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We consider two irreversible chemical reactions in a perfectly mixed chemical reactor
®*A—B—C
® 2A — D

The two reactions compete to convert species A, species B is the desired product

The chemical reactor operates in liquid-phase

~ Assume constant volume, V # V(t) F; %l |

~» Assume constant density, p # p(t) [C]: 7
Assume constant temperature [D]z

~ T(t) # T(t) (4]
Volumetric flow-rates LC)]]

w Fy(t) and Fo(t) [B] fo

Our interest is in understanding the dynamics of the concentrations inside the reactor
~~ The concentration of species A, B, C and D, as a function of time
e [A](t), [B](t), [C](t), and [D](t) (molar concentrations, [mol 1t~1])
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2

Reaction rate constants (per unit volume)

[Al;
F;
k1 ko Ti /
A—=B-—=C [C]s v
ks (Dl
2A — D
Assume that only component A is fed (4]
* [Bli(#), [Cli(2), [Di(t) = 0 LC)]]
© [A1(1) £ 0 Fa
[B]

The total material balance, under the assumption of a constant volume in the tank
Total mass balance
dV(¢)
dt
As a result, we simplify notation
® V(t) = constant = V
° Fi(t)=Fo(t)=F(t)

= Fy(t) = Fo(t) = 0
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k k
A B2 ¢

24 *3, p

e [B]i(t),[Ci(¢),[Dli(t) =0
° [Ali(t) #0

[A];
[Bli
[Cl;
[D];

J

[4]

(D]
(B]

Mass balance for component A

d
—v
dt
()
v

[A](t) = F()[Ali(t) = F(£)[A(t) — VEL[A](t) — Vks[A]*(¢)

(143 = [41()) = BalAI(®) — ks A2 (1)
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24 *3, p

o [Bi(1), [C1:(1), [D)i(t) = 0
o [AL(t) £0

[A];
[Bl;
[Cli
[D];

J

[A]

(D]
(B]

Mass balance for component B, C, and D

d _F()
E[B](t) =

F(t)

L1010 = T (ier-1010) + kB0

F(t)

L1010 = T (1Dt 1D1(0) + S [AP(0)

v

(BT~ BI(0)) + k1 [A)(8) — a[BI(0)
——
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]
F;
Aty gk o % J /

B
(C:
24 *3, p (Dl Vi
(4]

® [Bli(t),[Ci(t), [D]i(t) =0 (€]
° [Ali(t) #0 [D] Fn
(B]

Putting things together, we get the dynamics of the state-space model of the reactor

a1 = T (130~ 1410) — A1) — kslAP()

L1510 = ~"Wigi0) 4 ma141(8) ~ alB)0 by = 5/6 [min"")

(ilt F‘(/t) k2 = 5/3 [min~1]

100 = == 71010 + kBl ks = 1/6 [1t(mol " min )]
o1 =~y + Distaz



Example II (cont.)

La = T 1500 - 110 — ks 1410) — sl420
110 = ~Tim10) + ka1410) ~ RalB))
L1 = ~1010) + atmie)
L1010 = - 2011y + kst
~ State variables, z(t)
A [m
s = [BIO| _ =)
(0| = |0
101 I E e
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La = T (14100 - 110 — ks l410) — sl
d F(t)
L1810 = ~EB10) + kal41() ~ B0
%mm=—%ﬁmm+@mm

20

SID)(0) =~ DI + AP0

~ Input variables, u(t)
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a1 = D210 - 1410) — A1) — kslAP(0)
L1510 = -2 im0 + k1410 ~ alB))

Lo = -Lie1 + watmiy

oo = "oy + rslae

~~ Parameters, 05
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o L1a10 = (1410 - 110) — 1410 - k142 ()
d F(t)
110 = ~" im0 + k1 1410) ~ kalBY)
Lie1 = ~E010) + kalB)e)
o1ty = =Sy + St

Using the control notation, we get

dxl(t) U (f)
dt 0.4
dCCQ(t) Ul <L>
T
das(t) w1 (1)
at o4
daa(t) uy (t)
dt - 0s,4

(v2(t) = 21(1)) = Os a1 () — oz (1)

22(t) + 0,121 () — O 222(t)
z‘g(t) + 9%21'2(15)

1
x4 (t) + 59.7:,39512(?5)
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dz (t) u1 (1)

T (v2(t) = 21(0)) = a1 (1) — k(1)

f1(z,ul0z)

de’Q(t) uq (t)
= — ~xo(t Or171(t) — Oy 0x(t
1 6o v2(t) 4+ Oy, 171 (t) — Oy 272(t)

fa(z,ul0z)

da3 (1) u1 (1)
=— 23(t) 4 0y 02 (1
dit 0:1,:4 ‘[3( )+ ’ZIQ( )

fa(z,ul0z)
dza(t) ug (t)

