.)

In general, there are r ≤ n distinct roots pi , each with multiplicity νi

 

n︷ ︸︸ ︷
p1 · · · p1︸ ︷︷ ︸

ν1

p2 · · · p2︸ ︷︷ ︸
ν2

· · · pr · · · pr︸ ︷︷ ︸
νr

 If i 6= j , then pi 6= pj

 
∑r

i=1 νi = n

Consider the case in which all roots have multiplicity equal one (no repetitions)

 

n︷ ︸︸ ︷
p1 p2 · · · pn−1 pn

 If i 6= j , then pi 6= pj

 νi = 1, for every i
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Definition
Modes

Let p be one of the roots with multiplicity ν of the characteristic polynomial

The modes associated to that root are the ν functions of time

 ept , tept , t2ept , · · · , tν−1ept

A system with a n-order characteristic polynomial has n modes
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Let p = 1 and ν = 4
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Let p = −1 and ν = 4
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Second- and higher-order systems (cont.)

The modes from the characteristic polynomial, the mixing coefficients are parameters

h(t) =
r∑

i=1

(
νi−1∑
k=0

Ai,k t
kepi t

)

The coefficients determine the force-free evolution, from every possible initial condition

Theorem
Solution of the homogeneous equation

Consider the homogeneous equation

an
dny(t)

dtn
+ · · ·+ a1

dy(t)

dt
+ a0y(t) = 0

A real function h(t) is the solution of a homogeneous linear time-invariant differential
equation if and only if h(t) can be written as a linear combination of the modes

 h(t) =
r∑

i=1

(
νi−1∑
k=0

Ai,k t
kepi t

)
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Modes are functions of time, their linear combinations are a family of functions of time

• The family is parameterised by the coefficients of the combination

• (Different coeffcients correspond to different family members)

Definition
Linear combinations of modes

A linear combination of the n modes is a function h(t), a weighted sum of the modes

• Each mode is weighted by some coefficient

Each individual root pi with multiplicity νi is associated to a combination of νi terms

Ai,0e
pi t + Ai,1te

pi t + · · ·+ Ai,νi−1t
νi−1epi t =

νi−1∑
k=0

Ai,k t
kepi t

︸ ︷︷ ︸
root pi

There is a total of r distinct roots, i = 1, . . . , r
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Ai,0e
pi t + Ai,1te

pi t + · · ·+ Ai,νi−1t
νi−1epi t =

νi−1∑
k=0

Ai,k t
kepi t

︸ ︷︷ ︸
root pi

As there are r distinct roots, i = 1, . . . , r , the complete linear combination of modes

h(t) =

ν1−1∑
k=0

A1,k t
kep1t

︸ ︷︷ ︸
root p1

+

ν2−1∑
k=0

A2,k t
kep2t

︸ ︷︷ ︸
root p2

+ · · ·+
νr−1∑
k=0

Ar,k t
kepr t

︸ ︷︷ ︸
root pr

 =

r∑
i=1

(
νi−1∑
k=0

Ai,k t
kepi t

)

Consider the case in which all roots (n) have multiplicity equal to one (no repetitions)

 h(t) = A1e
p1t + A2e

p2t + · · ·+ Ane
pn t =

n∑
i=1

Aie
pi t

(We have omitted the second subscript of coefficients A)
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Example

Consider the following homogenous differential equation

3
d4y(t)

dt4
+ 21

d3y(t)

dt3
+ 45

d2y(t)

dt2
+ 39

dy(t)

dt
+ 12y(t) = 0

The associated characteristic polynomial

P(λ) = 3λ4 + 21λ3 + 45λ2 + 39λ+ 12 = 3(λ+ 1)3(λ+ 4)

The characteristic equation has four roots

 The system has four modes

p1 = −1, (ν1 = 3)  


e−t

te−t

t2e−t

p2 = −4, (ν2 = 1)  
{
e−4t

The family of functions h(t) is given as a linear combination of the modes

h(t) = A1,0e
−t + A1,1te

−t + A1,2t
2e−t︸ ︷︷ ︸

root p1

+A2e
−4t︸ ︷︷ ︸

root p2



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs 0 5 10 15

0

0.5

1

t

e−t

0 5 10 15

0

0.1

0.2

0.3

0.4

t

te−t

0 5 10 15

0

0.2

0.4

t

t2e−t

0 5 10 15

0

0.5

1

t

e−4t

�



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

Second- and higher-order systems (cont.)

