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Overview

Some notions in mathematical and numerical analysis that are used in optimisation

• Only instrumental concepts, to solve optimal control problems

Optimisation refers to the problem of finding the value of the inputs (independent
variables) to some function such that the corresponding outputs (dependent variables)
take an optimal value, where optimality is defined in some sense by the function itself

⇝ The task can be formulated as a root-finding problem

⇝ As the problem of finding the zeros of a function

We will focus to a specific class of solution approaches known as Newton-type methods
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Preliminaries

Let function f be a twice-differentiable function (first and second derivatives) on RN

f : RN → R, f ∈ C2(RN )

We shall use function f to refresh some basic notions from multivariate calculus

• We are mainly interested in its gradient vector and its Hessian matrix

We consider a Rosenbrock’s function, classic benchmark for optimisation methods
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Example

The Rosenbrock’s function226 7 Numerical optimization
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Figure 7.7. Contour lines of the Rosenbrock function

Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

f (x) = 100(x2 − x2
1 )

2 + (1− x1)
2

Function f (x) has a global minimum

x∗ = (1, 1)
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Let the symbol ∇f (x) denote the gradient vector of function f at some point x ∈ RN

∇f (x1, x2, . . . , xN ) =



∂f (x1, x2, . . . , xN )

∂x1
∂f (x1, x2, . . . , xN )

∂x2
...

∂f (x1, x2, . . . , xN )

∂xN


︸ ︷︷ ︸

N×1

At any point x ∈ RN , we can define a vector of first derivatives, the gradient of f at x

∇f (x) =
[
∂f (x)/∂x1 ∂f (x)/∂x2 · · · ∂f (x)/∂xN

]T
x

The symbol ∇ =
[
∂/∂x1 ∂/∂x2 · · · ∂/∂xN

]T
denotes the gradient operator
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Example

The Rosenbrock’s function
226 7 Numerical optimization
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Figure 7.7. Contour lines of the Rosenbrock function

Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

f (x) = 100(x2 − x2
1 )

2 + (1− x1)
2

∂f (x)

∂x1
= −400x1(x2 − x2

1 )− 2(1− x1)

∂f (x)

∂x2
= 200(x2 − x2

1 )

∇f (x) =


∂f (x1, x2)

∂x1

∂f (x1, x2)

∂x2
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Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

∇f (x) =


∂f (x)

∂x1

∂f (x)

∂x2


=

[
−400x1(x2 − x2

1 )− 2(1− x1)
200(x2 − x2

1 )

]

Consider some point x ′, say x ′ = (0, 0), we can evaluate the gradient vector of f at x ′

∇f
(
x ′) =

[
−400x ′

1(x ′
2 − x ′2

1)− 2(1− x ′
1)

200(x ′
2 − x ′2

1)

]
=

[
−2
0

]
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Preliminaries | Hessian

Let the symbol ∇2f (x) denote the Hessian matrix of function f at point x ∈ RN

∇2f (x) =



∂2f (x)

∂x1∂x1

∂2f (x)

∂x1∂x2
· · ·

∂2f (x)

∂x1∂xN

∂2f (x)

∂x2∂x1

∂2f (x)

∂x2∂x2
· · ·

∂2f (x)

∂x2∂xN

...
...

. . .
...

∂2f (x)

∂xN ∂x1

∂2f (x)

∂xN ∂x2
· · ·

∂2f (x)

∂xN ∂xN


︸ ︷︷ ︸

N×N

At point x ∈ RN , we can define a matrix of second derivatives, the Hessian of f at x

∇2f (x) =
[
hij

]N
i=1
j=1

,

with hij =
∂2f (x1,x2, . . . , xN )

∂xj ∂xi
, a symmetric (N ×N ) matrix



CHEM-E7225
2023

Preliminaries

The Newton
method

Newton-type
methods

Convergence

Preliminaries | Hessian (cont.)

