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Overview

An optimisation problem consist of the following three components

• An objective function f (x)

• The decision variables x

• Constraints h(x) and g(x)

Consider the optimisation (minimisation) problem in standard form,

min
x∈RN

f (x) (Objective function)

subject to g (x) = 0 (Equality constraints)

h (x) ≥ 0 (Inequality constraints)
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min
w∈RN

f (x)

subject to g (x) = 0

h (x) ≥ 0

All functions are (twice) continuously differentiable functions of a decision variable x

f (x) = f (x1, x2, . . . , xN )︸ ︷︷ ︸
f :RN→R

g (x) =


g1 (x1, x2, . . . , xN )
g2 (x1, x2, . . . , xN )

...
gNg (x1, x2, . . . , xN )


︸ ︷︷ ︸

g:RN→RNg

h (x) =


h1 (x1, x2, . . . , xN )
h2 (x1, x2, . . . , xN )

...
hNh

(x1, x2, . . . , xN )


︸ ︷︷ ︸

h:RN→RNh
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Overview (cont.)

min
x∈RN

f (x)

subject to g (x) = 0

h (x) ≥ 0

We define the feasible set Ω to be the set of points w that satisfy all the constraints

Ω := {x ∈ RN : g (x) = 0, h (x) ≥ 0}

The feasible set defines the space in which we can search for a solution to the problem
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Example

Consider the minimisation of some function f (x) under some equality constraint g (x)

Let f : R2 →R
f (x) =

3

5
x2
1 +

1

2
x1x2 − x2 + 3x1

Let g : R2 →R
g (x) = x2

1 + x2
2 − 1

7.8 Constrained optimization 255
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Figure 7.15. The contour lines of the cost function f , the admissibility set
Ω and the global minimizer x∗ constrained to Ω. The plot at left is relative to
Problem 1 (7.70), that at right to Problem 2 (7.71)

Example 7.13 Consider the following constrained optimization problems:
Problem 1:

min
x∈R2

f(x), with f(x) =
3

5
x2

1 +
1

2
x1x2 − x2 + 3x1,

under the following constraint

h1(x) = x2
1 + x2

2 − 1 = 0;

(7.70)

Problem 2:

min
x∈R2

f(x), with f(x) = 100(x2 − x2
1)

2 + (1 − x1)
2,

under the following constraints:

g1(x) = −34x1 − 30x2 + 19 ≥ 0,

g2(x) = 10x1 − 5x2 + 11 ≥ 0,

g3(x) = 3x1 + 22x2 + 8 ≥ 0.

(7.71)

The contour lines of the two cost functions and the associated set of admissible
points Ω are displayed in Figure 7.15. Note that Ω is a closed curve for Problem
1, while it is a closed convex set in R2 for Problem 2. For both problems there
is one active constraint. !

The Weierstrass theorem guarantees the existence of both the max-
imum and the minimum for f in Ω when the latter is a non-empty,
bounded and closed set. Consequently, problem (7.69) admits a solu-
tion.

We recall that a function f : Ω ⊆ Rn → R is strongly convex in Ω if
∃ρ > 0 such that ∀x,y ∈ Ω and ∀α ∈ [0, 1],

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) − α(1 − α)ρ∥x− y∥2. (7.72)

min
x∈R2

f (x)

subject to g(x) = 0

Determine minimiser x∗ constrained to set Ω ∈ R2

• In grey, contour lines of the objective f (x)

• In cyan, the feasible set Ω ∈ R2
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Minimise function f (x) = 100(x2− x2
1 )2 + (1− x1)2, under inequality constraints h (x)h1 (x)

h2 (x)
h3 (x)

 =

−34x1 − 30x2 + 19
+10x1 − 05x2 + 11
+03x1 + 22x2 + 08


︸ ︷︷ ︸

h:R2→R3
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Example 7.13 Consider the following constrained optimization problems:
Problem 1:

min
x∈R2

f(x), with f(x) =
3

5
x2

1 +
1

2
x1x2 − x2 + 3x1,

under the following constraint

h1(x) = x2
1 + x2

2 − 1 = 0;

(7.70)

Problem 2:

min
x∈R2

f(x), with f(x) = 100(x2 − x2
1)

2 + (1 − x1)
2,

under the following constraints:

g1(x) = −34x1 − 30x2 + 19 ≥ 0,

g2(x) = 10x1 − 5x2 + 11 ≥ 0,

g3(x) = 3x1 + 22x2 + 8 ≥ 0.

(7.71)

The contour lines of the two cost functions and the associated set of admissible
points Ω are displayed in Figure 7.15. Note that Ω is a closed curve for Problem
1, while it is a closed convex set in R2 for Problem 2. For both problems there
is one active constraint. !

The Weierstrass theorem guarantees the existence of both the max-
imum and the minimum for f in Ω when the latter is a non-empty,
bounded and closed set. Consequently, problem (7.69) admits a solu-
tion.

We recall that a function f : Ω ⊆ Rn → R is strongly convex in Ω if
∃ρ > 0 such that ∀x,y ∈ Ω and ∀α ∈ [0, 1],

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) − α(1 − α)ρ∥x− y∥2. (7.72)

min
x∈R2

f (x)

subject to h(x) ≥ 0

Determine minimiser x∗ constrained to set Ω ∈ R2

• In grey, contour lines of the objective f (x)

• In cyan, the feasible set Ω ∈ R2
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Example

min
x∈RN

x2
1 + x2

2 (Objective function)

subject to x1 − 1 = 0 (Equality constraints)

x2 − 1− x2
2 ≥ 0 (Inequality constraints)

 f : R2 →R, with f ∈ C2
(
R2
)

 g : R2 →R, with g ∈ C2
(
R2
)

 h : R2 →R, with h ∈ C2
(
R2
)

The feasible set, the set of feasible decisions

Ω = {x ∈ R2|h (x) ≥ 0, g (x) = 0}

The minimiser x∗, at point •

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x 2 Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn ! R, g : Rn ! Rp, h : Rn ! Rq, are usually assumed to be di↵erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 , hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x 2 R2

x2
1 + x2

2 (1.5)

subject to x2 � 1� x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

⌦

Figure 1.1: Visualization of Example 1.1, ⌦ is defined in Definition 1.2
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Overview (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≤ 0

We define the level set L to be the set of points w such that f (w) = c, in which c ∈ R

{w ∈ RN : f (w) = c}

We define the sublevel set L to be the set of points w such that f (w) ≤ c, with c ∈ R

{w ∈ RN : f (w) ≤ c}
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Example

−π 0 π 2π 3π 4π 5π

−1

0

1

w

f
(w

)

Consider the optimisation problem

min
w∈R

sin (w)

subject to w ≥ 0

4π − w ≥ 0

Level set for c = 0.5

{w ∈ R : f (w) = 0.5}

Sublevel set for c = 0.5
{w ∈ R : f (w) ≤ 0.5}
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min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

A point w ∈ RN is the global minimiser of the objective function f , given the
constraint functions g and h, if and only if

w∗ ∈ Ω

f (w) ≥ f (w∗) , for all w ∈ Ω

• The global minimiser is the point for which the constrained objective is the smallest

• Mote that the global minimiser is not necessarily unique

The global minimum is the value f (w∗) of the objective at the global minimiser w∗

• The global minimum is unique



CHEM-E7225
2021-2022

Overview

Classification

Convex
optimisation

Overview (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

Existence of a global minimiser (Weierstrass)

Let the set Ω = {x ∈ RN
∣∣∣h (x) ≥ 0, g (x) = 0} be non-empty, bounded and closed