Complex and conjugate roots

A characteristic polynomial P(s) with complex roots will have complex signal modes

h(t) =
r∑

i=1

(
νi−1∑
k=0

Ai,k t
kepi t

)
(Yet, their combination must be a real function)

Let P(s) be a characteristic polynomial with roots pi = αi + jωi of multiplicity νi

• Let p′i = αi − jωi with multiplicity ν′i = νi be the conjugate complex root

The contribution of each pair (pi , p′i ) to the linear combination can be re-written

νi−1∑
k=0

Mi,k t
keαi t cos(ωi t + φi,k ) (Coefficients Mi,k and φi,k )

Or, equivalently

νi−1∑
k=0

[
Bi,k t

keαi t cos(ωi t) + Ci,k t
keαi t sin(ωi t)

]
(Coefficients Bi,k and Ci,k )
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The solution equations

h(t) =
R∑

i=1

νi−1∑
k=0

Ai,k t
kepi t +

R+S∑
i=R+1

νi−1∑
k=0

Mi,k t
keαi t cos(ωi t + φi,k )

(
 

R∑
i=1

Aie
pi t +

R+S∑
i=R+1

Mie
αi t cos(ωi t + φi )

)

The solution equations

h(t) =

R∑
i=1

νi−1∑
k=0

Ai,k t
kepi t +

R+S∑
i=R+1

νi−1∑
k=0

[
Bi,k t

keαi t cos(ωi t) + Ci,k t
keαi t sin(ωi t)

]
(
 

R∑
i=1

Aie
pi t +

R+S∑
i=R+1

[
Bie

αi t cos(ωi t) + Cie
αi t sin(ωi t)

])

They provide the parametric structure of the linear combination and are all equivalent
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eα
′t = e−3t

eα
′′t = e−t

(a)

0 τ ′ = 1
3

τ ′′ = 1 t [s]
0

1

teα
′t

(α′ > 0)

te0t = t

teα
′′t (α′′ < 0)

(a)

0 τ ′′ t [s]
0

tkeα
′t

(α′ > 0)

tke0t = tk

tkeα
′′t (α′′ < 0)

(b)

0 kτ ′′ t [s]
0
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3.4 Classificazione dei modi 65

Tale modo presenta un comportamento oscillante a causa del fattore coseno.
È anche immediato osservare che esso viene inviluppato dalle curve −eαt e eαt.
Infatti vale

eαt cos(ωt) =

⎧
⎪⎨

⎪⎩

−eαt se t = (2h+ 1)
π

ω
, h ∈ N;

eαt se t = 2h
π

ω
, h ∈ N.

Distinguiamo tre casi:

• α < 0. In tal caso il modo è stabile perché al crescere di t gli inviluppi tendono
asintoticamente a 0. Due esempi di tale modo sono rappresentati in Fig. 3.7.

• α = 0. Questo modo si riduce a cos(ωt) ed è anche detto periodico. In tal caso
il modo è al limite di stabilità perché al crescere di t gli inviluppi sono le curve
costanti ±1. Tale modo è rappresentato in Fig. 3.8.a.

• α > 0. In tal caso il modo è instabile perché al crescere di t gli inviluppi tendono
a ±∞. Tale modo è rappresentato in Fig. 3.8.b.

La costante di tempo indica, in maniera analoga a quanto già visto nel ca-
so di un modo aperiodico, con che rapidità l’inviluppo cresce o decresce. An-
che al coefficiente di smorzamento è possibile associare un significato fisico molto
intuitivo.
Per prima cosa possiamo osservare che il coefficiente di smorzamento è un

numero reale compreso nell’intervallo [−1,1] essendo il seno dell’angolo θ. Con-
sideriamo ora diverse coppie di radici tutte caratterizzate dalla stessa pulsazione
naturale ma con diverso coefficiente di smorzamento. Tali radici giacciono nel pia-
no complesso lungo una circonferenza di raggio ωn e in particolare distinguiamo
diversi casi:

• ζ = 1: se α = −ωn < 0e ω = 0; in questo caso limite le due radici complesse
coincidono con una radice reale negativa di molteplicità 2 a cui competono i
modi aperiodici e−ωnt e te−ωnt.
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Fig. 3.7. Evoluzione dei modi pseudoperiodici del tipo eαt cos(ωt) stabili (α < 0);
il modo in figura (a) ha la stessa costante di tempo ma coefficiente di smorzamento
maggiore rispetto al modo in figura (b)
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Fig. 3.8. Evoluzione dei modi pseudoperiodici del tipo eαt cos(ωt): (a) modo al limite
di stabilità (α = 0); (b) modo instabile (α > 0)

• ζ ∈ (0,1): se α < 0e ω > 0; in tal caso le due radici complesse hanno parte
reale negativa e ad esse corrisponde un modo pseudoperiodico stabile.

