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Principle of optimality

We discussed how to solve an optimal control problem using dynamic programming

• The principle of optimality

• Backward recursion
x(T )
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Optimal control trajectory u∗(·)
• Transfer from x(0) to x(T )

• Optimal cost J (x0)

The initial state is fixed, x0

Consider a point tk in between 0 and T , ‘an optimal policy has the property that
whatever the previous state and control, the remaining controls must constitute an
optimal policy with respect to the state resulting from the previous decision’
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Principle of optimality (cont.)

x(T )
<latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit>

x(0) = x0
<latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit>

J (x0)
<latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit>

x(tk)
<latexit sha1_base64="afw9+9DIlaE33aZZj0SrGq5HQ50=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMF+wFtKJvtpl272Q27E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3Hpk2XMl7HCcsiMlA8ohTglZqPlWwNzrrlcpe1ZvBXSZ+TsqQo94rfXX7iqYxk0gFMabjewkGGdHIqWCTYjc1LCF0RAasY6kkMTNBNrt24p5ape9GStuS6M7U3xMZiY0Zx6HtjAkOzaI3Ff/zOilGV0HGZZIik3S+KEqFi8qdvu72uWYUxdgSQjW3t7p0SDShaAMq2hD8xZeXSfO86ntV/+6iXLvO4yjAMZxABXy4hBrcQh0aQOEBnuEV3hzlvDjvzse8dcXJZ47gD5zPHwE2jr0=</latexit><latexit sha1_base64="afw9+9DIlaE33aZZj0SrGq5HQ50=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMF+wFtKJvtpl272Q27E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3Hpk2XMl7HCcsiMlA8ohTglZqPlWwNzrrlcpe1ZvBXSZ+TsqQo94rfXX7iqYxk0gFMabjewkGGdHIqWCTYjc1LCF0RAasY6kkMTNBNrt24p5ape9GStuS6M7U3xMZiY0Zx6HtjAkOzaI3Ff/zOilGV0HGZZIik3S+KEqFi8qdvu72uWYUxdgSQjW3t7p0SDShaAMq2hD8xZeXSfO86ntV/+6iXLvO4yjAMZxABXy4hBrcQh0aQOEBnuEV3hzlvDjvzse8dcXJZ47gD5zPHwE2jr0=</latexit><latexit sha1_base64="afw9+9DIlaE33aZZj0SrGq5HQ50=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMF+wFtKJvtpl272Q27E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3Hpk2XMl7HCcsiMlA8ohTglZqPlWwNzrrlcpe1ZvBXSZ+TsqQo94rfXX7iqYxk0gFMabjewkGGdHIqWCTYjc1LCF0RAasY6kkMTNBNrt24p5ape9GStuS6M7U3xMZiY0Zx6HtjAkOzaI3Ff/zOilGV0HGZZIik3S+KEqFi8qdvu72uWYUxdgSQjW3t7p0SDShaAMq2hD8xZeXSfO86ntV/+6iXLvO4yjAMZxABXy4hBrcQh0aQOEBnuEV3hzlvDjvzse8dcXJZ47gD5zPHwE2jr0=</latexit><latexit sha1_base64="afw9+9DIlaE33aZZj0SrGq5HQ50=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMF+wFtKJvtpl272Q27E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoZuq3Hpk2XMl7HCcsiMlA8ohTglZqPlWwNzrrlcpe1ZvBXSZ+TsqQo94rfXX7iqYxk0gFMabjewkGGdHIqWCTYjc1LCF0RAasY6kkMTNBNrt24p5ape9GStuS6M7U3xMZiY0Zx6HtjAkOzaI3Ff/zOilGV0HGZZIik3S+KEqFi8qdvu72uWYUxdgSQjW3t7p0SDShaAMq2hD8xZeXSfO86ntV/+6iXLvO4yjAMZxABXy4hBrcQh0aQOEBnuEV3hzlvDjvzse8dcXJZ47gD5zPHwE2jr0=</latexit>

J (x(tk))
<latexit sha1_base64="U4jCBaJHyIv7rXEJJKiSX5tZces=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VoNyURQZdFN+Kqgn1AE8pkOmmHTiZh5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59taWl5ZXVsvbBQ3t7Z3du29/aaOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg18Vv3TGkeyzsYJcyPSF/ykFMCRurahzeeYCGUH8rQHVY8xfsDqHTtklN1psCLxM1JCeWod+0vrxfTNGISqCBad1wnAT8jCjgVbFz0Us0SQoekzzqGShIx7WfT68f4xCg9HMbKlAQ8VX9PZCTSehQFpjMiMNDz3kT8z+ukEF74GZdJCkzS2aIwFRhiPIkC97hiFMTIEEIVN7diOiCKUDCBFU0I7vzLi6R5WnWdqnt7Vqpd5nEU0BE6RmXkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifP3zClJY=</latexit><latexit sha1_base64="U4jCBaJHyIv7rXEJJKiSX5tZces=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VoNyURQZdFN+Kqgn1AE8pkOmmHTiZh5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59taWl5ZXVsvbBQ3t7Z3du29/aaOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg18Vv3TGkeyzsYJcyPSF/ykFMCRurahzeeYCGUH8rQHVY8xfsDqHTtklN1psCLxM1JCeWod+0vrxfTNGISqCBad1wnAT8jCjgVbFz0Us0SQoekzzqGShIx7WfT68f4xCg9HMbKlAQ8VX9PZCTSehQFpjMiMNDz3kT8z+ukEF74GZdJCkzS2aIwFRhiPIkC97hiFMTIEEIVN7diOiCKUDCBFU0I7vzLi6R5WnWdqnt7Vqpd5nEU0BE6RmXkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifP3zClJY=</latexit><latexit sha1_base64="U4jCBaJHyIv7rXEJJKiSX5tZces=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VoNyURQZdFN+Kqgn1AE8pkOmmHTiZh5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59taWl5ZXVsvbBQ3t7Z3du29/aaOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg18Vv3TGkeyzsYJcyPSF/ykFMCRurahzeeYCGUH8rQHVY8xfsDqHTtklN1psCLxM1JCeWod+0vrxfTNGISqCBad1wnAT8jCjgVbFz0Us0SQoekzzqGShIx7WfT68f4xCg9HMbKlAQ8VX9PZCTSehQFpjMiMNDz3kT8z+ukEF74GZdJCkzS2aIwFRhiPIkC97hiFMTIEEIVN7diOiCKUDCBFU0I7vzLi6R5WnWdqnt7Vqpd5nEU0BE6RmXkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifP3zClJY=</latexit><latexit sha1_base64="U4jCBaJHyIv7rXEJJKiSX5tZces=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VoNyURQZdFN+Kqgn1AE8pkOmmHTiZh5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59taWl5ZXVsvbBQ3t7Z3du29/aaOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg18Vv3TGkeyzsYJcyPSF/ykFMCRurahzeeYCGUH8rQHVY8xfsDqHTtklN1psCLxM1JCeWod+0vrxfTNGISqCBad1wnAT8jCjgVbFz0Us0SQoekzzqGShIx7WfT68f4xCg9HMbKlAQ8VX9PZCTSehQFpjMiMNDz3kT8z+ukEF74GZdJCkzS2aIwFRhiPIkC97hiFMTIEEIVN7diOiCKUDCBFU0I7vzLi6R5WnWdqnt7Vqpd5nEU0BE6RmXkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifP3zClJY=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

