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Example 1

Consider two chemical species A and B in a solvent feed entering a chemical reactor
® The two species react to form a third one, the product component P
®* A+2B— P

Liquid-phase chemical reactor

~+ Volume V(1) [Al; I /

[Bl; ||V
Temperature is constant [ P]i
~ T(t) = constant
(4]
Volumetric flow-rates [B]
o Fy(t) and Fo(t) [P]
F,

Assuming perfect mixing, our main interest is in the concentrations inside the reactor
~» The concentration of species as a function of time [A4](t), [B](t), and [P](t)
® (Interest also in V/(t), because we do not want to flood/dry the tank)
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Total mass balance

am() AV (oo (1)
dt dt
(mass/time) (volume X (mass / volume) / time)
Pi(t) Fi(t) - po(t) Fo(t)
—~— —— —~— ——

(mass / volume) (volume / time) (mass / volume) (volume / time)

Assuming (!) that the density does not depend on F;

the concentration of A, B and P, we get
(Al /
po(t)=pi(t)=p ~ p#pt) [B): ||V
~ Density does not depend on time [P],
The resulting total mass balance, %A}
B
dV(t

- di ) _ Fy(t) - Fo(t) 7]

&
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Component mass balance
Let [A], [B] and [P] be molar concentrations (moles/volume) of species A, B and P
® Based on some kinetic modelling, we are given the stoichiometric equation

A+2B % p

Assuming that there is no product P in the feed ([P];(t) = 0 for all t > ¢(0)), we have

% = Fi()[A]li(t) — Fo(t)[A]o(t) + V(t)7a(t)
% = Fi(t)[B]i(t) — Fo(t)[Blo(t) + V(t)rp(t)
w = F(OLBHET— Fo(B)[PLo(t) + V(£)rp(t)

ra(t), rp(t) and rp(t) denote generation/consumption rates of species A, B and P

® Given per unit volume, and assume we know the reaction rate constant k

moles
> - / volume
time
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Example I (cont.)

A4+2B-F5p

We can assume that the reaction rate per unit volume for component A is second order

® We can also assume that it depends on the composition of both A(t) and B(t)

ra(t) = —k[A](t)[B](t), (rate of generation of A, per unit volume)

The stoichiometric equation tells us that one mole of A reacts with two moles of B

® ... to produce one mole of P

We can also write the generation rates (per unit volume) for the remaining species

rp(t) = —2k[A](1)[B]()
rp(t) = k[A](4)[B](t)

At this point, we need to substitute their expressions in the mass balances
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Example I (cont.)

Consider the mass balance for component A and differentiate with respect to time

dV(1)[A](t) _ d[A](t) dvi(t)
i = V) —, T AO—
= Fi(t)[Ali(t) — Fo(£)[A](2) — V (2) K[A]()[BI(¢)
g
Dividing by V(t) and rearranging terms, we get
d[A](t) _ Fi(®) Fo(t), V), ~ 1 dv(y)
= AL = LA - SHAEN - s
dV(t)

From the total mass balance, we know that = Fi(t) — Fo(t)

T = T — ST — KA B - Al + %J/f%

= T (410 = 1410) ~ KA 1)
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We can proceed similarly for component B and component P to get their dynamics

d[B](t) _ Fi(t)

dt V(1)
- d[i(t)f;((g(wlz(t) [PIH) + KA BN

=0
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Altogether, we have model equations involving 4 state variables and 4 input variables

alAl)  Fi(o)
U0 _ 5O 41,00 - 14100 - A01B10)
B _ i) 1510y (B1(e)) - 2k A1(0[B)(0)

dt V(t)
dP)(H) _ ()

G = PO+ HAIBI
dv(t)

- Fi(t) - Fo(t)

dt

The state equations of the model consists of four first-order differential equations
~~ Thus four state variables, they are associated with the derivatives

~ Variables V(t), [A](t), [B](t) and [P](¢t) have dynamics

As for the four (five) input variables, some are controls others are disturbances
= Fi(t), Fo(t), [Ali(t), [Bli(t) (and [Pi(t))
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Four initial conditions (at ¢ = 0) are needed for determining the temporal evolution

~ V(0), [A](0), [B](0) and [P](0)

To determine the temporal evolution, we also need to set the inputs to be applied
= Fi(t), Fo(t), [Ali(2), [Bli(t) (and [P]i(t))

® From the initial time ¢ = 0 onwards F,
i o {g}i v
v B o — i
| V([A]z [A]) — k[A][B] [P,
B]| | =X([B): — [B]) — 2k[A][B
H V([]F [B]) — 2k[A][B] o [g]
~ SHP] + kLA B] o
F,

Note how the state equations of the state-space model contains also a parameter, k

~ We assumed it to be time-invariant (that is, k # k(t))
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F; —F,
M| - s
81 7 | -1l ~ [8) — 26[4][5]
7

Fip s wias
~THP] + kl4)(B]

1 (V7 [A] [B] [PLFivFov [A]Z[B]la[P}llka)

_ | (V,[AL[B],[P], Fi, Fo, [A]s[Bl:, [Pl;|k, B)
V,[A],[B], [P], Fs, Fo, [A)i[ B, [Plilk, B)

V,[A], [B], [P], Fi, Fo, [Als[Bls, [Pi|k, B)

)

)
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|

[P] + k[A][B]