• ζ = 0: se α = 0e ω = ωn; in tal caso le due radici sono immaginarie coniugate
e ad esse corrisponde un modo al limite di stabilità.

• ζ ∈ (−1,0): se α > 0e ω > 0; in tal caso le due radici complesse hanno parte
reale positiva e ad esse corrisponde un modo pseudoperiodico instabile.

• ζ = −1: se α = ωn > 0e ω = 0; in questo caso limite le due radici complesse
coincidono con una radice reale positiva di molteplicità 2 a cui competono i
modi aperiodici eωnt e teωnt.

I vari casi sono riassunti nella Fig. 3.6.b.
Inoltre si confrontino due modi stabili della forma eαt cos(ωt) e eαt cos(ωt)

con α < 0 e ω = 2ω. Tali modi hanno stessa costante di tempo τ ma diverso
smorzamento. Infatti vale

ζ =
−α√

α2 + ω2
>

−α√
α2 + ω 2

= ζ,

e dunque il primo modo ha un coefficiente di smorzamento maggiore. L’andamento
di tali modi è mostrato in Fig. 3.7: si osservi come il secondo modo, avendo minore
smorzamento, presenti un comportamento oscillatorio più marcato.
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3.4 Classificazione dei modi 67

Radici di molteplicità maggiore di uno

Se la coppia di radici complesse coniugate p, p′ = α± jω ha molteplicità ν > 1, ad
essa sono associati i modi pseudoperiodici:

eαt cos(ωt), teαt cos(ωt), . . . , tν−1eαt cos(ωt).

Il primo di questi modi ha la forma già vista precedentemente. Per il modo della
forma tkeαt cos(ωt) con k > 0, in analogia con quanto fatto per i modi aperiodici,
distinguiamo due casi:

• se α < 0il modo è stabile per ogni valore di k > 0;
• se α ≥ 0il modo è instabile per ogni valore di k ≥ 1.

Tali modi si ottengono inviluppando la funzione sinusoidale cos(ωt) con le curve
±tkeαt già studiate. Esempi di tali modi sono mostrati in Fig. 3.9.

Esempio 3.16 Si consideri un sistema il cui modello ingresso-uscita ha equazione
omogenea associata

d3

dt3
y(t) + 7

d2

dt2
y(t) + 32

d

dt
y(t) + 60y(t) = 0.

Il polinomio caratteristico di tale sistema vale

P (s) = s3 + 7s2 + 32s+ 60= (s+ 3)(s2 + 4s+ 20),

e le sue radici valgono:

p1 = −3, p2, p′2 = α2 ± jω2 = −2± j4.

Il sistema ha dunque un modo aperiodico corrispondente alla radice reale ed un
modo pseudoperiodico corrispondente alla coppia di radici complesse e coniugate.
Tali modi valgono:
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Fig. 3.9. Evoluzione dei modi pseudoperiodici del tipo tkeαt cos(ωt): (a) modo stabile
(α < 0); (b) modo instabile (α ≥ 0)
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Fig. 3.9. Evoluzione dei modi pseudoperiodici del tipo tkeαt cos(ωt): (a) modo stabile
(α < 0); (b) modo instabile (α ≥ 0)
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From high-order ODEs to systems of first-order ODEs

Consider the general linear time-invariant n-order system and homogeneous (no inputs)

αn
dny

dtn
+ αn−1

dn−1y

dtn−1
+ · · ·+ α2

d2y

dt2
+ α1

dy

dt
+ α0y = 0

Or, equivalently

αny
(n) + αn−1y

(n−1) + · · ·+ α1ÿ + α0y = 0

We can convert the n-order equation into a set of n first order equations, and solve it

As a preprocessing step, we start by dividing all the coefficients by αn

y(n)(t) + an−1︸ ︷︷ ︸
αn−1/αn

y(n−1)(t) + · · ·+ a2︸︷︷︸
α2/αn

ÿ(t) + a1︸︷︷︸
α1/αn

ẏ(t) + a0y︸︷︷︸
α0/αn

= 0
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From high-order ODEs to first-order ODEs (cont.)