tk
<latexit sha1_base64="3vDTZ6sagZjXasf+nls+J0p/W4A=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfvjvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV2AjdY=</latexit><latexit sha1_base64="3vDTZ6sagZjXasf+nls+J0p/W4A=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfvjvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV2AjdY=</latexit><latexit sha1_base64="3vDTZ6sagZjXasf+nls+J0p/W4A=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfvjvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV2AjdY=</latexit><latexit sha1_base64="3vDTZ6sagZjXasf+nls+J0p/W4A=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfvjvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV2AjdY=</latexit>

T<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

J 0 (x(tk))
<latexit sha1_base64="T/Ma1j7He0sDbfZ9CmUb3+KJGRs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR20tJRNBj0Yt4qmBboQlls920SzebsDsRSyj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwgEVyD43xbhaXlldW14nppY3Nre8fe3WvpOFWUNWksYnUfEM0El6wJHAS7TxQjUSBYOxheTfz2A1Oax/IORgnzI9KXPOSUgJG69sHNiSdYCJXHCnSHVU/x/gCqXbvs1Jwp8CJxc1JGORpd+8vrxTSNmAQqiNYd10nAz4gCTgUbl7xUs4TQIemzjqGSREz72fT8MT42Sg+HsTIlAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEF37GZZICk3S2KEwFhhhPssA9rhgFMTKEUMXNrZgOiCIUTGIlE4I7//IiaZ3WXKfm3p6V65d5HEV0iI5QBbnoHNXRNWqgJqIoQ8/oFb1ZT9aL9W59zFoLVj6zj/7A+vwB4DaUxw==</latexit><latexit sha1_base64="T/Ma1j7He0sDbfZ9CmUb3+KJGRs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR20tJRNBj0Yt4qmBboQlls920SzebsDsRSyj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwgEVyD43xbhaXlldW14nppY3Nre8fe3WvpOFWUNWksYnUfEM0El6wJHAS7TxQjUSBYOxheTfz2A1Oax/IORgnzI9KXPOSUgJG69sHNiSdYCJXHCnSHVU/x/gCqXbvs1Jwp8CJxc1JGORpd+8vrxTSNmAQqiNYd10nAz4gCTgUbl7xUs4TQIemzjqGSREz72fT8MT42Sg+HsTIlAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEF37GZZICk3S2KEwFhhhPssA9rhgFMTKEUMXNrZgOiCIUTGIlE4I7//IiaZ3WXKfm3p6V65d5HEV0iI5QBbnoHNXRNWqgJqIoQ8/oFb1ZT9aL9W59zFoLVj6zj/7A+vwB4DaUxw==</latexit><latexit sha1_base64="T/Ma1j7He0sDbfZ9CmUb3+KJGRs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR20tJRNBj0Yt4qmBboQlls920SzebsDsRSyj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwgEVyD43xbhaXlldW14nppY3Nre8fe3WvpOFWUNWksYnUfEM0El6wJHAS7TxQjUSBYOxheTfz2A1Oax/IORgnzI9KXPOSUgJG69sHNiSdYCJXHCnSHVU/x/gCqXbvs1Jwp8CJxc1JGORpd+8vrxTSNmAQqiNYd10nAz4gCTgUbl7xUs4TQIemzjqGSREz72fT8MT42Sg+HsTIlAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEF37GZZICk3S2KEwFhhhPssA9rhgFMTKEUMXNrZgOiCIUTGIlE4I7//IiaZ3WXKfm3p6V65d5HEV0iI5QBbnoHNXRNWqgJqIoQ8/oFb1ZT9aL9W59zFoLVj6zj/7A+vwB4DaUxw==</latexit><latexit sha1_base64="T/Ma1j7He0sDbfZ9CmUb3+KJGRs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR20tJRNBj0Yt4qmBboQlls920SzebsDsRSyj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwgEVyD43xbhaXlldW14nppY3Nre8fe3WvpOFWUNWksYnUfEM0El6wJHAS7TxQjUSBYOxheTfz2A1Oax/IORgnzI9KXPOSUgJG69sHNiSdYCJXHCnSHVU/x/gCqXbvs1Jwp8CJxc1JGORpd+8vrxTSNmAQqiNYd10nAz4gCTgUbl7xUs4TQIemzjqGSREz72fT8MT42Sg+HsTIlAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEF37GZZICk3S2KEwFhhhPssA9rhgFMTKEUMXNrZgOiCIUTGIlE4I7//IiaZ3WXKfm3p6V65d5HEV0iI5QBbnoHNXRNWqgJqIoQ8/oFb1ZT9aL9W59zFoLVj6zj/7A+vwB4DaUxw==</latexit>

Partial optimal control trajectory

u∗(tk  T )

• Transfer from x(tk ) to x(T )

• Optimal cost J (x(tk ))

Another partial control trajectory
u′(tk  T ) which is admissible

• Transfer from x(tk ) to x(T )

• Cost J (x(tk ))

Suppose that J (x0) is the total optimal cost to transfer the state from x(0) to x(T )

• Then J (x(tk )) must be the optimal cost from x(tk ) to x(T )

A control trajectory such that J ′ (x(tk )) < J (x(tk )) would contradict the assumption

• (Equality may occur if the optimal control is not unique)
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Optimal control with dynamic programming