 As always, we assume that f : Ω→R is at least C1

 Then, there exists at least one global minimiser

Knowing that there is a global minimiser does not suggest an algorithm to find it

• Importantly, the objective function must be defined over a compact set

• (Weierstrass does not provide guarantees for unconstrained problems)
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Example

−π 0 π 2π 3π 4π 5π

−1

0

1

w

f
(w

)

Consider the optimisation problem

min
w∈R

sin (w)

subject to w ≥ 0

4π − w ≥ 0

There are two global minimisers

• One global minimum

When the global minimiser is unique, then it is called the strict global minimiser

w∗ ∈ Ω

f (w) > f (w∗) , for all w ∈ Ω\{w∗}
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min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

A point w ∈ RN is the local minimiser of the objective function f , given the con-
straint functions g and h, if and only if

w∗ ∈ Ω

and there exists an open ball N (w∗) about w∗ such that

f (w) ≥ f (w∗) for all w ∈ N (w) ∩ Ω

• The value f (w∗) is the local minimum

When the local minimiser is unique in N (w∗), then it is a strict local minimiser

f (w) > f (w∗) , for all w ∈ N (w) ∩ Ω\{w∗}
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−π 0 π 2π 3π 4π 5π

−1

0

1

w

f
(w

)

Consider the optimisation problem

min
w∈R

sin (w)

subject to w ≥ 0

4π − w ≥ 0

There are three local minimisers

• Two global minimisers

−π 0 π 2π 3π 4π 5π

−10

0

10

w

f
(w

)

Consider the optimisation problem

min
w∈R

w sin (w)

subject to w ≥ 0

4π − w ≥ 0

There are three local minimisers

• One global minimiser
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Example

−2
0

2−2

0

2
0.2

0.4

w1
w2

f
(w

)

−2 0 2
−2

0

2

w1

w
2

min
w∈R2

2

5
−

1

10

(
5x2

1 + 5x2
2 + 3x1x2 − x1 − 2x2

)
e−(x2

1+x2
2 )

w1 + 2 ≥ 0

w1 − 2 ≥ 0

w2 + 2 ≥ 0

w2 − 2 ≥ 0
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Example

−1 0 1 −1
0

1−1

0

1

w1
w2

f
(w

)

−1 0 1

−1

0

1

w1

w
2

min
w∈R2

sin (πw1w2) + 1

w1 + 3/2 ≥ 0

w1 − 3/2 ≥ 0

w2 + 3/2 ≥ 0

w2 − 3/2 ≥ 0
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min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≤ 0

From the given definitions, we understand that to be able to determine the state (global
or local) of minimiser w∗, we need to describe the feasibility set in its neighbourhood

h (w) =


h1 (w)
h2 (w)

...
hNh

(w)



An inequality constraint hi (w) ≤ 0 is said to be an active inequality constraint at
w∗ ∈ Ω if and only if hi (w) = 0, otherwise it is an inactive inequality constraint

• The index set of active inequality constraints is A (w∗) ⊂ {1, 2, . . . ,Nh}
• The index set A (w∗) is denoted as the active set

• The cardinality of the active set, NA = |A (w∗) |
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Nonlinear programs (NLPs, smooth functions)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

Functions f , g, and g are continuously differentiable at least once, often twice or more

The problem data

 f : RN →R, with f ∈ C1
(
RN

)
or more

 g : RN →RNg , with g ∈ C1
(
RN

)
or more

 h : RN →RNh , with h ∈ C1
(
RN

)
or more

Differentiability of all problem functions allow to use algorithms based on derivatives

• We consider the nonlinear program as the more general formulation

• No explicit structure to exploit in the general formulation
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Linear programs (LPs, affine functions)

min
w∈RN

cTw︸ ︷︷ ︸
f (w) (c0)

subject to Aw − b︸ ︷︷ ︸
g(w)

= 0

Cw − d︸ ︷︷ ︸
h(w)

≥ 0

Functions f , g, and g are affine, there are efficient solutions (active set/interior point)

The problem data

• c ∈ RN (c0 ∈ RN )

• A ∈ RNg×N and b ∈ RNg

• C ∈ RNh×N and d ∈ RNh

Commonly used software packages for LPs: CPLEX, SOPLEX, lp solve, lingo, linprog
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Example

A linear program

min
w∈R2

[
1 2

] [w1

w2

]
subject to − 10 ≤ w1 ≤ 10

− 10 ≤ w2 ≤ 10

−10 0
10 −10

0
10−50

0

50

x1
x2

f
(x

)

−10 0 10

−10

0

10

x1

x 2
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min
w∈R2

[
1 2

] [w1

w2

]
subject to − 10 ≤ w1 ≤ 10

− 10 ≤ w2 ≤ 10

Equivalently, we have
min

w∈R2
w1 + 2w2︸ ︷︷ ︸

f (w)

subject to w1 + 10︸ ︷︷ ︸
h1(w)

≥ 0

−w1 + 10︸ ︷︷ ︸
h2(w)

≥ 0

w2 + 10︸ ︷︷ ︸
h3(w)

≥ 0

−w2 + 10︸ ︷︷ ︸
h4(w)

≥ 0

• f : R2 →R
• h : R2 →R4



CHEM-E7225
2021-2022

Overview

Classification

Convex
optimisation

Classification | Quadratic programs

Quadratic programs (QPs, linear-quadratic objective + affine constraints)

min
w∈RN

cTw +
1

2
wTBw︸ ︷︷ ︸

f (w)

subject to Aw − b︸ ︷︷ ︸
g(w)

= 0

Cw − d︸ ︷︷ ︸
h(w)

≥ 0

Function f is linear-quadratic and functions g and h are affine

The problem data

• c ∈ RN

 B ∈ RN×N , symmetric

• A ∈ RNg×N and b ∈ RNg

• C ∈ RNh×N and d ∈ RNh

Commonly used packages for QPs: CPLEX, MOSEK, qpOASES, OOQP, quadprog



CHEM-E7225
2021-2022

Overview

Classification

Convex
optimisation

Classification | Quadratic programs (cont.)

Example

min
w∈R2

[
c1 c2

] [w1

w2

]
+

1

2

[
w1

w2

]T [
b11 b12
b21 b22

] [
w1

w2

]
︸ ︷︷ ︸
c1w1+c2w2+

1

2
(b11w2

1+(b12+b21)w1w2+b22w
2
2 )

subject to

c11 c12
c21 c22
c31 c32

[w1

w2

]
−

b1b2
b3


︸ ︷︷ ︸

q(w)

= 0


d11 d12
d21 d22
d31 d32
d41 dd2

[w1

w2

]
−


d1
d2
d3
d4


︸ ︷︷ ︸

h(w)

≥ 0

• f : R2 →R
• g : R2 →R3

• h : R2 →R4
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cTw +
1

2
wTBw︸ ︷︷ ︸

f (w)

If matrix B is positive semi-definite (zTBz ≥ 0, for all z ∈ RN ), then the QP is convex

• If B is positive definite (zTBz > 0, for all z ∈ RN ), the QP is strictly convex

The positive- and semi-positive definiteness of matrix B is checked from its eigenvalues

Generalised inequality for symmetric matrices

Positive semi-definite matrix, B � 0

minλmin(B) ≥ 0

Positive definite matrix, B � 0

minλmin(B) > 0
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A convex quadratic program

min
w∈R2

[
1 2

] [w1

w2

]
+

1

2

[
w1

w2

]T [
5 2
2 10

] [
w1

w2

]
subject to − 10 ≤ w1 ≤ 10

− 10 ≤ w2 ≤ 10

−10 0
10 −10

0
100

500

x1
x2

f
(x

)