y(n)(t) + an−1y
(n−1)(t) + · · ·+ a2ÿ(t) + a1ẏ(t) + a0y = 0

Firstly, we introduce a set of n new variables x(t) = [x1(t), x2(t), . . . , xn (t)]′

x1(t) = y(t)

x2(t) = ẏ(t)

x3(t) = ÿ(t)

· · · = · · ·

xn−1(t) = y(n−2)(t)

xn (t) = y(n−1)(t)

Then, we introduce their first-order derivatives ẋ(t) = [ẋ1(t), ẋ2(t), . . . , ẋn (t)]′

ẋ1(t) = ẏ(t) = x2(t)

ẋ2(t) = ÿ(t) = x3(t)

ẋ3(t) =
...
y (t) = x4(t)

· · · = · · ·

ẋn−1(t) = y(n−1)(t) = xn (t)

ẋn (t) = y(n)(t) = −an−1xn (t)− an−1xn−1(t)− · · · − a2x3(t)− a1x2(t)− a0x1(t)
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From high-order ODEs to first-order ODEs (cont.)

ẋ1(t) = ẏ(t) = x2(t)

ẋ2(t) = ÿ(t) = x3(t)

ẋ3(t) =
...
y (t) = x4(t)

· · · = · · ·

ẋn−1(t) = y(n−1)(t) = xn (t)

ẋn (t) = y(n)(t) = −an−1xn (t)− an−1xn−1(t)− · · · − a2x3(t)− a1x2(t)− a0x1(t)

That is, we get the set of linear equations with explicit dependences between terms

ẋ1 = 0x1 + 1x2 + 0x3 + 0x4 + · · ·+ 0xn

ẋ2 = 0x1 + 0x2 + 1x3 + 0x4 + · · ·+ 0xn

ẋ3 = 0x1 + 0x2 + 0x3 + 1x4 + · · ·+ 0xn

· · · = · · ·
ẋn−1 = 0x1 + 0x2 + 0x3 + 0x4 + · · ·+ 1xn

ẋn = −a0x1−a1x2−a2x3−a3x4 − · · ·−an−1xn
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From high-order ODEs to first-order ODEs (cont.)

ẋ1 = 0x1 + 1x2 + 0x3 + 0x4 + · · ·+ 0xn

ẋ2 = 0x1 + 0x2 + 1x3 + 0x4 + · · ·+ 0xn

ẋ3 = 0x1 + 0x2 + 0x3 + 1x4 + · · ·+ 0xn

· · · = · · ·
ẋn−1 = 0x1 + 0x2 + 0x3 + 0x4 + · · ·+ 1xn

ẋn = −a0x1−a1x2−a2x3−a3x4 − · · ·−an−1xn

We can write a ẋ(t) as a matrix-vector multiplication Ax(t), a system of equations

ẋ1

ẋ2

ẋ3

...
˙xn−1

ẋn


︸ ︷︷ ︸

ẋ(t)

=



0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
−a0 −a1 −a2 −a3 · · · −an−1


︸ ︷︷ ︸

A



x1

x2

x3

...
xn−1

xn


︸ ︷︷ ︸

x(t)
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Example

Consider a linear and time-invariant homogeneous system representation

...
y + a2ÿ + a1ẏ + a0y = 0

• The system in IO representation is a third-order ODE

We are interested in formulating the system as a matrix system

• The system is third-order (max derivative of y)

• A system of 3 first-order ODEs

We first introduce three dummy variables x(t) =

x1(t)
x2(t)
x3(t)


Then, we get

x1(t) = y(t)

x2(t) = ẏ(t)

x3(t) = ÿ(t)
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...
y + a2ÿ + a1ẏ + a0y = 0

We compute the derivatives of the x(t) variables with respect to time ẋ(t) =

ẋ1(t)
ẋ2(t)
ẋ3(t)


• Remember that we defined them as x(t) =

x1(t)
x2(t)
x3(t)

 =

y(t)
ẏ(t)
ÿ(t)


That is,

ẋ1(t) = ẏ(t)

= x2(t)

ẋ2(t) = ÿ(t)

= x3(t)

ẋ3(t) =
...
y (t)

= −a2x3(t)− a1x2(t)− a0x1(t)

In matrix form, we can writeẋ1(t)
ẋ2(t)
ẋ3(t)

 =

 0 1 0
0 0 1
−a0 −a1 −a2

x1(t)
x2(t)
x3(t)


�
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From high-order ODEs to first-order ODEs (cont.)

