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Exercise 1. Consider a pair of surge tanks of cross-sectional area A1 and A2, respectively.
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<latexit sha1_base64="/FJwOJGOoSj41orjkwrak3v2nvs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh+u+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4vK/WbPI4inMApnIMHNajDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwC3141p</latexit><latexit sha1_base64="/FJwOJGOoSj41orjkwrak3v2nvs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh+u+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4vK/WbPI4inMApnIMHNajDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwC3141p</latexit><latexit sha1_base64="/FJwOJGOoSj41orjkwrak3v2nvs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh+u+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4vK/WbPI4inMApnIMHNajDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwC3141p</latexit><latexit sha1_base64="/FJwOJGOoSj41orjkwrak3v2nvs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh+u+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4vK/WbPI4inMApnIMHNajDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwC3141p</latexit>
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<latexit sha1_base64="0sACEI5IS5NqK0PAcHoWAryjc1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8VrS20oWw2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O6WV1bX1jfJmZWt7Z3evun/wqJNMMWyxRCSqE1CNgktsGW4EdlKFNA4EtoPR9dRvP6HSPJEPZpyiH9OB5BFn1Fjp/qYf9qs1t+7OQJaJV5AaFGj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VNEbt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif181MdOnnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9ndc+te3fntcZVEUcZjuAYTsGDC2jALTShBQwG8Ayv8OYI58V5dz7mrSWnmDmEP3A+fwAM0I2h</latexit><latexit sha1_base64="0sACEI5IS5NqK0PAcHoWAryjc1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8VrS20oWw2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O6WV1bX1jfJmZWt7Z3evun/wqJNMMWyxRCSqE1CNgktsGW4EdlKFNA4EtoPR9dRvP6HSPJEPZpyiH9OB5BFn1Fjp/qYf9qs1t+7OQJaJV5AaFGj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VNEbt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif181MdOnnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9ndc+te3fntcZVEUcZjuAYTsGDC2jALTShBQwG8Ayv8OYI58V5dz7mrSWnmDmEP3A+fwAM0I2h</latexit><latexit sha1_base64="0sACEI5IS5NqK0PAcHoWAryjc1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8VrS20oWw2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O6WV1bX1jfJmZWt7Z3evun/wqJNMMWyxRCSqE1CNgktsGW4EdlKFNA4EtoPR9dRvP6HSPJEPZpyiH9OB5BFn1Fjp/qYf9qs1t+7OQJaJV5AaFGj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VNEbt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif181MdOnnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9ndc+te3fntcZVEUcZjuAYTsGDC2jALTShBQwG8Ayv8OYI58V5dz7mrSWnmDmEP3A+fwAM0I2h</latexit><latexit sha1_base64="0sACEI5IS5NqK0PAcHoWAryjc1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8VrS20oWw2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O6WV1bX1jfJmZWt7Z3evun/wqJNMMWyxRCSqE1CNgktsGW4EdlKFNA4EtoPR9dRvP6HSPJEPZpyiH9OB5BFn1Fjp/qYf9qs1t+7OQJaJV5AaFGj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VNEbt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif181MdOnnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9ndc+te3fntcZVEUcZjuAYTsGDC2jALTShBQwG8Ayv8OYI58V5dz7mrSWnmDmEP3A+fwAM0I2h</latexit>

The tanks, depicted in the figure, are drained by gravity in such a way that the outflow from
the first tank is Fm(t) = α1(h1)

1/2 and the outflow from the second tank is Fo(t) = α2(h2)
1/2;

α1 and α2 indicate the resistance-to-flow coefficients associated with these two streams, h1(t)
and h2(t) indicate the liquid levels in the tanks Moreover, we denote the influent flow-rate
to the first tank as Fi(t) and we let Fd(t) indicate an additional influent to the first tank.

The control task consists of controlling the liquid levels in the two tanks by manipulating the
influent flow-rate to the first tank, when the flow-rate of the additional influent to the first
tank is zero. We assume that the liquid levels h1(t) and h2(t) in the two tanks are measured
and we assume that all the flow-rates (Fi(t), Fm(t), Fd(t), and Fo(t)) are measured, too.

1. Derive the total mass balances for the two tanks and treat it as system model (10%);

2. Identify state-variables, input variables, and measured variables (10%);

3. Rewrite the total mass balance as state-space model in terms of x, u and y (10%);

4. Assuming steady-state conditions F̃i, h̃1 = F̃i/α
2
1 and h̃2 = F̃i/α

2
2, linearise the state-

space model around this fixed point and write it down in linearised form using the
deviation variables x′, u′ and y′ (40%);

5. For A1 = 1, A2 = 1, α1 = 1, α2 = 1 and F̃i = 1, i) study the stability of the linearised
state-space model (10%); ii) compute the controllability matrix and comment on the
controllability of the pair (A,B) (10%); and, iii) compute the observability matrix of
the system and comment on the observability of the pair (A,C) (10%).
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