Example

The Rosenbrock’s function

226 7 Numerical optimization
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Figure 7.7. Contour lines of the Rosenbrock function

Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

f (x) = 100(x2 − x2
1 )

2 + (1− x1)
2

∇2f (x) =


∂2f (x)

∂x1∂x1

∂2f (x)

∂x1∂x2

∂2f (x)

∂x2∂x1

∂2f (x)

∂x2∂x2



∂2f (x)

∂x1∂x1
= 1200x2

1 − 400x2 + 2

∂2f (x)

∂x1∂x2
= −400x1

∂2f (x)

∂x2∂x1
= −400x1

∂2f (x)

∂x2∂x2
= 200
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Preliminaries | Hessian (cont.)

Function f (x),
f (x1, x2) = 100(x2 − x2

1 )
2 + (1− x1)

2

Gradient vector ∇f (x),

∇f (x) =

[
∂f (x)

∂x1

∂f (x)

∂x2

]T
x

=

[
−400x1(x2 − x2

1 )− 2(1− x1)
200(x2 − x2

1 )

]

Hessian matrix ∇2f (x),

∇2f (x) =


∂2f (x)

∂x1∂x1

∂2f (x)

∂x1∂x2

∂2f (x)

∂x2∂x1

∂2f (x)

∂x2∂x2


=

[
1200x2

1 − 400x2 + 2 −400x1
−400x1 200

]
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Figure 7.7. Contour lines of the Rosenbrock function

Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

∇2f (x) =


∂2f (x)

∂x1∂x1

∂2f (x)

∂x1∂x2

∂2f (x)

∂x2∂x1

∂2f (x)

∂x2∂x2


=

[
1200x2

1 − 400x2 + 2 −400x1
−400x1 200

]

Consider some point x ′, say x ′ = (0, 0), we can evaluate the Hessian matrix of f at x ′

∇2f
(
x ′) =

[
1200x ′2

1 − 400x ′
2 + 2 −400x ′

1

−400x ′
1 200

]
=

[
2 0
0 200

]
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Figure 7.7. Contour lines of the Rosenbrock function

Example 7.3 (The Rosenbrock function) The Rosenbrock function

f(x1, x2) = 100(x2 − x2
1)

2 + (1 − x1)
2,

whose contour lines are displayed in Figure 7.7 ([Ros61]), is often used to test
both efficiency and robustness of minimization algorithms. Its global minimum
is attained at the point x∗ = (1, 1), however its variation around x∗ is fairly
low, making algorithms’ convergence quite problematic. Through the following
command

fun=@(x) 100*(x(2)-x(1)^2)^2+(1 -x(1))^2; x0 =[-1.2,1]
xstar=fminsearch (fun ,x0)

we get

xstar =
1.000022021783570 1.000042219751772

In MATLAB, by replacing the second instruction with the expanded one

[xstar ,fval ,exitflag ,output ]= fminsearch (fun ,x0)

we would obtain additional information on the minimum value of f
fval=8.1777e-10, on the number of iterations, output.iterations=85 as well
as the total number of function evaluations output.funcCount=159. Finally,
the error tolerance can be modified by using the command optimset, as al-
ready discussed in Example 7.2. !

See Exercises 7.1-7.3.

∇2f (x) =


∂2f (x)

∂x1∂x1

∂2f (x)

∂x1∂x2

∂2f (x)

∂x2∂x1

∂2f (x)

∂x2∂x2


=

[
1200x2

1 − 400x2 + 2 −400x1
−400x1 200

]

Consider some point x ′, say x ′ = (1, 1), we can evaluate the Hessian matrix of f at x ′

∇2f
(
x ′) =

[
1200x ′2

1 − 400x ′
2 + 2 −400x ′

1

−400x ′
1 200

]
=

[
802 −400
−400 200

]
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The Newton method

Let function g : RN → R with N ≥ 1 be some function belonging to class C2(RN )

• We are interested in solving the system of nonlinear equations ∇g (x) = 0

That is, we are interested in the point(s) x∗ = (x∗
1 , x

∗
2 , . . . , x

∗
N ) such that

∇g (x∗) =



∂g (x1, x2, . . . , xN )

∂x1
∂g (x1, x2, . . . , xN )

∂x2
...