1 .
=- t) 4+ =0, 322 (t
dt 02 4 x4 (t) + 3 2,377 (1)

fa(z,ul6s)

o a(t) = f(2(t), u(t)]0)
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da:l(t) _ '111(/,)

(Wu) —z (t)) — 0,121 (t) — ksz2(t)

dt 0s,4
daza(t) uy (t)
= — t (o 1) — 0y t
dt ‘9:1“,‘,4 wQ( )+ lel( ) 72x2( )
das(t) u (¢)
= 3(t) + 04 3
" ioa 23(1) + Oz,272(t)
day (1) u (t)

1
= 4 (1) + =0, 332 (¢
T oo x4 ( )+2 2,371 (t)

Suppose that we are capable of measuring the concentration of B, we then also have

{L“l(t)

_ z2(t) u1(?)
y(t)y=[0 1 0 0] z3(1) +L0 ,_/0] LZ([J
o 24(1) D

g(z(t),u(t)|0s)
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The dynamics are a set of nonlinear equations, the measurement equation is linear

et 1;1”(:)(“2 (1) =z (1)) — Oz 121 (t) — k;g:l:iz(t)
n(t 1
i - Zalg:(,;)”‘(t) + Pesat(®) ]
z1 (1)
_ x2(t) w1 ()
y(t)=[0 1 0 0] ;(t) +[0 0] [,,:(/,)}

To be able to proceed with the tools of linear systems theory, we need to linearise

® Approximate nonlinearities with first-order Taylor series expansions
® About some convenient steady-state point, (55, u5%)

o5 = (o a5 2§S «fS]T =[5 (BSS (15 [D]SS]T

8= W] (RS (4)59]7

u
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How to determine the steady-state point associated to a desirable operating conditions?
® By simulation, integrate the model until stationarity is reached

® By optimisation, solve f(z,u) = 0 with respect to z and u
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Example IT
At steady-state all derivative are zero, for component [A] we thus have

d[Aj(t) _ F®

(1155 = (A1) = Bal 4] (1) — ks [AP(2)

dt %
= —ks[A12(1) - [4](1) (1 ; k> NENES
1% %4 v
=0
We get the second-order equation in the variable [A4](t),
ks[A]2 (1) + <F’$ + kl) Al — o =0
4 v

—b£Vb2 - 4ac

Second-order equation: az? 4 bz + ¢ = 0 with solutions T2 = 2
a
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k3[A)2(t) + (F{; + k:l) [A](t) — F"/ [Al; =0
v ——
az? —_— e
bx

The steady-state values for [A], given /77 and [A]

F SS F SS 2 F SS
— |k : k : Akg ——[A]70
B < 1+ % ) ( 1+ v > + 4ks3 v 15
[A17% = +

2k3 2k3

We need to consider only the root where [A] is positive,

F5S Fss\? FSS
— (% ! k : 4k3 ——[A]5S
[A]SSi <1+ V>+ <1+ V> + dv,],

2ks 2ks
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Proceeding similarly for component [B], we can write

— - (811 (rv + k) kA1)
——

[A]SS

We get the first-order equation in [B](t)

FSH
[B](t)( 0 +k~2> — ki[A] =0

The steady-state value for [B],

k1 [A]SS

/_,‘HS
v + k2>

(8] =

given F°7, [A]79 and [A]%°
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Substituting [A]°, we get

k1 [A] SS

- 15

18] =

FSH
— k L2
( 1+ v )

2k’3 2k3
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For component [C], we have

d[C](®) _ —[C)(t) (F;S> + k2 [B](t)

dt ——
(555

=0

We get the equation,

(FV> [C)(1) - ka[B) =0

The steady-state value for [C],

ko [B]SS

[C]SS —

given 759, [A]95 [A]5S and [B]%S



CHEM-E7190
2023

Example IT

Example II (cont.)