−10 0 10

−10

0

10

x1

x 2

Convex quadratic problems are easy to solve (the local minimum is a global minimum)
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A strictly-convex quadratic program

min
w∈R2

[
0 2

] [w1

w2

]
+

1

2

[
w1

w2

]T [
5 0
0 1

] [
w1

w2

]
subject to − 10 ≤ w1 ≤ 10

− 10 ≤ w2 ≤ 10

−10 0
10 −10

0
100

500

x1
x2

f
(x

)

−10 0 10

−10

0

10

x1

x 2

Strictly-convex quadratic programs are the easiest to solve (a unique global minimiser)
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A non-convex quadratic program

min
w∈R2

[
0 2

] [w1

w2

]
+

1

2

[
w1

w2

]T [
5 0
0 −1

] [
w1

w2

]
subject to − 10 ≤ w1 ≤ 10

− 10 ≤ w2 ≤ 10

−10 0
10 −10

0
10

0

500

x1
x2

f
(x

)

−10 0 10

−10

0

10

x1

x 2

Non-convex quadratic programs can be difficult to solve (for a global minimiser)
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Linear and convex quadratic programs are part of an important class of problems

Convex programs

min
x∈RN

f (x)

subject to g (x) = 0

h (x) ≤ 0

The feasible set Ω = {x ∈ RN : h (x) ≥ 0, g (x) = 0} and function f is also convex

There exists a wide availability of packages that can be used for convex problems

• YAMILP (based on SDP3 and SeDuMi) and CVX (Matlab-based)
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Mixed-integer nonlinear programs (MINLPs, real and integer decision vars)

min
w∈RN

v∈ZM

f (w , v)

subject to g(w , v) = 0

h(w , v) ≥ 0

Mixed-integer nonlinear programs, smooth functions with full or partial relaxations

• Relaxation, by letting variables z to be real vectors

min
w∈RN

v∈RM

f (w , v)

subject to g(w , v) = 0

h(w , v) ≥ 0

• Convexification, with branch-and-bound techniques
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Linear programs and convex quadratic programs are convex optimisation problems

• An important subclass of continuous optimisation problems

 Objective function must be a convex function

 The feasible set must be a convex set

For this class of problems, any local minimiser is a global minimiser (given w/o proof)
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Convex sets

Consider set Ω ⊂ RN

Set Ω is convex if and only if, for all pairs (w ,w ′) ∈ Ω and scalars λ ∈ [0, 1], we have

w + λ(w ′ − w) ∈ Ω

• w + λ(w ′ − w) are points on the line segment bounded by w and w ′

• When λ = 0 we obtain point w , when λ = 1 we obtain w ′

Equivalently, we say that ‘all connecting segments lie in the set’

Convex set

line segment between x1 and x2: all points

x = θx1 + (1 − θ)x2

with 0 ≤ θ ≤ 1

convex set: contains line segment between any two points in the set

x1, x2 ∈ C, 0 ≤ θ ≤ 1 =⇒ θx1 + (1 − θ)x2 ∈ C

examples (one convex, two nonconvex sets)

Convex sets 2–3
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Convex functions

Consider some function f : Ω→R

Function f is convex if and only if, set Ω is convex set and for all the pairs (w ,w ′) ∈ Ω
and scalars λ ∈ [0, 1], we have

f
(
w + λ(w − w ′)

)
≤ f (w) + λ(f

(
w ′
)
− f (w))

• f (w) + λ(f (w ′)− f (w)) are points on the segment bounded by f (w) and f (w ′)
• f (w + λ(w − w ′)) are function values at points in the segment w + λ(w − w ′)
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Equivalently, we say that ‘all secants are above the graph of f ’
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Similarly, we can say that ‘the epigraph of f is a convex set’

epi(f ) = {(w , s) ∈ RN ×R : x ∈ Ω, s ≥ f (w)}

This theorem combines convexity of sets and functions
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Concave functions

A function f : Ω→R is a concave function if function −f is convex
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−
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The domain of definition Ω of the function (−f ) must be a convex set

The Hessian matrix of a concave function is negative semi-definite

∇2f (w) � 0
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Convex programs

min
x∈RN

f (x)

subject to g (x) = 0

h (x) ≤ 0

The feasible set Ω = {x ∈ RN : h (x) ≥ 0, g (x) = 0} and function f is also convex

For convex programs local optimality implies global optimality

• That is, every local minimiser is also a global minimiser

• Global optimality is retrieved from local information

Consider a local minimiser w∗, we have

f
(
w ′
)
≥ f (w∗) , for all w ′ ∈ Ω
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f
(
w ′
)
≥ f (w∗) , for all w ′ ∈ Ω

If w∗ is a local minimiser, then for all w ∈ N (w∗) ∩ Ω we have that f (w) ≥ f (w∗)

• By convexity of Ω, the segment

w∗ + λ(w ′ − w∗) ∈ Ω

• Point w is in the segment, thus

f (w∗) ≤ f (w)

≤ f
(
w∗ + λ(w ′ − w∗)

)
• By convexity of f , we have

f (w∗) ≤ f (w)

≤ f
(
w∗ + λ(w ′ − w∗)

)
≤ f (w∗) + λ(f

(
w ′
)
− f (w∗))

⌦
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w
<latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit>

w
<latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit><latexit sha1_base64="CEAtokMLSVfpUZsLAJg+h29QROw=">AAAB83icbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ad0hpJJM21oJhmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uDcnSjnTxvO+ncra+sbmVnW7trO7t3/gHh51tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJbeF3H6nSTIoHM01pmOCRYDEj2FgpCKQ1i2z+NBu4da/hzYFWiV+SOpRoDdyvYChJllBhCMda930vNWGOlWGE01ktyDRNMZngEe1bKnBCdZjPb56hM6sMUSyVfcKgufo7keNE62kS2ckEm7Fe9grxP6+fmfg6zJlIM0MFWSyKM46MREUBaMgUJYZPLcFEMXsrImOsMDG2ppotwV/+8irpXDR8r+HfX9abN2UdVTiBUzgHH66gCXfQgjYQSOEZXuHNyZwX5935WIxWnDJzDH/gfP4AvfWSIQ==</latexit>

f(w)
<latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit>

w0
<latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit>

w0
<latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit>

f(w⇤)
<latexit sha1_base64="vS0QUjB8AqckSjmkZrInwHw3ikc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJKuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHhc+ObA==</latexit><latexit sha1_base64="vS0QUjB8AqckSjmkZrInwHw3ikc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJKuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHhc+ObA==</latexit><latexit sha1_base64="vS0QUjB8AqckSjmkZrInwHw3ikc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJKuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHhc+ObA==</latexit><latexit sha1_base64="vS0QUjB8AqckSjmkZrInwHw3ikc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJKuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHhc+ObA==</latexit>