∂g (x1, x2, . . . , xN )

∂xN


=


0
0
...
0



Points in which all the partial derivatives of g are zero are stationary points

• We want to know where these fixed points or extrema are located
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The Newton method (cont.)

∇g (x∗) =



∂g (x1, x2, . . . , xN )

∂x1
∂g (x1, x2, . . . , xN )

∂x2
...

∂g (x1, x2, . . . , xN )

∂xN



=


f1 (x1, x2, · · · , xN )
f2 (x1, x2, · · · , xN )

...
fN (x1, x2, · · · , xN )



=


0
0
...
0



Points x∗ are points in which all the functions {f1, f2, . . . , fN } are jointly equal to zero
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Tangent’s method (Baby Newton)

Consider the problem of finding the zero of a differentiable function f : [a, b] ⊂ R → R
⇝ We are interested in point(s) α ∈ [a, b] such that f (α) = 0

We know the function corresponding to the tangent to f (x) at any point x (k) ∈ [a, b]
50 2 Equazioni non lineari
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Figura 2.3. Prime iterate generate dal metodo di Newton a partire dal dato
iniziale x(0) per la funzionff e f(x) = x + ex + 10/(1 + x2) − 5

2.3 Il metodo di Newton

Il metodo di bisezione si limita ad utilizzare il segno che la funzione f
assume in certi punti (gli estremi dei sotto-intervalli). Vogliamo ora in-
trodurre un metodo che sfrutti maggiori informazioni su f , precisamente
i suoi valori e quelli della sua derivata (nell’ipotesi che quest’ultima esi-
sta). A tal fine ricordiamo che l’equazione della retta tangente alla curva
(x, f(x)) nel punto x(k) è

y(x) = f(x(k)) + f ′(x(k))(x − x(k)).

Se cerchiamo x(k+1) tale che y(x(k+1)) = 0, troviamo

x(k+1) = x(k) − f((x(k))

f ′((x(k)))
k, k ≥≥ 0 (2.7)

purché f ′(x(k)) ̸= 0̸̸̸̸ . La (2.7) consente di calcolare una successione di va-
lori x(k) a partire da un dato iniziale x(0). Il metodo così ottenuto è noto
come metodo di Newton ed equivale a calcolare lo zero di f sostituendo
localmente a f la sua retta tangente (si veda la Figura 2.3).
In effetti, se sviluppiamo f in serie di Taylor in un intorno di un

generico punto x(k) troviamo

f(x(k+1)) = f(x(k)) + δ(k)f ′(x(k)) + O((δ(k))2), (2.8)

dove δ(k) = x(k+1) − x(k). Imponendo che f(x(k+1)) sia nullo e trascu-
rando il termine O((δ(k))2), possiamo ricavare x(k+1) in fuff nzione di x(k)

come nella (2.7). In questo senso la (2.7) può essere vista come una
approssimazione della (2.8).
Evidentemente, (2.7) converge allo zero in un solo passo quando f è

lineare, cioè della forma f(x) = a1x + a0.

y(x) = f
(
x (k)

)
+ f ′

(
x (k)

)
︸ ︷︷ ︸
df (x)

dx

∣∣∣
x(k)

(
x − x (k)

)

⇝ k = 0, the tangent to f at x (0)

y(x) = f
(
x (0)

)
+ f ′

(
x (0)

)(
x − x (0)

)
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We can use the tangent to find the point x = x (k+1), the point such that y
(
x (k+1)

)
= 050 2 Equazioni non lineari
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Figura 2.3. Prime iterate generate dal metodo di Newton a partire dal dato
iniziale x(0) per la funzionff e f(x) = x + ex + 10/(1 + x2) − 5

2.3 Il metodo di Newton

Il metodo di bisezione si limita ad utilizzare il segno che la funzione f
assume in certi punti (gli estremi dei sotto-intervalli). Vogliamo ora in-
trodurre un metodo che sfrutti maggiori informazioni su f , precisamente
i suoi valori e quelli della sua derivata (nell’ipotesi che quest’ultima esi-
sta). A tal fine ricordiamo che l’equazione della retta tangente alla curva
(x, f(x)) nel punto x(k) è

y(x) = f(x(k)) + f ′(x(k))(x − x(k)).