Example

Consider the following linear and time-invariant homogeneous system

3
d4y(t)

dt4
+ 21

d3y(t)

dt3
+ 45

d2y(t)

dt2
+ 39

dy(t)

dt
+ 12y(t) = 0

The system in IO representation is a forth-order ODE

 A system of 4 first-order ODEs

We first divide by the leading coefficient (a4 = 3)

d4y(t)

dt4
+ 7︸︷︷︸

a3

d3y(t)

dt3
+ 15︸︷︷︸

a2

d2y(t)

dt2
+ 13︸︷︷︸

a1

dy(t)

dt
+ 4︸︷︷︸

a0

y(t) = 0

By using the general expression derived earlier,
ẋ1

ẋ2

ẋ3

ẋ4

 =


0 1 0 0
0 0 1 0
0 0 0 1
−a0 −a1 −a2 −a3



x1

x2

x3

x4
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ẋ1

ẋ2

ẋ3

ẋ4

 =


0 1 0 0
0 0 1 0
0 0 0 1
−a0 −a1 −a2 −a3



x1

x2

x3

x4



=


0 1 0 0
0 0 1 0
0 0 0 1
−4 −13 −15 −7



x1

x2

x3

x4


1 A = [ 0 1 0 0; ... % The state matrix

2 0 0 1 0; ...

3 0 0 0 1; ...

4 -4 -13 -15 -7 ];

5

6

7 x0 = randn (4,1); % The initial condition (randomly chosen)

8

9 f = @(t,x) A*x; % The vector field (the dynamics)

10

11 tRange = 0:0.1:10; % Time interval of interest (0 to 10, step

0.1)

12

13 [t,x_num] = ode45(f,tRange ,x0); % Numerical solution

�



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

From high-order ODEs to first-order ODEs (cont.)

Example

Consider the second-order linear and homogeneous differential equation

ÿ(t) + 3ẏ(t) + 2y(t) = 0

The initial conditions (at t = 0), {
y(0) = 2

ẏ(0) = −3

We want to determine in its solution

We start by assuming that its solution is given by function y(t) = eλt

Then, we compute the derivatives of the assumed solution

• Up to order n = 2

Then, we have

ẏ(t) = λeλt

ÿ(t) = λ2eλt
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From high-order ODEs to first-order ODEs (cont.)

Now we substitute the solution and its derivatives into the original equation, to get

ÿ(t)︸︷︷︸
λ2eλt

+3 ẏ(t)︸︷︷︸
λeλt

+2 y(t)︸︷︷︸
eλt

= 0

Rearranging, we have

λ2eλt + 3λeλt + 2eλt = 0

eλt
(
λ2 + 3λ+ 2

)
= 0

The roots of the characteristic polynomial λ2 + 3λ+ 2 = (λ+ 2)(λ+ 1) = 0,{
λ1 = −1

λ2 = −2
(Real, with negative real part)

We formulate the general solution,

y(t) = C1e
λ1t + C2e

λ2t

= C1e
(−1)t + C2e

(−2)t
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From high-order ODEs to first-order ODEs (cont.)

y(t) = C1e
(−1)t + C2e

(−2)t

By using the initial conditions, we determine the unknown coefficients,
y(t = 0) = C1 e−t︸︷︷︸

=1

+C2 e−2t︸ ︷︷ ︸
=1

= 2

ẏ(t = 0) = −C1 e−t︸︷︷︸
=1

−2C2 e−2t︸ ︷︷ ︸
=1

= −3

We can then solve for C1 and C2, to get the pair of coefficients

 C1 = 1

 C2 = 1

The solution is stable, as it is the sum of stable exponentials

y(t) = e−t + e−2t



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs 0 5 10

0

0.5

1

t

e−t

0 5 10

0

0.5

1

t

e−2t

0 5 10

0

1

2

t

e−t + e−2t



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

From high-order ODEs to first-order ODEs (cont.)