We consider an arbitrary discrete-time dynamical system, with initial condition x0 = x0

xk+1 = f (xk , uk ) , k = 0, . . . ,K

In general, the dynamics could be time-varying

Consider the cost to transfer the
state from each xk to xK

J (xk , uk ) = E (xK ) +

K−1∑
k=n

L (xk , uk )

n = 0, 1, . . . ,K − 1

x(T )
<latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit><latexit sha1_base64="TJiMDhceh4gcV8lvuPpth+MszU8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxQr+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53UeqNItky8xi6gs8lixkBJtMeqq2LofliltzF0DrxMtJBXI0h+WvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmqeW/Me6pXGbR5HEc7gHKrgwTU04B6a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz9RKY2/</latexit>

x(0) = x0
<latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit><latexit sha1_base64="opwh9Uf1mx6UgG3sbH0cTQHzOds=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeilZEfQiFL14rGAf0C5LNk3b0GyyJFlpWQr+FS8eFPHq7/DmvzHb7kFbBwLDzHzJlwljzrRB6NsprKyurW8UN0tb2zu7e+7+QVPLRBHaIJJL1Q6xppwJ2jDMcNqOFcVRyGkrHN1mfuuRKs2keDCTmPoRHgjWZwQbKwXu0biCzuA17Eqbyi5Jx9MABW4ZVdEMcJl4OSmDHPXA/er2JEkiKgzhWOuOh2Ljp1gZRjidlrqJpjEmIzygHUsFjqj209n6U3hqlR7sS2WPMHCm/p5IcaT1JAptMsJmqBe9TPzP6ySmf+WnTMSJoYLMH+onHBoJsy5gjylKDJ9YgolidldIhlhhYmxjJVuCt/jlZdI8r3qo6t1flGs3eR1FcAxOQAV44BLUwB2ogwYgIAXP4BW8OU/Oi/PufMyjBSefOQR/4Hz+ALldlLI=</latexit>

J (x0)
<latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit><latexit sha1_base64="D/js8xT9lDXhQl7YeUjPQObBX7U=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyURQZdFN+Kqgn1AE8JkOmmHTiZh5kYsoRs3/oobF4q49R/c+TdO2iy09cDA4ZxzZ+aeIOFMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZDbCinAnaAgacdhNJcRRw2glGV7nfuadSsVjcwTihXoQHgoWMYNCSbx7euJyGUHNjncovyR4mvu1KNhjCiW9W7bo9hbVInIJUUYGmb365/ZikERVAOFaq59gJeBmWwAink4qbKppgMsID2tNU4IgqL5tuMbGOtdK3wljqI8Caqr8nMhwpNY4CnYwwDNW8l4v/eb0UwgsvYyJJgQoyeyhMuQWxlVdi9ZmkBPhYE0wk03+1yBBLTEAXV9ElOPMrL5L2ad2x687tWbVxWdRRRgfoCNWQg85RA12jJmohgh7RM3pFb8aT8WK8Gx+zaMkoZvbRHxifP5g9mJ4=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

J (x1)
<latexit sha1_base64="Zw02IJAleGVzzTwjSu8ON0FRI5Q=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQffben+GAIJ75dcWrODHiZuDmpoBwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTUq9VLOE0BEZsK6hkkRMe9ns9Ak+Nkofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaJROCu/jyMmmd1lyn5t6eVeqXeRxFdIiOUBW56BzV0TVqoCai6AE9o1f0Zj1ZL9a79TFvLVj5zAH6A+vzB3gnk3k=</latexit><latexit sha1_base64="Zw02IJAleGVzzTwjSu8ON0FRI5Q=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQffben+GAIJ75dcWrODHiZuDmpoBwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTUq9VLOE0BEZsK6hkkRMe9ns9Ak+Nkofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaJROCu/jyMmmd1lyn5t6eVeqXeRxFdIiOUBW56BzV0TVqoCai6AE9o1f0Zj1ZL9a79TFvLVj5zAH6A+vzB3gnk3k=</latexit><latexit sha1_base64="Zw02IJAleGVzzTwjSu8ON0FRI5Q=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQffben+GAIJ75dcWrODHiZuDmpoBwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTUq9VLOE0BEZsK6hkkRMe9ns9Ak+Nkofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaJROCu/jyMmmd1lyn5t6eVeqXeRxFdIiOUBW56BzV0TVqoCai6AE9o1f0Zj1ZL9a79TFvLVj5zAH6A+vzB3gnk3k=</latexit><latexit sha1_base64="Zw02IJAleGVzzTwjSu8ON0FRI5Q=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQffben+GAIJ75dcWrODHiZuDmpoBwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTUq9VLOE0BEZsK6hkkRMe9ns9Ak+Nkofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaJROCu/jyMmmd1lyn5t6eVeqXeRxFdIiOUBW56BzV0TVqoCai6AE9o1f0Zj1ZL9a79TFvLVj5zAH6A+vzB3gnk3k=</latexit>

J (x2)
<latexit sha1_base64="ZtPg0ftr0JKBc0aqXySC6ckyOQk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5IUQY9FL+Kpgv2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDX12/dMaR7LOxgnzIvIQPKQUwJG8u3STU+wECqPfq2n+GAIp75ddqrODHiZuDkpoxwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTYq9VLOE0BEZsK6hkkRMe9ns9Ak+MUofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaRROCu/jyMmnVqq5TdW/PyvXLPI4COkLHqIJcdI7q6Bo1UBNR9ICe0St6s56sF+vd+pi3rlj5zCH6A+vzB3myk3o=</latexit><latexit sha1_base64="ZtPg0ftr0JKBc0aqXySC6ckyOQk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5IUQY9FL+Kpgv2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDX12/dMaR7LOxgnzIvIQPKQUwJG8u3STU+wECqPfq2n+GAIp75ddqrODHiZuDkpoxwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTYq9VLOE0BEZsK6hkkRMe9ns9Ak+MUofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaRROCu/jyMmnVqq5TdW/PyvXLPI4COkLHqIJcdI7q6Bo1UBNR9ICe0St6s56sF+vd+pi3rlj5zCH6A+vzB3myk3o=</latexit><latexit sha1_base64="ZtPg0ftr0JKBc0aqXySC6ckyOQk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5IUQY9FL+Kpgv2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDX12/dMaR7LOxgnzIvIQPKQUwJG8u3STU+wECqPfq2n+GAIp75ddqrODHiZuDkpoxwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTYq9VLOE0BEZsK6hkkRMe9ns9Ak+MUofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaRROCu/jyMmnVqq5TdW/PyvXLPI4COkLHqIJcdI7q6Bo1UBNR9ICe0St6s56sF+vd+pi3rlj5zCH6A+vzB3myk3o=</latexit><latexit sha1_base64="ZtPg0ftr0JKBc0aqXySC6ckyOQk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5IUQY9FL+Kpgv2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDX12/dMaR7LOxgnzIvIQPKQUwJG8u3STU+wECqPfq2n+GAIp75ddqrODHiZuDkpoxwN3/7q9WOaRkwCFUTrrusk4GVEAaeCTYq9VLOE0BEZsK6hkkRMe9ns9Ak+MUofh7EyJQHP1N8TGYm0HkeB6YwIDPWiNxX/87ophBdexmWSApN0vihMBYYYT3PAfa4YBTE2hFDFza2YDokiFExaRROCu/jyMmnVqq5TdW/PyvXLPI4COkLHqIJcdI7q6Bo1UBNR9ICe0St6s56sF+vd+pi3rlj5zCH6A+vzB3myk3o=</latexit>