Se cerchiamo x(k+1) tale che y(x(k+1)) = 0, troviamo

x(k+1) = x(k) − f((x(k))

f ′((x(k)))
k, k ≥≥ 0 (2.7)

purché f ′(x(k)) ̸= 0̸̸̸̸ . La (2.7) consente di calcolare una successione di va-
lori x(k) a partire da un dato iniziale x(0). Il metodo così ottenuto è noto
come metodo di Newton ed equivale a calcolare lo zero di f sostituendo
localmente a f la sua retta tangente (si veda la Figura 2.3).
In effetti, se sviluppiamo f in serie di Taylor in un intorno di un

generico punto x(k) troviamo

f(x(k+1)) = f(x(k)) + δ(k)f ′(x(k)) + O((δ(k))2), (2.8)

dove δ(k) = x(k+1) − x(k). Imponendo che f(x(k+1)) sia nullo e trascu-
rando il termine O((δ(k))2), possiamo ricavare x(k+1) in fuff nzione di x(k)

come nella (2.7). In questo senso la (2.7) può essere vista come una
approssimazione della (2.8).
Evidentemente, (2.7) converge allo zero in un solo passo quando f è

lineare, cioè della forma f(x) = a1x + a0.

0 = f
(
x (k)

)
+f ′

(
x (k)

)(
x (k+1) − x (k)

)
⇝ x (k+1) = x (k) −

f
(
x (k)

)
f ′

(
x (k)

)
⇝ From x (0), we solve for point x (1)

x (1) = x (0) −
f
(
x (0)

)
f ′

(
x (0)

)
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The operation can be repeated for k = 0, 1, 2, . . ., to find points x (k+1) approaching α

• As f
(
xk

)
→ 0 also differences |x (k+1) − x (k)| → 0 (asymptotically, x (k) → α)50 2 Equazioni non lineari
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Figura 2.3. Prime iterate generate dal metodo di Newton a partire dal dato
iniziale x(0) per la funzionff e f(x) = x + ex + 10/(1 + x2) − 5

2.3 Il metodo di Newton

Il metodo di bisezione si limita ad utilizzare il segno che la funzione f
assume in certi punti (gli estremi dei sotto-intervalli). Vogliamo ora in-
trodurre un metodo che sfrutti maggiori informazioni su f , precisamente
i suoi valori e quelli della sua derivata (nell’ipotesi che quest’ultima esi-
sta). A tal fine ricordiamo che l’equazione della retta tangente alla curva
(x, f(x)) nel punto x(k) è

y(x) = f(x(k)) + f ′(x(k))(x − x(k)).

Se cerchiamo x(k+1) tale che y(x(k+1)) = 0, troviamo

x(k+1) = x(k) − f((x(k))

f ′((x(k)))
k, k ≥≥ 0 (2.7)

purché f ′(x(k)) ̸= 0̸̸̸̸ . La (2.7) consente di calcolare una successione di va-
lori x(k) a partire da un dato iniziale x(0). Il metodo così ottenuto è noto
come metodo di Newton ed equivale a calcolare lo zero di f sostituendo
localmente a f la sua retta tangente (si veda la Figura 2.3).
In effetti, se sviluppiamo f in serie di Taylor in un intorno di un

generico punto x(k) troviamo

f(x(k+1)) = f(x(k)) + δ(k)f ′(x(k)) + O((δ(k))2), (2.8)

dove δ(k) = x(k+1) − x(k). Imponendo che f(x(k+1)) sia nullo e trascu-
rando il termine O((δ(k))2), possiamo ricavare x(k+1) in fuff nzione di x(k)

come nella (2.7). In questo senso la (2.7) può essere vista come una
approssimazione della (2.8).
Evidentemente, (2.7) converge allo zero in un solo passo quando f è

lineare, cioè della forma f(x) = a1x + a0.