f(w)
<latexit sha1_base64="3agd+WBGoRcXoK4Z+AFlWpnH0b8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYBbSmZNNOGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM45l3tzgpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1MbjK//UCVZlLcm2lM+xEeCRYygo2VBm45rPakDWTz6ePsbOBWvJo3B1olfk4qkKMxcL96Q0mSiApDONa663ux6adYGUY4nZV6iaYxJhM8ol1LBY6o7qfzw2fo1CpDFEplnzBorv6eSHGk9TQKbDLCZqyXvUz8z+smJrzqp0zEiaGCLBaFCUdGoqwFNGSKEsOnlmCimL0VkTFWmBjbVcmW4C9/eZW0zmu+V/PvLir167yOIhzDCVTBh0uowy00oAkEEniGV3hznpwX5935WEQLTj5zBH/gfP4AxuOTJw==</latexit><latexit sha1_base64="3agd+WBGoRcXoK4Z+AFlWpnH0b8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYBbSmZNNOGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM45l3tzgpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1MbjK//UCVZlLcm2lM+xEeCRYygo2VBm45rPakDWTz6ePsbOBWvJo3B1olfk4qkKMxcL96Q0mSiApDONa663ux6adYGUY4nZV6iaYxJhM8ol1LBY6o7qfzw2fo1CpDFEplnzBorv6eSHGk9TQKbDLCZqyXvUz8z+smJrzqp0zEiaGCLBaFCUdGoqwFNGSKEsOnlmCimL0VkTFWmBjbVcmW4C9/eZW0zmu+V/PvLir167yOIhzDCVTBh0uowy00oAkEEniGV3hznpwX5935WEQLTj5zBH/gfP4AxuOTJw==</latexit><latexit sha1_base64="3agd+WBGoRcXoK4Z+AFlWpnH0b8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYBbSmZNNOGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM45l3tzgpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1MbjK//UCVZlLcm2lM+xEeCRYygo2VBm45rPakDWTz6ePsbOBWvJo3B1olfk4qkKMxcL96Q0mSiApDONa663ux6adYGUY4nZV6iaYxJhM8ol1LBY6o7qfzw2fo1CpDFEplnzBorv6eSHGk9TQKbDLCZqyXvUz8z+smJrzqp0zEiaGCLBaFCUdGoqwFNGSKEsOnlmCimL0VkTFWmBjbVcmW4C9/eZW0zmu+V/PvLir167yOIhzDCVTBh0uowy00oAkEEniGV3hznpwX5935WEQLTj5zBH/gfP4AxuOTJw==</latexit><latexit sha1_base64="3agd+WBGoRcXoK4Z+AFlWpnH0b8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYBbSmZNNOGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM45l3tzgpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1MbjK//UCVZlLcm2lM+xEeCRYygo2VBm45rPakDWTz6ePsbOBWvJo3B1olfk4qkKMxcL96Q0mSiApDONa663ux6adYGUY4nZV6iaYxJhM8ol1LBY6o7qfzw2fo1CpDFEplnzBorv6eSHGk9TQKbDLCZqyXvUz8z+smJrzqp0zEiaGCLBaFCUdGoqwFNGSKEsOnlmCimL0VkTFWmBjbVcmW4C9/eZW0zmu+V/PvLir167yOIhzDCVTBh0uowy00oAkEEniGV3hznpwX5935WEQLTj5zBH/gfP4AxuOTJw==</latexit>

f(w0)
<latexit sha1_base64="rJelid43ROBWVeHHBbmhoMSlfsQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLWS0lE0GPRi8cKpi20oWy2m3bpZhN2J0op/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOTaiEQ94CjlQUz7SkSCUbSSH1Wezs67pbJbdWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUPbfq3V+Wazd5HAU4hhOogAdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/zAyOAQ==</latexit><latexit sha1_base64="rJelid43ROBWVeHHBbmhoMSlfsQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLWS0lE0GPRi8cKpi20oWy2m3bpZhN2J0op/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOTaiEQ94CjlQUz7SkSCUbSSH1Wezs67pbJbdWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUPbfq3V+Wazd5HAU4hhOogAdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/zAyOAQ==</latexit><latexit sha1_base64="rJelid43ROBWVeHHBbmhoMSlfsQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLWS0lE0GPRi8cKpi20oWy2m3bpZhN2J0op/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOTaiEQ94CjlQUz7SkSCUbSSH1Wezs67pbJbdWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUPbfq3V+Wazd5HAU4hhOogAdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/zAyOAQ==</latexit><latexit sha1_base64="rJelid43ROBWVeHHBbmhoMSlfsQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLWS0lE0GPRi8cKpi20oWy2m3bpZhN2J0op/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOTaiEQ94CjlQUz7SkSCUbSSH1Wezs67pbJbdWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUPbfq3V+Wazd5HAU4hhOogAdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/zAyOAQ==</latexit>

Subtract f (w∗) from both sides, divide by λ 6= 0 (w is not w∗), and then rearrange
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Convexity-preserving operations for sets

• Intersections

The intersection of (finitely or infinitely many) convex sets is also a convex set

⌦1
<latexit sha1_base64="2cHE4hOBMX049bWJt+9B26w2a/Y=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2KfdoFuu+FV/BrJMgpxUIEe9W/7q9BKWSVSWCWpMO/BTG46ptpwJnJQ6mcGUsiHtY9tRRSWacDy7d0JOnNIjcaJdKUtm6u+JMZXGjGTkOiW1A7PoTcX/vHZm48twzFWaWVRsvijOBLEJmT5Pelwjs2LkCGWau1sJG1BNmXURlVwIweLLy6R5Vg38anB3Xqld5XEU4QiO4RQCuIAa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w+IR4+f</latexit><latexit sha1_base64="2cHE4hOBMX049bWJt+9B26w2a/Y=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2KfdoFuu+FV/BrJMgpxUIEe9W/7q9BKWSVSWCWpMO/BTG46ptpwJnJQ6mcGUsiHtY9tRRSWacDy7d0JOnNIjcaJdKUtm6u+JMZXGjGTkOiW1A7PoTcX/vHZm48twzFWaWVRsvijOBLEJmT5Pelwjs2LkCGWau1sJG1BNmXURlVwIweLLy6R5Vg38anB3Xqld5XEU4QiO4RQCuIAa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w+IR4+f</latexit><latexit sha1_base64="2cHE4hOBMX049bWJt+9B26w2a/Y=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2KfdoFuu+FV/BrJMgpxUIEe9W/7q9BKWSVSWCWpMO/BTG46ptpwJnJQ6mcGUsiHtY9tRRSWacDy7d0JOnNIjcaJdKUtm6u+JMZXGjGTkOiW1A7PoTcX/vHZm48twzFWaWVRsvijOBLEJmT5Pelwjs2LkCGWau1sJG1BNmXURlVwIweLLy6R5Vg38anB3Xqld5XEU4QiO4RQCuIAa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w+IR4+f</latexit><latexit sha1_base64="2cHE4hOBMX049bWJt+9B26w2a/Y=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2KfdoFuu+FV/BrJMgpxUIEe9W/7q9BKWSVSWCWpMO/BTG46ptpwJnJQ6mcGUsiHtY9tRRSWacDy7d0JOnNIjcaJdKUtm6u+JMZXGjGTkOiW1A7PoTcX/vHZm48twzFWaWVRsvijOBLEJmT5Pelwjs2LkCGWau1sJG1BNmXURlVwIweLLy6R5Vg38anB3Xqld5XEU4QiO4RQCuIAa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w+IR4+f</latexit>

⌦2
<latexit sha1_base64="AwQbo8yMj1uYX/9t1oWv1WZu44M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF29WsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSp3cX4ZD2a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5vVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AicuPoA==</latexit><latexit sha1_base64="AwQbo8yMj1uYX/9t1oWv1WZu44M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF29WsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSp3cX4ZD2a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5vVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AicuPoA==</latexit><latexit sha1_base64="AwQbo8yMj1uYX/9t1oWv1WZu44M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF29WsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSp3cX4ZD2a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5vVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AicuPoA==</latexit><latexit sha1_base64="AwQbo8yMj1uYX/9t1oWv1WZu44M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF29WsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSp3cX4ZD2a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5vVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AicuPoA==</latexit>