J (xK)
<latexit sha1_base64="bW4Eu/OAU1nwpdcolIR8A53JNi8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF9FLBfsBTQib7aZdutmE3Ylaan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4HLit+6Z0jyRdzBMmR+TnuQRpwSMFNila0+wCCqPwY2neK8Px4FddqrOFHiRuDkpoxz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjYtepllK6ID0WMdQSWKm/dH09DE+MkoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPMkBd7liFMTQEEIVN7di2ieKUDBpFU0I7vzLi6R5UnWdqnt7Wq5d5HEU0AE6RBXkojNUQ1eojhqIogf0jF7Rm/VkvVjv1sesdcnKZ/bRH1ifP6BFk5M=</latexit><latexit sha1_base64="bW4Eu/OAU1nwpdcolIR8A53JNi8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF9FLBfsBTQib7aZdutmE3Ylaan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4HLit+6Z0jyRdzBMmR+TnuQRpwSMFNila0+wCCqPwY2neK8Px4FddqrOFHiRuDkpoxz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjYtepllK6ID0WMdQSWKm/dH09DE+MkoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPMkBd7liFMTQEEIVN7di2ieKUDBpFU0I7vzLi6R5UnWdqnt7Wq5d5HEU0AE6RBXkojNUQ1eojhqIogf0jF7Rm/VkvVjv1sesdcnKZ/bRH1ifP6BFk5M=</latexit><latexit sha1_base64="bW4Eu/OAU1nwpdcolIR8A53JNi8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF9FLBfsBTQib7aZdutmE3Ylaan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4HLit+6Z0jyRdzBMmR+TnuQRpwSMFNila0+wCCqPwY2neK8Px4FddqrOFHiRuDkpoxz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjYtepllK6ID0WMdQSWKm/dH09DE+MkoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPMkBd7liFMTQEEIVN7di2ieKUDBpFU0I7vzLi6R5UnWdqnt7Wq5d5HEU0AE6RBXkojNUQ1eojhqIogf0jF7Rm/VkvVjv1sesdcnKZ/bRH1ifP6BFk5M=</latexit><latexit sha1_base64="bW4Eu/OAU1nwpdcolIR8A53JNi8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF9FLBfsBTQib7aZdutmE3Ylaan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4HLit+6Z0jyRdzBMmR+TnuQRpwSMFNila0+wCCqPwY2neK8Px4FddqrOFHiRuDkpoxz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjYtepllK6ID0WMdQSWKm/dH09DE+MkoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPMkBd7liFMTQEEIVN7di2ieKUDBpFU0I7vzLi6R5UnWdqnt7Wq5d5HEU0AE6RBXkojNUQ1eojhqIogf0jF7Rm/VkvVjv1sesdcnKZ/bRH1ifP6BFk5M=</latexit>

J (xK�1)
<latexit sha1_base64="ku1DWkcyNo77PO2fc8YQNPgtzrs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSiKDHohfRSwX7AU0om+2mXbrZhN2JWELBv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/OCRHANjvNlFRYWl5ZXiqultfWNzS17e6ep41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTvzWPVOax/IORgnzI9KXPOSUgJG69t61J1gIlYdudnPsjj3F+wM46tplp+pMgf8SNydllKPetT+9XkzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03PH+NDo/RwGCtTEvBU/TmRkUjrURSYzojAQM97E/E/r5NCeO5nXCYpMElni8JUYIjxJAvc44pRECNDCFXc3IrpgChCwSRWMiG48y//Jc2TqutU3dvTcu0ij6OI9tEBqiAXnaEaukJ11EAUZegJvaBX69F6tt6s91lrwcpndtEvWB/fVVSVEQ==</latexit><latexit sha1_base64="ku1DWkcyNo77PO2fc8YQNPgtzrs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSiKDHohfRSwX7AU0om+2mXbrZhN2JWELBv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/OCRHANjvNlFRYWl5ZXiqultfWNzS17e6ep41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTvzWPVOax/IORgnzI9KXPOSUgJG69t61J1gIlYdudnPsjj3F+wM46tplp+pMgf8SNydllKPetT+9XkzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03PH+NDo/RwGCtTEvBU/TmRkUjrURSYzojAQM97E/E/r5NCeO5nXCYpMElni8JUYIjxJAvc44pRECNDCFXc3IrpgChCwSRWMiG48y//Jc2TqutU3dvTcu0ij6OI9tEBqiAXnaEaukJ11EAUZegJvaBX69F6tt6s91lrwcpndtEvWB/fVVSVEQ==</latexit><latexit sha1_base64="ku1DWkcyNo77PO2fc8YQNPgtzrs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSiKDHohfRSwX7AU0om+2mXbrZhN2JWELBv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/OCRHANjvNlFRYWl5ZXiqultfWNzS17e6ep41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTvzWPVOax/IORgnzI9KXPOSUgJG69t61J1gIlYdudnPsjj3F+wM46tplp+pMgf8SNydllKPetT+9XkzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03PH+NDo/RwGCtTEvBU/TmRkUjrURSYzojAQM97E/E/r5NCeO5nXCYpMElni8JUYIjxJAvc44pRECNDCFXc3IrpgChCwSRWMiG48y//Jc2TqutU3dvTcu0ij6OI9tEBqiAXnaEaukJ11EAUZegJvaBX69F6tt6s91lrwcpndtEvWB/fVVSVEQ==</latexit><latexit sha1_base64="ku1DWkcyNo77PO2fc8YQNPgtzrs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSiKDHohfRSwX7AU0om+2mXbrZhN2JWELBv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/OCRHANjvNlFRYWl5ZXiqultfWNzS17e6ep41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTvzWPVOax/IORgnzI9KXPOSUgJG69t61J1gIlYdudnPsjj3F+wM46tplp+pMgf8SNydllKPetT+9XkzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03PH+NDo/RwGCtTEvBU/TmRkUjrURSYzojAQM97E/E/r5NCeO5nXCYpMElni8JUYIjxJAvc44pRECNDCFXc3IrpgChCwSRWMiG48y//Jc2TqutU3dvTcu0ij6OI9tEBqiAXnaEaukJ11EAUZegJvaBX69F6tt6s91lrwcpndtEvWB/fVVSVEQ==</latexit>