We can reformulate ÿ(t) + 3ẏ(t) + 2y(t) = 0 as a system of 2 first-order equations

1 We start by introducing two dummy variables{
x1 = y(0)

x2 = y(1)

2 We compute the time derivatives{
ẋ1 = y(1) = x2

ẋ2 = y(2) = −3x2 − 2x1

3 Rewriting in matrix form [
ẋ1(t)
ẋ2(t)

]
︸ ︷︷ ︸

ẋ(t)

=

[
0 1
−2 −3

]
︸ ︷︷ ︸

A

[
x1(t)
x2(t)

]
︸ ︷︷ ︸

x(t)

Note how the two eigenvalues of A equal the roots of the characteristic polynomial

�
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From high-order ODEs to first-order ODEs (cont.)

Example

Consider the second-order linear and homogeneous differential equation

ÿ(t) −3ẏ(t)︸ ︷︷ ︸
flipped sign

+2y(t) = 0

The same initial conditions (at t = 0),{
y(0) = 2

ẏ(0) = −3

We want to determine in its solution

We start by assuming that its solution is given by function y(t) = eλt

Then, we compute the derivatives up to order n = 2, to get

ẏ(t) = λeλt

ÿ(t) = λ2eλt
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From high-order ODEs to first-order ODEs (cont.)

Now we substitute the solution and its derivatives into the original equation, to get

ÿ(t)︸︷︷︸
λ2eλt

−3 ẏ(t)︸︷︷︸
λeλt

+2 y(t)︸︷︷︸
eλt

= 0

Rearranging, we have

λ2eλt − 3λeλt + 2eλt = 0

eλt
(
λ2 − 3λ+ 2

)
= 0

The roots of the characteristic polynomial λ2 − 3λ+ 2 = (λ− 2)(λ− 1) = 0,{
λ1 = 1

λ2 = 2
(Real, with positive real part)

We formulate the general solution,

y(t) = C1e
λ1t + C2e

λ2t

= C1e
(+1)t + C2e

(+2)t



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

From high-order ODEs to first-order ODEs (cont.)

y(t) = C1e
t + C2e

2t

The solution is unstable because at least one of the exponentials in the sum is unstable

By using the initial conditions, we can still determine the unknown coefficients,
y(t = 0) = C1 et︸︷︷︸

=1

+C2 e2t︸︷︷︸
=1

= 2

ẏ(t = 0) = C1 et︸︷︷︸
=1

+2C2 e2t︸︷︷︸
=1

= −3

We can then solve for C1 and C2, to get the pair of coefficients

 C1 = 7

 C2 = −5

The solution,
y(t) = 7et + 5e2t
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From high-order ODEs to first-order ODEs (cont.)

Example

Consider the second-order linear and homogeneous differential equation

ÿ(t) + 1ẏ(t)− 2y(t) = 0

The initial conditions (at t = 0), {
y(0) = 2

ẏ(0) = −3

We want to determine in its solution

�
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From high-order ODEs to first-order ODEs (cont.)

The roots of the characteristics polynomial and the eigenvalues of the state matrix

• The two are closely connected

This fact can be easily checked for small-size systems

Consider the general linear and homogeneous equation y(3) +a2y(2) +a1y(1) +a0y = 0

• A third-order ordinary differential equation

• Its characteristic polynomial P(λ)

λ3 + a2λ
2 + a1λ+ a0

The system as three first-order differential equationsẋ1(t)
ẋ2(t)
ẋ3(t)


︸ ︷︷ ︸

ẋ(t)

=

 0 1 0
0 0 1
−a0 −a1 −a2


︸ ︷︷ ︸

A

x1(t)
x2(t)
x3(t)


︸ ︷︷ ︸

x(t)

,

(After we defined the dummy variables x1(t) = y(t), x2(t) = ẏ(t), and x3(t) = ÿ(t))
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From high-order ODEs to first-order ODEs (cont.)

The eigenvalues of matrix A are given by the values of λ such that det (A− λI ) = 0

We have,

A− λI =

 0 1 0
0 0 1
−a0 −a1 −a2

−
λ 0 0

0 λ 0
0 0 λ


=

−λ 1 0
0 −λ 1
−a0 −a1 −a2 − λ


The determinant,

det

−λ 1 0
0 −λ 1
−a0 −a1 −a2 − λ

 = −λ [λ(λ+ a2) + a1]− a0

= −λ
[
λ2 + a2λ+ a1

]
− a0

= −λ3 − a2λ
2 − a1λ− a0

The determinant is zero for values of λ that are roots of the characteristic polynomial

The eigenvalues of A correspond to the roots of the characteristic polynomial P(λ)

 This is because det (A− λI ) = 0 equals P(λ)
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From high-order ODEs to first-order ODEs (cont.)