⌦3
<latexit sha1_base64="J4cuhFiqUQi7Ienv95dNColJIkE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqd+8EDkjvvFeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJvdO3FPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q822cKqeFjSwhVzN7q0iFRhBobUcmG4C++vEyaZ1Xfq/r3F5XadR5HEY7gGE7Bh0uowS3UoQEUODzDK7w5j86L8+58zFsLTj5zCH/gfP4Ai0+PoQ==</latexit><latexit sha1_base64="J4cuhFiqUQi7Ienv95dNColJIkE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqd+8EDkjvvFeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJvdO3FPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q822cKqeFjSwhVzN7q0iFRhBobUcmG4C++vEyaZ1Xfq/r3F5XadR5HEY7gGE7Bh0uowS3UoQEUODzDK7w5j86L8+58zFsLTj5zCH/gfP4Ai0+PoQ==</latexit><latexit sha1_base64="J4cuhFiqUQi7Ienv95dNColJIkE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqd+8EDkjvvFeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJvdO3FPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q822cKqeFjSwhVzN7q0iFRhBobUcmG4C++vEyaZ1Xfq/r3F5XadR5HEY7gGE7Bh0uowS3UoQEUODzDK7w5j86L8+58zFsLTj5zCH/gfP4Ai0+PoQ==</latexit><latexit sha1_base64="J4cuhFiqUQi7Ienv95dNColJIkE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqd+8EDkjvvFeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJvdO3FPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q822cKqeFjSwhVzN7q0iFRhBobUcmG4C++vEyaZ1Xfq/r3F5XadR5HEY7gGE7Bh0uowS3UoQEUODzDK7w5j86L8+58zFsLTj5zCH/gfP4Ai0+PoQ==</latexit>
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• Affine images

Affine transformations Ω′ = AΩ + b of a convex set Ω are also convex sets

Ω′ = {w ′ ∈ RM : ∃w ∈ Ω : w ′ = Aw + b,A ∈ RM×N , b ∈ RM }

⌦
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit>

Aw + b
<latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit>

⌦0
<latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit>

• Affine pre-images

If set Ω is convex, then there exists a convex set Ω′ such that Ω = AΩ′ + b

Ω′ = {w ′ ∈ RM : w = Aw ′ + b,A ∈ RN×M , b ∈ RN }

⌦
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit>

Aw0 + b
<latexit sha1_base64="P1HoX1kGlFgWWRbXqRbwytd3LTw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIKQklE0GPVi8cK9gPaUDbbSbt0swm7G6WE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3H1FpHssHM0rQj2hf8pAzaqzUvH46IWck6JbKbsWdgiwSLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCx8VOqjGhbEj72LZU0gi1n03PHZNjq/RIGCtb0pCp+nsio5HWoyiwnRE1Az3vTcT/vHZqwis/4zJJDUo2WxSmgpiYTH4nPa6QGTGyhDLF7a2EDaiizNiEijYEb/7lRdI4r3huxbu/KFdv8jgKcAhHcAoeXEIV7qAGdWAwhGd4hTcncV6cd+dj1rrk5DMH8AfO5w+b945s</latexit><latexit sha1_base64="P1HoX1kGlFgWWRbXqRbwytd3LTw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIKQklE0GPVi8cK9gPaUDbbSbt0swm7G6WE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3H1FpHssHM0rQj2hf8pAzaqzUvH46IWck6JbKbsWdgiwSLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCx8VOqjGhbEj72LZU0gi1n03PHZNjq/RIGCtb0pCp+nsio5HWoyiwnRE1Az3vTcT/vHZqwis/4zJJDUo2WxSmgpiYTH4nPa6QGTGyhDLF7a2EDaiizNiEijYEb/7lRdI4r3huxbu/KFdv8jgKcAhHcAoeXEIV7qAGdWAwhGd4hTcncV6cd+dj1rrk5DMH8AfO5w+b945s</latexit><latexit sha1_base64="P1HoX1kGlFgWWRbXqRbwytd3LTw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIKQklE0GPVi8cK9gPaUDbbSbt0swm7G6WE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3H1FpHssHM0rQj2hf8pAzaqzUvH46IWck6JbKbsWdgiwSLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCx8VOqjGhbEj72LZU0gi1n03PHZNjq/RIGCtb0pCp+nsio5HWoyiwnRE1Az3vTcT/vHZqwis/4zJJDUo2WxSmgpiYTH4nPa6QGTGyhDLF7a2EDaiizNiEijYEb/7lRdI4r3huxbu/KFdv8jgKcAhHcAoeXEIV7qAGdWAwhGd4hTcncV6cd+dj1rrk5DMH8AfO5w+b945s</latexit><latexit sha1_base64="P1HoX1kGlFgWWRbXqRbwytd3LTw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIKQklE0GPVi8cK9gPaUDbbSbt0swm7G6WE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3H1FpHssHM0rQj2hf8pAzaqzUvH46IWck6JbKbsWdgiwSLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCx8VOqjGhbEj72LZU0gi1n03PHZNjq/RIGCtb0pCp+nsio5HWoyiwnRE1Az3vTcT/vHZqwis/4zJJDUo2WxSmgpiYTH4nPa6QGTGyhDLF7a2EDaiizNiEijYEb/7lRdI4r3huxbu/KFdv8jgKcAhHcAoeXEIV7qAGdWAwhGd4hTcncV6cd+dj1rrk5DMH8AfO5w+b945s</latexit>

⌦0
<latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit>
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Convexity-preserving operations for functions

• The (point-wise) sum of two (or more) convex functions is also a convex function

• Positively weighted sums of two (or more) convex functions is a convex function

• Affine transformations Aw + b of the independent variable w ∈ Ω of a convex
function f : Ω→ R lead to convex functions f̃ : Ω′ → R from the set Ω′ = {w ′ ∈
RM |w ′ = Aw + b,w ∈ Ω,A ∈ RM×N , b ∈ RM } such that f̃ (w) = f (Aw + b)

⌦
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit>

Aw + b
<latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit><latexit sha1_base64="C8Ku/2YDhEGpMpEj8GLqhM3sdXk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoMeqF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4+oJn+KwWyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBlkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTTOKr5X8e/Oy9XrPI4CHMIRnIAPF1CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gD9DnDzqZjjs=</latexit>

f(w)
<latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit>

⌦0
<latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit><latexit sha1_base64="6d8UIEJMmjw7KSvZmYpdXC39uzY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoY2cEYwLJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef/g0SSZZthgiUh0K6IGBVfYsNwKbKUaqYwENqPhzdRvPqE2PFEPdpRiKGlf8Zgzap3U7NxJ7NPTbrniV/0ZyDIJclKBHPVu+avTS1gmUVkmqDHtwE9tOKbaciZwUupkBlPKhrSPbUcVlWjC8ezcCTlxSo/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8IxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUciEEiy8vk8fzauBXg/uLSu06j6MIR3AMZxDAJdTgFurQAAZDeIZXePNS78V79z7mrQUvnzmEP/A+fwDBgI8s</latexit>