J (xk)
<latexit sha1_base64="mphg9I8vidRXcEBPfOsO2rnCQOg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQf/VFP8cEQTny74tScGfAycXNSQTkavv3V68c0jZgEKojWXddJwMuIAk4Fm5R6qWYJoSMyYF1DJYmY9rLZ6RN8bJQ+DmNlSgKeqb8nMhJpPY4C0xkRGOpFbyr+53VTCC+8jMskBSbpfFGYCgwxnuaA+1wxCmJsCKGKm1sxHRJFKJi0SiYEd/HlZdI6rblOzb09q9Qv8ziK6BAdoSpy0Tmqo2vUQE1E0QN6Rq/ozXqyXqx362PeWrDymQP0B9bnD9Glk7M=</latexit><latexit sha1_base64="mphg9I8vidRXcEBPfOsO2rnCQOg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQf/VFP8cEQTny74tScGfAycXNSQTkavv3V68c0jZgEKojWXddJwMuIAk4Fm5R6qWYJoSMyYF1DJYmY9rLZ6RN8bJQ+DmNlSgKeqb8nMhJpPY4C0xkRGOpFbyr+53VTCC+8jMskBSbpfFGYCgwxnuaA+1wxCmJsCKGKm1sxHRJFKJi0SiYEd/HlZdI6rblOzb09q9Qv8ziK6BAdoSpy0Tmqo2vUQE1E0QN6Rq/ozXqyXqx362PeWrDymQP0B9bnD9Glk7M=</latexit><latexit sha1_base64="mphg9I8vidRXcEBPfOsO2rnCQOg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQf/VFP8cEQTny74tScGfAycXNSQTkavv3V68c0jZgEKojWXddJwMuIAk4Fm5R6qWYJoSMyYF1DJYmY9rLZ6RN8bJQ+DmNlSgKeqb8nMhJpPY4C0xkRGOpFbyr+53VTCC+8jMskBSbpfFGYCgwxnuaA+1wxCmJsCKGKm1sxHRJFKJi0SiYEd/HlZdI6rblOzb09q9Qv8ziK6BAdoSpy0Tmqo2vUQE1E0QN6Rq/ozXqyXqx362PeWrDymQP0B9bnD9Glk7M=</latexit><latexit sha1_base64="mphg9I8vidRXcEBPfOsO2rnCQOg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBD0WvYinCvYD2hA22027dLMJuxO1xP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhZXVtfaO4Wdra3tnds8v7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Grqt++Z0jyWdzBOmBeRgeQhpwSM5Nvlm55gIVQf/VFP8cEQTny74tScGfAycXNSQTkavv3V68c0jZgEKojWXddJwMuIAk4Fm5R6qWYJoSMyYF1DJYmY9rLZ6RN8bJQ+DmNlSgKeqb8nMhJpPY4C0xkRGOpFbyr+53VTCC+8jMskBSbpfFGYCgwxnuaA+1wxCmJsCKGKm1sxHRJFKJi0SiYEd/HlZdI6rblOzb09q9Qv8ziK6BAdoSpy0Tmqo2vUQE1E0QN6Rq/ozXqyXqx362PeWrDymQP0B9bnD9Glk7M=</latexit>

We are interested in each of the optimal controls u∗k , by the principle of optimality
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Optimal control with dynamic programming (cont.)

At the terminal stage K , we have the optimal cost to transfer the state from xK to xK

JK (xK , uK ) = E (xK )

J∗K (xK ) = min
uK

(JK (xK , uK ))

= JK (xK , uK )

= E (xK )

At stage K − 1, the optimal cost to transfer the state from xK−1 to xK

JK−1 (xK−1, uK−1) = E (xK ) + L (xK−1, uK−1)

J∗K−1 (xK−1) = min
uK−1

(JK−1 (xK−1, uK−1))

= min
uK−1

L (xK−1, uK−1) + E (xK )︸ ︷︷ ︸
J∗
K

(xK )


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Optimal control with dynamic programming (cont.)

At stage K − 2, the optimal cost to transfer the state from xK−2 to xK

JK−2 (xK−2, uK−2) = E (xK ) + L (xK−1, uK−1) + L (xK−2, uK−2)

J∗K−2 (xK−2) = min
uK−2

(JK−2 (xK−2, uK−2))

= min
uK−2


L (xK−2, uK−2) + L (xK−1, uK−1) + E (xK )︸ ︷︷ ︸

J∗
K

(xK )︸ ︷︷ ︸
J∗
K−1(xK−1)


The operation is repeated until the initial stage K = 0, to get

J∗(x0)
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Optimal control with dynamic programming (cont.)

For an arbitrary stage k , the optimal cost to transfer the state from xk to xK

J∗k (xk ) = min
uk

(Jk−1 (xk , uk ))

= min
uk

[
L (xk , uk ) + J∗k+1 (xk+1)

]
Because xk+1 = f (xk , uk ), we can write the dependence on the control uk

J∗k (xk ) = min
uk

[
L (xk , uk ) + J∗k+1 (xk+1)

]
= min

uk

[
L (xk , uk ) + J∗k+1 (f (xk , uk ))

]
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Optimal control with dynamic programming (cont.)

Example

In the shortest path problem we consider a directed graph in which the initial node
is connected to the terminal node through several admissible paths consisting of arcs

• Each path is associated to a cost, the sum of the costs of each arc

0 0 0 0 0 0

+1 +1 +1 +1

−1 −1 −1 −1
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2

3
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1

2

3

4

5 4 1

5 1 5

• k ∈ {0, 1, 2, 3, 4, 5} denotes the stage

• xk = x(k) ∈ {+1, 0,−1} denotes the state

• uk = u(k) ∈ {↗,→,↘} denotes the control action

The shortest, or minimum cost, path from node (k , xk ) to the terminal node

J (k , xk )
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The shortest path from node (0, 0)

J (0, 0) =

min((0 + 1) + J (1, 1) ,

(0 + 2) + J (1, 0) ,

(0 + 3) + J (1,−1))

(0, 0) (1,+1), then continue along the shortest path to the terminal node

0 + 1︸ ︷︷ ︸
L0(0,↗)

+J (1,+1)

︸ ︷︷ ︸
path cost

(0, 0) (1, 0), then continue along the shortest path to the terminal node

0 + 2︸ ︷︷ ︸
L0(0,→)