Fi
\%4

bz - ll'u
- ([A]; = [A]) — k[A][B]

~ For the input variables, ()
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FI_F()

1% Fi onr _ _

) 7 ([Ali = [A]) - k[A][B]

(B]| 7/([3]7,—[3})—%[/1][3]

[P] F;

~ 1P+ KLA][B]

f (VL [A][B], [P, Fiy Fo, [Ali, [Bli, [Plilk, B)
fg(V,[AL[B],[P],]‘,,,,l(,,[/ﬂ,,[B],,[P]llk,B)
f3 (V,[A],[B], [P], Fi, Fo, [Ali, [Bli, [Plilk, B)
f4(V7[AL[B]:[P]vj‘/vjm[/ulv[UL’U}]imvB)

~ For the parameter(s), 6,

Strictly speaking, B is embedded in the state variable V' and hence not a parameter

® We still need to know it’s value to be able to do computations
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F/ - Fu
v Fyoo
. —([A]; = [A]) — k[A]|B
Al _ F{/( [A] [A][B]
(B] + ([Bli = [B]) - 2k[4][5]
[P] F

~ P+ KA B]

For compactness, we can now write the state-space equations using the control notation

Ul — Uz

. U1

1 fi (z,u|02) f('zz;g — :EQ) — ko3
T _ fa (xv '“Iam) — ,]il
z3 f3 (1, '11,|97,) 7(,1”,1 — ng) — 2kxox3
% fa (@, ul0z) . U1 T4

—_— _ o
i Fa,ulor) R

1
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Example I (cont.)

Let z/(t) = [z(t) — zss (t)], v/ (t) = [u(t) — ugss(t)], for some steady-state (zgs, uss)

We write a linearised model, #/(t) = Az’ (t) + Bu’/(t) by computing matrix A and B

-afl ($, “)
oz
Ofe(z,u)
o0x1
Ofs(x, u)
o0z
6f4(:r, u)

L On

_8f1 (xv u)
ouy
Ofa(z, u)
Ouy
8f3($7 u)
ouq
8f4($, u)

L Ow

ISS,USS

TSS,USS

TSS,USS

TSS,USS

TSS,USS

TSS,USS

TSS,USS

ISS,USS

Ofi(z,u)

Oxo
Ofe(z,u)

012
Ofs(x, u)
Oz
af4 (CE, u)
Oxo

8f1 (1}, u)
Jug
Ofa(z, u)

Oug
8f3 (177 u)

Ous
Ofa(w, u)

Oug

TSS,USS

TS, USS

TSS,USS

TSS,USS

TSg,USS

TSS,USS

TSS,USS

TSS,USS

Ofi(z,u)

O3
Ofz(z,u)
Ox3
Ofs(x, u)
Oxs
8f4($6, u)
Ox3

3f1 (.73, u)
Oug
Ofz(z,u)
Oug
8f3($7 u)

oug
Ofa(w, u)

oug

TSS,USS

TS, USS

TSg,USS

TSS,USS

TSS,USS

TSS,USS

TSS,USS

TSS,USS

Ofi(z,u) 7

Oxy
Ofz(z,u)
0x4
Ofs(z, u)
O0xy
8f4(1" u)
Oxy

TSS,USS

TS ,USS

TSS,USS

TsS,Uss -

afl (CI?, u) ]
Ouy

Ofa(z,u)
Oug

8f3($, u)

Ouy
(9f4(:13, u)

Oug

TS ,Uss

TSS,USS

TSS,USS

Zss,uss -
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U — u2
. ul
1 — (u3 — x2) — kzams
To umll
73 — (u4 — 23) — 2kxoa3
T4 Eat

U1 T4
- + kxoxs
x1

By taking the partial derivatives of f with respect to the state variables z, we obtain

A=
0 0 0 0
uy (uz — x2) u1
— (—— — kas) —kxo 0
] T5S,USS 1 T5S,USS Z5S,USS
u1 (ug — x3) u1
- —2kx3 (—— — 2kx2) 0
112 Z3S5,USS Z35,USS 1 S5, USS
UL T4 ul
5 k ko e
Iy 'z8s,uss LSS, USS x1'zss,uss

For some fixed point (zgg, uss)
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Uy — u2
. Uy
T — (u3 — 22) — kzpx3
Zo| uivll
) — (u4 — 23) — 2kxoa3
T4 z1

U1T4
— + kxoxs
x1

By taking the partial derivatives of f with respect to the input variables u, we obtain

1 -1 0 0
u3z — T2 ul
—_— 0 — 0
1 Z55,USs T1'zgs,uss
B=|u—x3 ul
G 0 0 _
x1 Z3S,USS x1 lzgs,uss
T4
- 0 0 0
T1'zss,uss

Again, for some fixed point (zgg, ugs)



The nonlinear model linearised around (zsg, uss)
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0 0 0 0
u1(us — z2) w1
P =)l mm) e M gk o | TO)
z12 al
U1 T4 u1
5 k ko -
3 1| gg
r 1 —1 0 0
BBy Mg
1 1
+ | wa — a3 0 g U u’(¢)
1 1
B0 0 o
L 1 SS

Assuming that we can measure all the state variables, for y’(t) = y(t) — yss we have

1 0 0 0 [0 0 0 O
v _l0 1 0 of , oo o of,
=19 o0 1 o/TWHlg o o of*®
00 0 1 00 0 0O

What is ygg?