R
<latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit>

ef(w0)
<latexit sha1_base64="4onis5Eouli3OhZivh+wv/0x7Ps=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxivZREBD0WvXisYD+gDWWzmbRLN5uwu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhS8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPuj25nffgSpWCwe9CQBLyIDwUJGiTZS3y73xiwAzXgAWTitjs/O+3bFqTlz4FXi5qSCcjT69lcviGkagdCUE6W6rpNoLyNSM8phWuqlChJCR2QAXUMFiUB52fz0KT41SoDDWJoSGs/V3xMZiZSaRL7pjIgeqmVvJv7ndVMdXnsZE0mqQdDFojDlWMd4lgMOmASq+cQQQiUzt2I6JJJQbdIqmRDc5ZdXSeui5jo19/6yUr/J4yiiY3SCqshFV6iO7lADNRFFY/SMXtGb9WS9WO/Wx6K1YOUzR+gPrM8f3y2TuQ==</latexit><latexit sha1_base64="4onis5Eouli3OhZivh+wv/0x7Ps=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxivZREBD0WvXisYD+gDWWzmbRLN5uwu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhS8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPuj25nffgSpWCwe9CQBLyIDwUJGiTZS3y73xiwAzXgAWTitjs/O+3bFqTlz4FXi5qSCcjT69lcviGkagdCUE6W6rpNoLyNSM8phWuqlChJCR2QAXUMFiUB52fz0KT41SoDDWJoSGs/V3xMZiZSaRL7pjIgeqmVvJv7ndVMdXnsZE0mqQdDFojDlWMd4lgMOmASq+cQQQiUzt2I6JJJQbdIqmRDc5ZdXSeui5jo19/6yUr/J4yiiY3SCqshFV6iO7lADNRFFY/SMXtGb9WS9WO/Wx6K1YOUzR+gPrM8f3y2TuQ==</latexit><latexit sha1_base64="4onis5Eouli3OhZivh+wv/0x7Ps=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxivZREBD0WvXisYD+gDWWzmbRLN5uwu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhS8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPuj25nffgSpWCwe9CQBLyIDwUJGiTZS3y73xiwAzXgAWTitjs/O+3bFqTlz4FXi5qSCcjT69lcviGkagdCUE6W6rpNoLyNSM8phWuqlChJCR2QAXUMFiUB52fz0KT41SoDDWJoSGs/V3xMZiZSaRL7pjIgeqmVvJv7ndVMdXnsZE0mqQdDFojDlWMd4lgMOmASq+cQQQiUzt2I6JJJQbdIqmRDc5ZdXSeui5jo19/6yUr/J4yiiY3SCqshFV6iO7lADNRFFY/SMXtGb9WS9WO/Wx6K1YOUzR+gPrM8f3y2TuQ==</latexit><latexit sha1_base64="4onis5Eouli3OhZivh+wv/0x7Ps=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxivZREBD0WvXisYD+gDWWzmbRLN5uwu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhS8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPuj25nffgSpWCwe9CQBLyIDwUJGiTZS3y73xiwAzXgAWTitjs/O+3bFqTlz4FXi5qSCcjT69lcviGkagdCUE6W6rpNoLyNSM8phWuqlChJCR2QAXUMFiUB52fz0KT41SoDDWJoSGs/V3xMZiZSaRL7pjIgeqmVvJv7ndVMdXnsZE0mqQdDFojDlWMd4lgMOmASq+cQQQiUzt2I6JJJQbdIqmRDc5ZdXSeui5jo19/6yUr/J4yiiY3SCqshFV6iO7lADNRFFY/SMXtGb9WS9WO/Wx6K1YOUzR+gPrM8f3y2TuQ==</latexit>
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Convex optimisation | Convex sets and functions (cont.)

• The supremum f (w) = sup1,...,Nh
fnh (w) over a set of convex functions {fnh }

Nh
nh=1

is a convex function, because its epigraph is the intersection of convex epigraphs

f1(w)
<latexit sha1_base64="tZEgLHzQdUavMCPghxgkGDEtTZU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+r5laezXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH5HajnQ=</latexit><latexit sha1_base64="tZEgLHzQdUavMCPghxgkGDEtTZU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+r5laezXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH5HajnQ=</latexit><latexit sha1_base64="tZEgLHzQdUavMCPghxgkGDEtTZU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+r5laezXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH5HajnQ=</latexit><latexit sha1_base64="tZEgLHzQdUavMCPghxgkGDEtTZU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVilL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+r5laezXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH5HajnQ=</latexit>

f2(w)
<latexit sha1_base64="3MVGxt8MRf0ojinY+G6LuSBT9IY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlySpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1A4H9erT+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+TYY51</latexit><latexit sha1_base64="3MVGxt8MRf0ojinY+G6LuSBT9IY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlySpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1A4H9erT+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+TYY51</latexit><latexit sha1_base64="3MVGxt8MRf0ojinY+G6LuSBT9IY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlySpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1A4H9erT+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+TYY51</latexit><latexit sha1_base64="3MVGxt8MRf0ojinY+G6LuSBT9IY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlySpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1A4H9erT+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+TYY51</latexit>

f3(w)
<latexit sha1_base64="/XAPupEAaiIC7DMpAc8UwgebnGE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIiSwksCHd0oVKt920XQ3Z8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZW8qPeefXptFeuuDV3BrRMvJxUIEejV/7q9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8eZn4ZzXPrXl3F5X6dR5HEY7gGKrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AlOiOdg==</latexit><latexit sha1_base64="/XAPupEAaiIC7DMpAc8UwgebnGE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIiSwksCHd0oVKt920XQ3Z8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZW8qPeefXptFeuuDV3BrRMvJxUIEejV/7q9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8eZn4ZzXPrXl3F5X6dR5HEY7gGKrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AlOiOdg==</latexit><latexit sha1_base64="/XAPupEAaiIC7DMpAc8UwgebnGE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIiSwksCHd0oVKt920XQ3Z8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZW8qPeefXptFeuuDV3BrRMvJxUIEejV/7q9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8eZn4ZzXPrXl3F5X6dR5HEY7gGKrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AlOiOdg==</latexit><latexit sha1_base64="/XAPupEAaiIC7DMpAc8UwgebnGE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIiSwksCHd0oVKt920XQ3Z8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZW8qPeefXptFeuuDV3BrRMvJxUIEejV/7q9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8eZn4ZzXPrXl3F5X6dR5HEY7gGKrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AlOiOdg==</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>
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Convexity of C1 functions

Let Ω ∈ RN be a convex set and let f : Ω→R be a continuously differentiable function

Function f ∈ C1
(
RN

)
is convex if and only if for all pairs of points (w ,w ′) ∈ Ω,

f
(
w ′
)
≥ f (w) +∇f (w)T (w ′ − w)︸ ︷︷ ︸

Taylor’s expansion at w

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

f(w)
<latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit>

w0
<latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit><latexit sha1_base64="wyFT8SSZQHA5lpT6h126FwlAzZA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G6WE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0U7jSw=</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

f(w)
<latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit>

f(w)
<latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit><latexit sha1_base64="QmQOiZEj5CGXDI0uxdEioC+B2ng=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhd6OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9q2o3Q</latexit>