+J (1, 0)

︸ ︷︷ ︸
path cost

(0, 0) (1,−1), then continue along the shortest path to the terminal node

0 + 3︸ ︷︷ ︸
L0(0,↘)

+J (1,−1)

︸ ︷︷ ︸
path cost
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The shortest path from node (1, 1)

J (1, 1) =

min(5 + J (2,+1) ,

3 + J (2, 0))

(1, 1) (2,+1), then continue along the shortest path to the terminal node

0 + 5︸ ︷︷ ︸
L1(1,→)

+J (2,+1)

︸ ︷︷ ︸
path cost

(1, 1) (2, 0), then continue along the shortest path to the terminal node

0 + 3︸ ︷︷ ︸
L1(1,↘)

+J (2, 0)

︸ ︷︷ ︸
path cost
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The shortest path from node (1, 0)

J (1, 0) =

min(2 + J (2,+1) ,

1 + J (2, 0) ,

3 + J (2,−1))

(1, 0) (2,+1), then continue along the shortest path to the terminal node

2︸︷︷︸
L1(0,↗)

+J (2,+1)

︸ ︷︷ ︸
path cost

(1, 0) (2, 0), then continue along the shortest path to the terminal node

1︸︷︷︸
L1(0,→)

+J (2, 0)

︸ ︷︷ ︸
path cost

(1, 0) (2,−1), then continue along the shortest path to the terminal node

3︸︷︷︸
L1(0,↘)

+J (2,−1)

︸ ︷︷ ︸
path cost
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Shortest path from node (1,−1)

J (1,−1) =

min(4 + J (2, 0) ,

5 + J (2,−1))

(1,−1) (2,−1), then continue along the shortest path to the terminal node

1︸︷︷︸
L1(−1,↗)

+J (2, 0)

︸ ︷︷ ︸
path cost

(1,−1) (2, 0), then continue along the shortest path to the terminal node

2︸︷︷︸
L1(−1,→)

+J (2, 1)

︸ ︷︷ ︸
path cost
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The shortest path problem (cont.)

In general, the following operations are performed
• At each stage k

• For each state xk
 Compute the optimal cost

J (k, xk ) = min
↗,→,↘

(Lk (xk , uk ) + J(k + 1, f (xk , uk ))︸ ︷︷ ︸
shortest path from (k + 1, xk+1)

Principle of optimality

The shortest, or minimum cost, path has the property that for any initial part of the
path from the initial node to any node (k , xk ) ∈ {0, . . . ,K}×{1, . . . ,Nx}, the remaining
path must be the shortest, or the cheapest, from node (k , xk ) to the terminal node
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The shortest path problem (cont.)

0 0 0 0 0 0
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We know that the cost corresponding to the terminal part of the shortest path is given

J (5, 0) = 0

We can optimise backwards and recursively compute the previous shortest path-to-go

J (4, x) =

J (4,+1)
J (4, 0)
J (4,−1)


There is only one way to reach (5, 0) from each of the nodes (4, x)
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The shortest path-to-go function+∞
0

+∞


︸ ︷︷ ︸
J(5,x)

(4,+1) (5, 0), then continue along the shortest path to the terminal node

J (4, 1) = min( 2︸︷︷︸
L5(+1,↘)

+ J (5, 0)︸ ︷︷ ︸
=0

)

= 2

(4, 0) (5, 0), then continue along the shortest path to the terminal node

J (4, 0) = min(3 + J (5, 0)︸ ︷︷ ︸
=0

)

= 3

(4,−1) (5, 0), then continue along the shortest path to the terminal node

J (4, 1) = min(4 + J (5, 0)︸ ︷︷ ︸
=0

)

= 4
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The shortest path-to-go function2 +∞
3 0
4 +∞


︸ ︷︷ ︸
J(4 5,x)

(3,+1) (4,+1)(4, 0), then along the shortest path to the terminal node

J (3, 1) = min(1 + J (4, 1)︸ ︷︷ ︸
=2

, 3 + J (4, 0)︸ ︷︷ ︸
=3

)

= 3

(3, 0) (4,+1)(4, 0)(4,−1), then along the shortest path to the terminal node

J (3, 0) = min(3 + J (4, 1)︸ ︷︷ ︸
=2

, 4 + J (4, 0)︸ ︷︷ ︸
=3

, 2 + J (4,−1)︸ ︷︷ ︸
=4

)

= 5

(3,−1) (4,−1)(4, 0), then along the shortest path to the terminal node

J (3,−1) = min(5 + J (4,−1)︸ ︷︷ ︸
=4

, 1 + J (4, 0)︸ ︷︷ ︸
=3

)

= 4
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The shortest path-to-go function3 2 +∞
5 3 0
4 4 +∞


︸ ︷︷ ︸

J(3 5,x)

(2,+1) (3,+1)(3, 0), then along the shortest path to the terminal node

J (2, 1) = min(4 + J (3, 1)︸ ︷︷ ︸
=3

, 1 + J (3, 0)︸ ︷︷ ︸
=5

)

= 6

(2, 0) (3,+1)(3, 0)(3,−1), then along the shortest path to the terminal node

J (2, 0) = min(2 + J (3, 1)︸ ︷︷ ︸
=3

, 3 + J (3, 0)︸ ︷︷ ︸
=5

, 2 + J (3,−1)︸ ︷︷ ︸
=4

)

= 5

(2,−1) (3,−1)(3, 0), then along the shortest path to the terminal node

J (2,−1) = min(1 + J (3,−1)︸ ︷︷ ︸
=4

, 2 + J (3, 0)︸ ︷︷ ︸
=5

)

= 5
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5 1 5

The shortest path-to-go function6 3 2 +∞
5 5 3 0
5 4 4 +∞


︸ ︷︷ ︸

J(2 5,x)

(1,+1) (2,+1)(2, 0), then along the shortest path to the terminal node

J (1, 1) = min(5 + J (2, 1)︸ ︷︷ ︸
=6

, 3 + J (2, 0)︸ ︷︷ ︸
=5

)

= 8

(1, 0) (2,+1)(2, 0)(2,−1), then along the shortest path to the terminal node

J (1, 0) = min(2 + J (2, 1)︸ ︷︷ ︸
=6

, 1 + J (2, 0)︸ ︷︷ ︸
=5

, 3 + J (2,−1)︸ ︷︷ ︸
=5

)

= 6

(1,−1) (2,−1)(2, 0), then along the shortest path to the terminal node

J (1,−1) = min(4 + J (2,−1)︸ ︷︷ ︸
=5

, 5 + J (2, 0)︸ ︷︷ ︸
=5

)

= 9
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0 0 0 0 0 0

+1 +1 +1 +1

−1 −1 −1 −1

1

2

3

2

1

3

2

3

2

3

4

2

2

3

4

2

1

1

2

3

4

5 4 1

5 1 5

The shortest path-to-go function8 6 3 2 +∞
6 5 5 3 0
9 5 4 4 +∞


︸ ︷︷ ︸

J(1 5,x)

(0, 0) (1,+1)(1, 0)(1,−1), then along the shortest path to the terminal node

J (0, 0) = min(1 + J (1, 1)︸ ︷︷ ︸
=8

, 2 + J (1, 0)︸ ︷︷ ︸
=6

, 3 + J (1,−1)︸ ︷︷ ︸
=9

)

= 8
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The shortest path problem (cont.)