x (k+1) = x (k) −
f
(
x (k)

)
f ′

(
x (k)

)

⇝ Importantly, the derivative f ′
(
x (k)

)
must exists and must be non-zero
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y(x) = f
(
x (k)

)
+ f ′

(
x (k)

)(
x − x (k)

)
x (k+1) = x (k) −

f
(
x (k)

)
f ′

(
x (k)

)
The recursion defines the sequence {x (k)} that is generated by the Newton’s method

50 2 Equazioni non lineari
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Figura 2.3. Prime iterate generate dal metodo di Newton a partire dal dato
iniziale x(0) per la funzionff e f(x) = x + ex + 10/(1 + x2) − 5

2.3 Il metodo di Newton

Il metodo di bisezione si limita ad utilizzare il segno che la funzione f
assume in certi punti (gli estremi dei sotto-intervalli). Vogliamo ora in-
trodurre un metodo che sfrutti maggiori informazioni su f , precisamente
i suoi valori e quelli della sua derivata (nell’ipotesi che quest’ultima esi-
sta). A tal fine ricordiamo che l’equazione della retta tangente alla curva
(x, f(x)) nel punto x(k) è

y(x) = f(x(k)) + f ′(x(k))(x − x(k)).

Se cerchiamo x(k+1) tale che y(x(k+1)) = 0, troviamo

x(k+1) = x(k) − f((x(k))

f ′((x(k)))
k, k ≥≥ 0 (2.7)

purché f ′(x(k)) ̸= 0̸̸̸̸ . La (2.7) consente di calcolare una successione di va-
lori x(k) a partire da un dato iniziale x(0). Il metodo così ottenuto è noto
come metodo di Newton ed equivale a calcolare lo zero di f sostituendo
localmente a f la sua retta tangente (si veda la Figura 2.3).
In effetti, se sviluppiamo f in serie di Taylor in un intorno di un

generico punto x(k) troviamo

f(x(k+1)) = f(x(k)) + δ(k)f ′(x(k)) + O((δ(k))2), (2.8)

dove δ(k) = x(k+1) − x(k). Imponendo che f(x(k+1)) sia nullo e trascu-
rando il termine O((δ(k))2), possiamo ricavare x(k+1) in fuff nzione di x(k)

come nella (2.7). In questo senso la (2.7) può essere vista come una
approssimazione della (2.8).
Evidentemente, (2.7) converge allo zero in un solo passo quando f è

lineare, cioè della forma f(x) = a1x + a0.

⇝ The method reduces to locally
substituting f with its tangent

⇝ The substitution is repeated
until convergence
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Newton’s method returns the exact value α after an infinite number of iterations

• When it converges

In general, we would be satisfied to obtain an approximation which is ε-accurate

• We would end the recursion when the user-specified tolerance ε is reached

∥α− x (k)∥︸ ︷︷ ︸
e(k)

< ε

To perform the test, we would need to know the exact value of α (the unknown)

In practice, an estimator of the error based on measurable quantities is used

• For the Newton’s method, this could be the difference between iterates

∥x (k) − x (k−1)∥︸ ︷︷ ︸
ê(k)

< ε

• Alternatively, there is also the possibility to use the residuals

∥f
(
x (k)

)
∥ < ε
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Consider the set of nonlinear equations from the vector-valued function f : RN → RN

f1 (x1, x2, . . . , xN ) = 0

f2 (x1, x2, . . . , xN ) = 0

...

fN (x1, x2, . . . , xN ) = 0

As we are letting f = (f1, . . . , fN )T and x = (x1, . . . , xN )T , we can re-write the system

f (x) = 0

We are interested in solving this system of equations, by extending Newton’s method

x (k+1) = x (k) −
f
(
x (k)

)
f ′

(
x (k)

)
= x (k) −

(
f ′

(
x (k)

))−1
f
(
x (k)

)
For N > 1, we firstly need to replace the first derivative with a set of first derivatives
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f1 (x1, x2, . . . , xN ) = 0

f2 (x1, x2, . . . , xN ) = 0

...

fN (x1, x2, . . . , xN ) = 0

We have N functions, each in N variables, we collect all the derivatives of function f

Let the symbol Jf (x) denote the Jacobian matrix of function f

Jf (x) =



∂f1 (x)

∂x1

∂f1 (x)

∂x2
· · ·

∂f1 (x)

∂xN
∂f2 (x)

∂x1

∂f2 (x)

∂x2
· · ·

∂f2 (x)

∂xN
...