f(w + �(w0 � w))
<latexit sha1_base64="DeChNC2UoJZDKeZ9mkYwYlzv6oM=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFbBHLjAi6LLpxWcE+oB1KJpNpQzMPkoyljF34K25cKOLW33Dn35i2s9DWA4HDOfdwb44bcyaVZX0buaXlldW1/HphY3Nre8fc3WvIKBGE1knEI9FysaSchbSumOK0FQuKA5fTpju4mfjNByoki8J7NYqpE+BeyHxGsNJS1zzwS0N0ijpcRzxcGp6gMzQsl7tm0apYU6BFYmekCBlqXfOr40UkCWioCMdStm0rVk6KhWKE03Ghk0gaYzLAPdrWNMQBlU46vX+MjrXiIT8S+oUKTdXfiRQHUo4CV08GWPXlvDcR//PaifKvnJSFcaJoSGaL/IQjFaFJGchjghLFR5pgIpi+FZE+FpgoXVlBl2DPf3mRNM4rtlWx7y6K1eusjjwcwhGUwIZLqMIt1KAOBB7hGV7hzXgyXox342M2mjOyzD78gfH5A0ymk7A=</latexit><latexit sha1_base64="DeChNC2UoJZDKeZ9mkYwYlzv6oM=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFbBHLjAi6LLpxWcE+oB1KJpNpQzMPkoyljF34K25cKOLW33Dn35i2s9DWA4HDOfdwb44bcyaVZX0buaXlldW1/HphY3Nre8fc3WvIKBGE1knEI9FysaSchbSumOK0FQuKA5fTpju4mfjNByoki8J7NYqpE+BeyHxGsNJS1zzwS0N0ijpcRzxcGp6gMzQsl7tm0apYU6BFYmekCBlqXfOr40UkCWioCMdStm0rVk6KhWKE03Ghk0gaYzLAPdrWNMQBlU46vX+MjrXiIT8S+oUKTdXfiRQHUo4CV08GWPXlvDcR//PaifKvnJSFcaJoSGaL/IQjFaFJGchjghLFR5pgIpi+FZE+FpgoXVlBl2DPf3mRNM4rtlWx7y6K1eusjjwcwhGUwIZLqMIt1KAOBB7hGV7hzXgyXox342M2mjOyzD78gfH5A0ymk7A=</latexit><latexit sha1_base64="DeChNC2UoJZDKeZ9mkYwYlzv6oM=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFbBHLjAi6LLpxWcE+oB1KJpNpQzMPkoyljF34K25cKOLW33Dn35i2s9DWA4HDOfdwb44bcyaVZX0buaXlldW1/HphY3Nre8fc3WvIKBGE1knEI9FysaSchbSumOK0FQuKA5fTpju4mfjNByoki8J7NYqpE+BeyHxGsNJS1zzwS0N0ijpcRzxcGp6gMzQsl7tm0apYU6BFYmekCBlqXfOr40UkCWioCMdStm0rVk6KhWKE03Ghk0gaYzLAPdrWNMQBlU46vX+MjrXiIT8S+oUKTdXfiRQHUo4CV08GWPXlvDcR//PaifKvnJSFcaJoSGaL/IQjFaFJGchjghLFR5pgIpi+FZE+FpgoXVlBl2DPf3mRNM4rtlWx7y6K1eusjjwcwhGUwIZLqMIt1KAOBB7hGV7hzXgyXox342M2mjOyzD78gfH5A0ymk7A=</latexit><latexit sha1_base64="DeChNC2UoJZDKeZ9mkYwYlzv6oM=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFbBHLjAi6LLpxWcE+oB1KJpNpQzMPkoyljF34K25cKOLW33Dn35i2s9DWA4HDOfdwb44bcyaVZX0buaXlldW1/HphY3Nre8fc3WvIKBGE1knEI9FysaSchbSumOK0FQuKA5fTpju4mfjNByoki8J7NYqpE+BeyHxGsNJS1zzwS0N0ijpcRzxcGp6gMzQsl7tm0apYU6BFYmekCBlqXfOr40UkCWioCMdStm0rVk6KhWKE03Ghk0gaYzLAPdrWNMQBlU46vX+MjrXiIT8S+oUKTdXfiRQHUo4CV08GWPXlvDcR//PaifKvnJSFcaJoSGaL/IQjFaFJGchjghLFR5pgIpi+FZE+FpgoXVlBl2DPf3mRNM4rtlWx7y6K1eusjjwcwhGUwIZLqMIt1KAOBB7hGV7hzXgyXox342M2mjOyzD78gfH5A0ymk7A=</latexit>

f(w) + rf(w)
T
(w0 � w)

<latexit sha1_base64="MpR0MeohY/C/xDxzF6z9QHM1J7g=">AAACBHicbVDLTgIxFO3gC/GFumTTSIwQI5kxJrokunGJCa8EkNwpHWjodCZtR0ImLNz4K25caIxbP8Kdf2MHWCh4kpucnnNveu9xQ86Utu1vK7Wyura+kd7MbG3v7O5l9w/qKogkoTUS8EA2XVCUM0FrmmlOm6Gk4LucNtzhTeI3HqhULBBVPQ5px4e+YB4joI3Uzea8wqiIT3FbgMshTl6T+2phdHI2KnazebtkT4GXiTMneTRHpZv9avcCEvlUaMJBqZZjh7oTg9SMcDrJtCNFQyBD6NOWoQJ8qjrx9IgJPjZKD3uBNCU0nqq/J2LwlRr7run0QQ/UopeI/3mtSHtXnZiJMNJUkNlHXsSxDnCSCO4xSYnmY0OASGZ2xWQAEog2uWVMCM7iycukfl5y7JJzd5EvX8/jSKMcOkIF5KBLVEa3qIJqiKBH9Ixe0Zv1ZL1Y79bHrDVlzWcO0R9Ynz+GgpYX</latexit><latexit sha1_base64="MpR0MeohY/C/xDxzF6z9QHM1J7g=">AAACBHicbVDLTgIxFO3gC/GFumTTSIwQI5kxJrokunGJCa8EkNwpHWjodCZtR0ImLNz4K25caIxbP8Kdf2MHWCh4kpucnnNveu9xQ86Utu1vK7Wyura+kd7MbG3v7O5l9w/qKogkoTUS8EA2XVCUM0FrmmlOm6Gk4LucNtzhTeI3HqhULBBVPQ5px4e+YB4joI3Uzea8wqiIT3FbgMshTl6T+2phdHI2KnazebtkT4GXiTMneTRHpZv9avcCEvlUaMJBqZZjh7oTg9SMcDrJtCNFQyBD6NOWoQJ8qjrx9IgJPjZKD3uBNCU0nqq/J2LwlRr7run0QQ/UopeI/3mtSHtXnZiJMNJUkNlHXsSxDnCSCO4xSYnmY0OASGZ2xWQAEog2uWVMCM7iycukfl5y7JJzd5EvX8/jSKMcOkIF5KBLVEa3qIJqiKBH9Ixe0Zv1ZL1Y79bHrDVlzWcO0R9Ynz+GgpYX</latexit><latexit sha1_base64="MpR0MeohY/C/xDxzF6z9QHM1J7g=">AAACBHicbVDLTgIxFO3gC/GFumTTSIwQI5kxJrokunGJCa8EkNwpHWjodCZtR0ImLNz4K25caIxbP8Kdf2MHWCh4kpucnnNveu9xQ86Utu1vK7Wyura+kd7MbG3v7O5l9w/qKogkoTUS8EA2XVCUM0FrmmlOm6Gk4LucNtzhTeI3HqhULBBVPQ5px4e+YB4joI3Uzea8wqiIT3FbgMshTl6T+2phdHI2KnazebtkT4GXiTMneTRHpZv9avcCEvlUaMJBqZZjh7oTg9SMcDrJtCNFQyBD6NOWoQJ8qjrx9IgJPjZKD3uBNCU0nqq/J2LwlRr7run0QQ/UopeI/3mtSHtXnZiJMNJUkNlHXsSxDnCSCO4xSYnmY0OASGZ2xWQAEog2uWVMCM7iycukfl5y7JJzd5EvX8/jSKMcOkIF5KBLVEa3qIJqiKBH9Ixe0Zv1ZL1Y79bHrDVlzWcO0R9Ynz+GgpYX</latexit><latexit sha1_base64="MpR0MeohY/C/xDxzF6z9QHM1J7g=">AAACBHicbVDLTgIxFO3gC/GFumTTSIwQI5kxJrokunGJCa8EkNwpHWjodCZtR0ImLNz4K25caIxbP8Kdf2MHWCh4kpucnnNveu9xQ86Utu1vK7Wyura+kd7MbG3v7O5l9w/qKogkoTUS8EA2XVCUM0FrmmlOm6Gk4LucNtzhTeI3HqhULBBVPQ5px4e+YB4joI3Uzea8wqiIT3FbgMshTl6T+2phdHI2KnazebtkT4GXiTMneTRHpZv9avcCEvlUaMJBqZZjh7oTg9SMcDrJtCNFQyBD6NOWoQJ8qjrx9IgJPjZKD3uBNCU0nqq/J2LwlRr7run0QQ/UopeI/3mtSHtXnZiJMNJUkNlHXsSxDnCSCO4xSYnmY0OASGZ2xWQAEog2uWVMCM7iycukfl5y7JJzd5EvX8/jSKMcOkIF5KBLVEa3qIJqiKBH9Ixe0Zv1ZL1Y79bHrDVlzWcO0R9Ynz+GgpYX</latexit>