0 0 0 0 0 0

+1 +1 +1 +1

−1 −1 −1 −1

1

2

3

2

1

3

2

3

2

3

4

2

2

3

4

2

1

1

2

3

4

5 4 1

5 1 5

 8 6 3 2 +∞
8 6 5 5 3 0

9 5 4 4 +∞


︸ ︷︷ ︸

J(0 5,x)

The optimal controls to the shortest path problem

{u∗k (xk )}5k=0

The shortest path-to-go from each node xk

J (k , x)
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Optimal control with dynamic programming (cont.)

Example

Consider the linear and time-invariant dynamical system from x0 = 8

xk+1 = 4xk − 6uk︸ ︷︷ ︸
f (xk ,uk )

Consider the objective function as performance index for K = 2

(x2 − 20)2︸ ︷︷ ︸
E(xK )

+
1

2

1∑
k=0

2x2
k + 4u2

k︸ ︷︷ ︸
L(xk ,uk )

We are interested in the optimal controls u∗0 and u∗1
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Optimal control with dynamic programming (cont.)

We know the terminal optimal cost to transfer the state from xK to xK with K = 2

JK (xK , uK ) = E (xK )

J∗K (xK ) = min
uK

(JK (xK , uK ))

= (x2 − 20)2

= E (xK )

Then, we have at stage K − 1, cost to transfer the state from xK − 1 to xK

JK−1 (xK−1, uK−1) = E (xK ) + L (xK−1, uK−1)

J∗K−1 (xK−1) = min
uK−1

(E (xK ) + L (xK−1, uK−1))

= min
uK−1

(J∗K (xK ) + L (xK−1, uK−1))

= min
uK−1

(
(xK − 20)2 +

1

2

(
2x2

K−1 + 4u2
K−1

))

= min
uK−1


(4xK−1 − 6uK−1)︸ ︷︷ ︸

xK

−20


2

+
1

2

(
2x2

K−1 + 4u2
K−1

)



CHEM-E7225
2021-2022

Discrete-time
dynamic
programming

Continuous-time
dynamic
programming

Optimal control with dynamic programming (cont.)

We obtain the optimisation

J∗K−1 (xK−1) = min
uK−1

((4xK−1 − 6uK−1)− 20)2 +
1

2

(
2x2

K−1 + 4u2
K−1

)
︸ ︷︷ ︸

HK−1(xK−1,uK−1)


By taking the first derivatives, we get the first-order optimality condition

∂HK−1 (xK−1, uK−1)

∂uK−1
= 0

We get, for a still unknown x1, the optimal control action u∗K−1(xK−1)

u∗K−1 =
12x1 − 60

19

Moreover, we have the optimal cost

J∗ (xK−1) =

(((
4xK−1 − 6u∗K−1

)
− 20

)2
+

1

2

(
2x2

K−1 + 4(u∗K−1)2
))

=

(4xK−1 − 6
12xK−1 − 60

19
− 20

)2

+
1

2

2x2
K−1 + 4

(
12xK−1 − 60

19

)2

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Optimal control with dynamic programming (cont.)

At stage K − 2 = 0, the initial stage, we have

JK−2 (xK−2, uK−2) = E (xK ) + L (xK−1, uK−1) + L (xK−2, uK−2)

J∗K−2 (xK−2) = min
uK−2

(E (xK ) + L (xK−1, uK−1) + L (xK−2, uK−2))

= min
uK−2

(
J∗K−1 (xK−1) + L (xK−2, uK−2)

)
= min

uK−2

(
J∗ (xK−1) +

1

2

(
2x2

K−2 + 4u2
K−2

))

= min
uK−2

4 xK−1︸ ︷︷ ︸
4xK−2−6uK−2

−6

12 xK−1︸ ︷︷ ︸
4xK−2−6uK−2

−60

19
− 20


2

+
1

2

2
2

xK−1︸ ︷︷ ︸
4xK−2−6uK−2

+4


12 xK−1︸ ︷︷ ︸

4xK−2−6uK−2

−60

19


2

By taking the first derivatives, we get the first-order optimality condition

∂HK−2 (xK−2, uK−2)

∂uK−2
= 0
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Optimal control with dynamic programming (cont.)

∂HK−2 (xK−2, uK−2)

∂uK−2
=
∂H0 (x0, u0)

∂u0

= 0

We get, for the known initial state x0 = x0, the optimal control action u∗0 (x0),

u∗0 ≈ 4.8

Given x0 and the optimal control u∗0 , we can go forward in time and compute x∗1

x∗1 = 4x0 − 6u∗0

≈ 3.1

We can compute the next optimal control action from state x1 = x∗1 ,

u∗1 =
12x1 − 60

16

≈ −1.2

And, finally the terminal state
x∗2 ≈ 19.6
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The HJB equation
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The Hamilton-Jacobi-Bellman equation

We extend dynamic programming to the optimal control of continuous-time systems

Consider an arbitrary continuous-time system, with initial condition x(0) = x0

ẋ(t) = f (x(t), u(t))

Consider the cost function, the cost of transferring the state x(t) to x(T ) over [t ,T ]

J (x(t), u(t)) = E (x(T )) +

∫ T

t
L (x(τ), u(τ)) dτ

t ∈ [0,T ]

We are interested in the optimal controls u∗(τ), for all τ ∈ [t ,T ]

• Principle of optimality
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The Hamilton-Jacobi-Bellman equation (cont.)

J (x(t), u(t)) = E (x(T )) +

∫ T

t
L (x(τ), u(τ))

At the boundary, we know the optimal cost of transferring the state from x(T ) to x(T )

J (x(T ), u(T )) = E (x(T ))

J∗ (x(T )) = min
u(T)

E (x(T ))

= E (x(T ))
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The Hamilton-Jacobi-Bellman equation (cont.)