Example

Consider a linear and time-invariant homogeneous ODE
...
y + a2ÿ + a1ẏ + a0y = 0ẋ1

ẋ2

ẋ3

 =

 0 1 0
0 0 1
−a0 −a1 −a2

x1

x2

x3



A− λI =

 0 1 0
0 0 1
−a0 −a1 −a2


︸ ︷︷ ︸

A

−λ

1 0 0
0 1 0
0 0 1


︸ ︷︷ ︸

I

=

−λ 1 0
0 −λ 1
−a0 −a1 −a2 − λ



= −λ
[
− λ(−λ− a2) + a1

]
+ 1
[
− a0

]
+ 0

= −λ3 − λ2a2 − λ1 − a0

 λ3 + a2λ
2 + a1λa0 = 0

�
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From high-order ODEs to first-order ODEs (cont.)

When we convert a Nx -order ordinary differential equation that is linear and homoge-
neous, we obtain a system of n first-order ordinary differential equations (unforced)

The general form of the system,

ẋ(t) = Ax(t)

We will look more closely at it

Case 1: The dynamics of the state variables are decoupled

Let x(t) = (x1(t), x2(t), . . ., xNx (t))′ be the set of state variables

• The evolution of state variable xi is not affected by xj
• For all pairs (i , j ), with i , j ∈ {1, . . . ,Nx}
• We say, the dynamics are decoupled

This condition corresponds to a special structure of matrix A

• Matrix A is diagonal
ẋ1(t)
ẋ2(t)

...
ẋn (t)


︸ ︷︷ ︸

ẋ(t)

=


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn


︸ ︷︷ ︸

A


x1(t)
x2(t)

...
xn (t)


︸ ︷︷ ︸

x(t)



CHEM-E7190
2021

Calculus, review

Intro to ODEs

Solution using a
Taylor expansion

Second- and
higher-order

From high to
first order ODEs

From high-order ODEs to first-order ODEs (cont.)


ẋ1(t)
ẋ2(t)

...
ẋn (t)


︸ ︷︷ ︸

ẋ(t)

=


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn


︸ ︷︷ ︸

A


x1(t)
x2(t)

...
xn (t)


︸ ︷︷ ︸

x(t)

The dynamics of the individual state variables have this simple structure
ẋ1 = λ1x1(t)

ẋ2 = λ2x2(t)

...

ẋn = λnxn (t)

We can solve them for a initial condition x(0) = (x1(0), x2(0), . . ., xNx (0))′
x1(t) = eλ1tx1(0)

x2(t) = eλ2tx2(0)

...

xn (t) = eλn txn (0)
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From high-order ODEs to first-order ODEs (cont.)

When we re-write the system of solutions in vector form, we obtain the general solution
x1(t)
x2(t)

...
xn (t)


︸ ︷︷ ︸

x(t)

=


eλ1t 0 · · · 0

0 eλ2t · · · 0
...

...
. . .

...
0 0 · · · eλn t


︸ ︷︷ ︸

eAt


x1(0)
x2(0)

...
xn (0)


︸ ︷︷ ︸

x(0)

The matrix exponential of the state matrix A is a matrix, eAt , and it has size Nx ×Nx

• Its computation is generally difficult for an arbitrary matrix A

• But, it is very easy to compute when matrix A is diagonal

Matrix eAt is called the state transition matrix

• It makes state variables transition in time

• From an initial condition x(0), to x(t)

• According to x(t) = eAtx(0)

• (Remember y(t) = eλty0)
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From high-order ODEs to first-order ODEs (cont.)

Case 2: The dynamics of the state variables are not decoupled

The standard form of the state-space model ẋ(t) = Ax(t) characterises the (unforced)
dynamics in a coordinate system whose components are physically meaningful, typically

• The components x = (x1, x2, . . ., xNx )′ often correspond to physical variables

• Because our state-space models are usually derived from conservation laws

Though interpretable from a process viewpoint, this representation is however arbitrary
and not necessarily convenient in terms of solving for the time evolution of the system

• The solution to systems with decoupled dynamics is much easier to compute

• Simplicity is merely due to the difficulty to compute matrix exponentials

However, the vast majority of process systems do now present decoupled dynamics

• Composition of compounds affect each other

• Temperature affects compositions

• · · ·
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