• Equivalently, was can say that ‘all tangent lines lies below the graph of f ’

• (Remember that by convexity ‘all secant lines lies above the graph’)

This theorem provides a possibility to check for convexity, by testing all pairs (w ,w ′)
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f
(
w ′
)
≥ f (w) +∇f (w)T (w ′ − w)︸ ︷︷ ︸

Taylor’s expansion at w

Suppose that f is a convex function over the convex set Ω

Because of the convexity of function f , we can write

f
(
w + λ(w ′ − w)

)
≤ f (w) + λ(f

(
w ′
)
− f (w))

Rearranging, we get,

f
(
w + λ(w ′ − w)

)
− f (w) ≤ λ(f

(
w ′
)
− f (w))

Using the definition of (directional) derivative, we have

∇f (w)T (w − w ′) = lim
λ→0

f (w + λ(w − w ′))− f (w)

λ

≤ f
(
w ′
)
− f (w)
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Convexity of C2 functions

Let Ω ∈ RN be a convex set and let f : Ω→R be twice continuously differentiable

Function f ∈ C2
(
RN

)
is convex if, for any point w ∈ Ω, we have

∇2f (w) � 0

• The Hessian matrix must positive semi-definite

minλmin(∇2f (w)) ≥ 0

This theorem provides a possibility to check for convexity, by testing single pairs w
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∇2f (w) � 0

We consider the second-order Taylor’s expansion of function f along λ(w − w ′)

f
(
w + λ(w ′ − w)

)
=

f (w) + λ∇f (w)T (w ′ − w) +
1

2
λ2(w ′ − w)T∇2f (w)(w ′ − w)

+O(λ2(w ′ − w)2)

Because of the convexity of function f , we have f (w ′) ≥ f (w) +∇f (w)T (w ′ − w)

f
(
w ′
)
− f (w)−∇f (w)T (w ′ − w) ≥ 0

Thus,

f
(
w + λ(w − w ′)

)
− f (w)− λ∇f (w)T (w − w ′) =

1

2
λ2(w − w ′)T ∇2f (w)︸ ︷︷ ︸

�0

(w − w ′) +O(λ2(w − w ′)2)

≥ 0
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Example

−10 0 10 −10
0

10

0

500

w1
w2

f
(w

) f (w) =
1

2

[
w1

w2

]T [
5 0
0 −3

] [
w1

w2

]
 ∇2f (w) ≺ 0
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100

500

w1
w2

f
(w

) f (w) =
1

2

[
w1

w2

]T [
5 0
0 3

] [
w1

w2

]
 ∇2f (w) � 0
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Convexity of level-sets

Consider the level set {w ∈ Ω : f (w) ≤ c, c ∈ R} of any convex function f : Ω→R
• The level-set is a convex set, for any constant c

−2 0 2

0

2

w

f
(w

)

−2 0 2

−1

0

1

w

f
(w

)

The theorem suggests that convex sets can be created from functions with inequalities
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Example

Consider a collection of convex functions {fnh : RN →R}Nh
nh=1

Consider the intersection of their sub-level sets

Ω = {w ∈ RN : {fnh (w) ≤ 0}Nh
nh=1}

Set Ω is a convex set

Level sets Ωnh of convex functions are convex sets

 Their intersection is also a convex set

Ω =

Nh⋂
nh=1

Ωnh
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Consider the general form of a nonlinear optimisation problem

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

We defined the feasible set Ω to be the set of points w that satisfy all the constraints

Ω = {w ∈ RN
∣∣∣g (w) = 0, h (w) ≥ 0}

In order to have a feasible set Ω that is convex, the equality constraints must be affine
functions and the (positive defined) inequality constraints must be concave functions

If f is convex and the above holds, then the problem is convex (a sufficient condition)

min
w∈RN

f (w) (Objective function, convex)

subject to Aw − b︸ ︷︷ ︸
g(w)

= 0 (Equality constraints, affine)

h̃ (w) ≤ 0 (Inequality constraints, convex)
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min
w∈RN

f (w) (Objective function, convex)

subject to Aw − b︸ ︷︷ ︸
g(w)

= 0 (Equality constraints, affine)

h̃ (w) ≤ 0 (Inequality constraints, convex)

The inequality constraint functions h̃1, h̃2, . . . , h̃Nh
must be convex functions

• We know that their intersection is a convex set

The equality constraint function g1, g2, . . . , gNh
must be affine functions

• They are affine pre-images to a convex set, point 0

The intersection of a convex set with a convex set is a convex set

 The feasible set Ω is convex
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First-order optimality conditions for convex problems (constrained)

Consider the convex problem with set Ω = {w ∈ RN : g (w) = 0, h (w) ≤ 0}

min
w∈RN

f (w) (Objective function, convex and differentiable)

subject to Aw + b = 0 (Equality constraints, affine)

h (w) ≤ 0 (Inequality constraints, convex)

For convex optimisation problems, a local minimiser is also a global minimiser

Points w∗ ∈ Ω is a global minimiser if and only if, for all w ∈ Ω

∇f (w∗)T (w − w∗) ≥ 0
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∇f (w∗)T (w − w∗) ≥ 0

If the condition holds, by the convexity characterisation of C1 functions we have

f
(
w ′
)
≥ f (w) +∇f (w∗)T (w ′ − w∗) (for all w ′ ∈ Ω)

≥ f (w∗)

We can also assume the existence of w ′ ∈ Ω such that ∇f (w∗)(w ′ − w∗) < 0

Then, by a first-order Taylor’s expansion

f
(
w∗ + λ(w ′ − w∗)

)
≈ f (w∗) + λ∇f (w∗)T (w ′ − w∗)︸ ︷︷ ︸

<0

For some small λ, this yields

f
(
w∗ + λ(w ′ − w∗)

)
< f (w∗)
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First-order optimality conditions for convex problems (unconstrained)

Consider the convex optimisation problem with feasibility set Ω = RN

min
w∈RN

f (w) (Convex and differentiable)

A point w∗ ∈ Ω is a global minimiser if and only if the following holds

∇f (w∗)T = 0
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Example

Consider the strictly convex quadratic problem

min
w∈RN

cTw +
1

2
wTBw︸ ︷︷ ︸
>0



For the gradient vector evaluated at the minimiser, we have

∇f (w∗) = c + Bw = 0

By solving the system of linear equations, we get

w∗ = −B−1c

By substitution, we get the optimal function value

f (w∗) = −
1

2
cTB−1c
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