Substituting [B]5%, we get

_ k2[B]%S

[C}SS _ W
(%)

k1
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Finally, for component [D] we have

d[D](?)
dt

SS
= D)1 <F;', > + ok [AP()
([A]59)2

=0

We get the equation,

<F§.S> DI(8) ~ Sha((41%)? =0

The steady-state value for [D],

Sha([4]59)2

(FZjS>

D)% =

given F9, [A]$5, [A]%, and [B]%%
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Substituting [A]%%, we get

1
(D% = Sk
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11

[APS

RN W A OO N

~r o o

N
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ss
1 [B]
1.5 w : ; 1.2
11 1
1 L
%).—. 8._ " 0.8
.“_3.0 5 | < 0.6
0 : : : 0.2
0 1 2 3 4 3

SS
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Example IT FZ.SS 4
= —min SS
ss _ v 7 _ | Fi
c " . 1 i
(B / [A]7° =10 mol 1~
€l |7 uSS
1
o = [
[A] Then, determine the corresponding fixed point
g] 3.0000 mol 1t—1 AR
F, S8 _ | 1.1170 mol =t [[B]%®
(B] ~ 132580 mol 1t~ | ~ |[C]55
1.3125 mol 1t~1 [D]%8
(o s o T

Note that we replaced the first input variable (the feed flow-rate, F;(t))
® We will use the space-velocity F;(t)/V, instead

® No difference, as the volume V is constant
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; ; ss .S8S ,.8S ,.SS Ss . S8 ; H
I Given a steady-state point ((z7°, 57,257, 27> ), (uf”, u5”)), we linearise the model

We start by defining the deviation variables, for both state- and input variables

® For the state variables, we have

a1 (t) - [A)(t) — [4]5
sy - |20 - w2 _ |Bi(y - [B]sS
ws(t) =% | = | (C](1) - []F
as(t) — 28] [[DI() - [D)SS

® For the input variables, we have

W (t) = {ul(t)*“iqs} _ [Fz‘(t)/VfFfS/V

up(t) — ud® [ALi(t) — [A)F%

Then proceed by computing the Jacobians of dynamics at steady-state (zss, uss)
~» State matrix A and input matrix B
~ ! (t) = Az’ (t) + Bu/(1)
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s (4) (u2(t) = 21.(4)) = 0,121 (£) = 0,302 (8)]

f1
—ul (”%Q([) =+ 9/,;>1I1 <L> — 9/1;72‘1'2([)

Example IT

.’I/fl(ﬁ) >
Irigi; = 7(11(/}:&3([)+6;,,#2I2(L)
2a(?) f

1 .
—up (t)za(t) + 591;7;3:1;12(1&)

- fa
~ A=
Or1 Oz Oz Oxg
oL of: Ok Ok —u1 = 051 — 205 301 0
oz Oxo Oxs [Z _ 91,1 —Uu1 — 91,2
on Oh Oh Ok 0 e
Ox; Oxz Oxz Oxy 0,371 0
LOz; Omz Oxzz Owyd g9
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We get,
Example IT [—u1 — 0x,1 — 205 311 0 0 0
A= 0,1 —up —0z2 O 0
B 0 91’,2 —ul 0
L 0z,371 0 0 —u1] gg
[—uP® — 05,1 — 20, 3205 0 0 0
_ 0z,1 —uPS — 0,0 0 0
- 0 0.2 S 0
L Oy 3-Tigs 0 0 —uigs
[—(4/7) = (5/6) — 2 x (1/6) x 3 0 0 0
_ (5/6) —(4/7) - (5/3) 0 0
0 (5/3) (=4/7) 0
(1/6) x 3 0 0 —(4/7)

We used 6 = [0;,1  Oz2 9.7@,3]T =[k ke k)g]T =[(5/6) (5/3) (1/6)]T and

oS [A]58 3.0000
G55 _ |=5 | _ [[BI%Y] _ |1.1170
29 [C]58 3.2580
x5 [D]%5 1.3125
4SS _ w1 _ [FFS/ V] _ [4/7
uy® [A]SS 10
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Example IT -“I U) (“'2 (/) — 1 (t)) _ 91:71 1 (t) _ 9;1:,31L‘i2(t)-
fi
—ui (;/)w2<t) + 9:1:,11'1 (t) - 9:1:,2132(0
“(t) f2
2o (t
JILZ;E?‘; = —u1 (t)x3(t) 4 Ox,222(t)
24 (t) f3
. 1 9
—up (t)za(t) + 59113.’1;1‘(7‘/)
- Ja
on on)
8’114 auz
J B = 8u1 8u2 _ — X2 0
o ok a0
ou Oug —4 0 3s
o ol
_8u1 87142_ SS
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We get,
Example IT -U2 -1 w
B— —x2 0
B —13 0
L~z Oy
wSs _ 33153 uss
_ | -t 0
- —acrfs 0
L 0
10-3  (4/7)
—1.1170 0
~ | —3.2580 0
—1.3125 0
‘We used,
xS [4)55 3.0000
2S5 _ w3 | _ | [B]SS| _ |1.1170
z9 [C)58 3.2580
xS [D]%5 1.3125

o G- () 4
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