At any time t , we have the optimal cost of transferring the state from x(t) to x(T )

J∗ (x(t)) = min
u(τ)

t≤τ≤T

E (x(T )) +

∫ T

t
L (x(t), u(t)) dτ

= min
u(t)

t≤τ≤T

E (x(T )) +

∫ T

t+∆t
L (x(t), u(t)) dτ +

∫ t+∆t

t
L (x(t), u(t)) dτ︸ ︷︷ ︸∫ T

t L(x(t),u(t))dτ

= min
u(t)

t≤τ≤T

E (x(T )) +

∫ T

t+∆t
L (x(t), u(t)) dτ︸ ︷︷ ︸

J∗(x(t+∆t))

+

∫ t+∆t

t
L (x(t), u(t)) dτ

The quantity J∗ (x(t + ∆t)) is the optimal cost to transfer the state x(t +∆t) to x(T )

• The minimum of J (x(t + ∆t), u(t + ∆t)), with respect to u(t + ∆t)
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The Hamilton-Jacobi-Bellman equation (cont.)

J∗ (x(t)) = min
u(t)

t≤τ≤T

E (x(T )) +

∫ T

t+∆t
L (x(t), u(t)) dτ︸ ︷︷ ︸

J∗(x(t+∆t))

+

∫ t+∆t

t
L (x(t), u(t)) dτ

From the principle of optimality, we have for t ≤ τ ≤ t + ∆t

J∗ (x(t) + ∆t) = min
u(t)

t≤τ≤t+∆t

J∗ (x(t + ∆t)) +

∫ t+∆t

t
L (x(t), u(t)) dτ

Using the dynamics in integral form, we have

x(t + ∆t) = x(t) +

∫ T

t+∆t
f (x(τ), u(τ)) dτ

= x(t) + ∆x(t)
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The Hamilton-Jacobi-Bellman equation (cont.)

We can expand the optimal cost J∗ (x(t + ∆t)) using a Taylor’s series expansion

J∗ (x(t + ∆t)) ≈ J∗ (x(t)) +
∂J∗ (x(t + ∆t))

∂t
∆t︸ ︷︷ ︸

First variation

+
[∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)︸ ︷︷ ︸

Second variation

Assuming the variation in ∆t to be small, we can neglet higher-order terms to get

J∗ (x(t + ∆t)) = J∗ (x(t))︸ ︷︷ ︸+
∂J∗ (x(t + ∆t))

∂t︸ ︷︷ ︸︸ ︷︷ ︸
independent of u(t)

∆t +

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)
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The Hamilton-Jacobi-Bellman equation (cont.)

Substituting and factoring out the terms that are independent of u(t), we get

J∗ (x(t)) = min
u(t)

t≤τ≤t+∆t

J∗ (x(t + ∆t)) +

∫ t+∆t

t
L (x(t), u(t)) dτ

= J∗ (x(t)) +
∂J∗ (x(t + ∆t))

∂t
∆t

+ min
u(t)

t≤τ≤t+∆t

∫ t+∆t

t
L (x(t), u(t)) dτ +

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)
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The Hamilton-Jacobi-Bellman equation (cont.)

J∗ (x(t)) = J∗ (x(t)) +
∂J∗ (x(t + ∆t))

∂t
∆t

+ min
u(t)

t≤τ≤t+∆t

∫ t+∆t

t
L (x(t), u(t)) dτ +

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

Simplifying J∗ (x(t)), dividing by ∆t , and rearranging we get

∂J∗ (x(t + ∆t))

∂t
= −

1

∆t
min
u(t)

t≤τ≤t+∆t

∫ t+∆t

t
L (x(t), u(t)) dτ

+

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

= − min
u(t)

t≤τ≤t+∆t

1

∆t

∫ t+∆t

t
L (x(t), u(t)) dτ

+

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

∆t
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The Hamilton-Jacobi-Bellman equation (cont.)

∂J∗ (x(t + ∆t))

∂t
= − min

u(t)
t≤τ≤t+∆t

1

∆t

∫ t+∆t

t
L (x(t), u(t)) dτ

+

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

∆t

In the limit for ∆t → 0, we get

lim
∆t→0

 1

∆t

∫ t+∆t

t
L (x(t), u(t)) dτ +

[
∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

∆t


= lim

∆t→0

(
1

∆t

∫ t+∆t

t
L (x(t), u(t)) dτ

)
︸ ︷︷ ︸

L(x(t),u(t))

+ lim
∆t→0

[∂J∗ (x(t + ∆t))

∂x(t)

]T
∆x(t)

∆t


︸ ︷︷ ︸∂J∗ (x(t))

∂x(t)

T

ẋ(t)
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The Hamilton-Jacobi-Bellman equation (cont.)

After substituting the obtained quantities, we get

∂J∗ (x(t))

∂t
= −min

u(t)
L (x(t), u(t)) +

[
∂J∗ (x(t))

∂x(t)

]T
f (x(t), u(t))︸ ︷︷ ︸

ẋ(t)

We define the Hamiltonian,

H

(
x(t), u(t),

∂J∗ (x(t))

∂x

)
= L (x(t), u(t)) +

[
∂J∗ (x(t))

∂x(t)

]T
f (x(t), u(t))︸ ︷︷ ︸

ẋ(t)

As a result, we get the Hamilton-Jacobi-Bellman equation,

∂J∗ (x(t))

∂t
= −min

u(t)
H

(
x(t), u(t),

∂J∗ (x(t))

∂x

)

= −H ∗
(
x(t),

∂J∗ (x(t))

∂x

)
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The Hamilton-Jacobi-Bellman equation (cont.)

∂J∗ (x(t))

∂t
= −min

u(t)
H

(
x(t), u(t),

∂J∗ (x(t))

∂x

)

The Hamilton-Jacobi-Bellman requires the minimisation of the Hamiltonian

The optimal control is obtained by solving for the optimality conditions

∂H

(
x(t), u(t),

∂J∗ (x(t))

∂x

)
∂u

= 0

That is, the optimal control

u∗(t) = u∗

(
x(t),

∂J∗ (x(t))

∂x

)
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The Hamilton-Jacobi-Bellman equation (cont.)

∂J∗ (x(t))

∂t
= −H ∗

(
x(t),

∂J∗ (x(t))

∂x

)

The Hamilton-Jacobi-Bellman equation is a nonlinear partial differential equation

The boundary condition is given by the terminal cost

J∗ (x∗(T )) = E (x∗(T ))

Given J∗(x(t)), the optimal control u∗(t) is obtained by the gradient of J∗
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