...
. . .

...
∂fN (x)

∂x1

∂fN (x)

∂x2
· · ·

∂fN (x)

∂xN


︸ ︷︷ ︸

N×N

The Jacobian Jf of function f is the multivariate equivalent of the first derivarive f ′
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Note how the N rows of the Jacobian matrix of the vector-valued function f correspond
to the transpose of the N gradient vectors of the (scalar) components of function f

Jf (x) =



∂f1 (x)

∂x1

∂f1 (x)

∂x2
· · ·

∂f1 (x)

∂xN
∂f2 (x)

∂x1

∂f2 (x)

∂x2
· · ·

∂f2 (x)

∂xN
...

...
. . .

...
∂fN (x)

∂x1

∂fN (x)

∂x2
· · ·

∂fN (x)

∂xN


︸ ︷︷ ︸

N×N

=


∇f1 (x)

T

∇f2 (x)
T

...

∇fN (x)T





CHEM-E7225
2023

Preliminaries

The Newton
method

Newton-type
methods

Convergence

The Newton method (cont.)

Consider the recursion of the univariate Newton’s method, as we derived it earlier

x (k+1) = x (k) −
(
f ′

(
x (k)

))−1
f
(
x (k)

)
We can define δx = x (k+1) − x (k) and understand the recursion as follows

Solve for δx (k) f ′
(
x (k)

)
δx (k) = −f

(
x (k)

)
Compute x (k+1) = x (k) + δx (k)

For the general case, let x (0) ∈ RN be an initial solution then for k = 0, 1, . . .

Solve for δx (k) Jf

(
x (k)

)
δx (k) = −f

(
x (k)

)
Compute x (k+1) = x (k) + δx (k)

The operation is repeated until convergence

• That is, until δx is small enough
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Solve for δx Jf

(
x (k)

)
︸ ︷︷ ︸

A

δx (k)︸ ︷︷ ︸
x

= −f
(
x (k)

)
︸ ︷︷ ︸

b

Compute x (k+1) = x (k) + δx (k)

A system of linear equations with coefficient matrix Jf
(
x (k)

)
is solved at each iteration

δx (k)︸ ︷︷ ︸
x

= −J−1
f

(
x (k)

)
f
(
x (k)

)

It is possible to re-write the Newton method as we derived it, as an iteration scheme

Solve for δx Jf

(
x (k)

)
δx (k)︸ ︷︷ ︸

(x(k+1)−x(k))

= −f
(
x (k)

)
Compute x (k+1) = x (k) + δx (k)︸ ︷︷ ︸

−J−1
f (x(k))f (x(k))
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Starting at k = 0 from some initial solution x (0), we have the Newton’s step

x (k+1) = x (k) − J−1
f

(
x (k)

)
f
(
x (k)

)
, k = 0, 1, . . .

Each Newton step moves x (k) in the (opposite) direction of vector f
(
x (k)

)
• The direction is also rotated according to matrix J−1

f

(
x (k)

)
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The Newton method (cont.)

Example

Consider the function f (x) = (f1(x1, x2), f2(x1, x2))
T

f1(x1, x2) = x2
1 + x2

2 − 1

f2(x1, x2) = sin (
π

2
x1) + x3

2

We are interested in point(s) x∗ = (x∗
1 , x

∗
2 ) where f (x∗) = 0

−2
0

2−2

0

20

5

x1
x2

f 1
(x

1
,x

2
)

−2
0

2−2

0

2−5

0

5

x1
x2

f 2
(x

1
,x

2
)
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−2 0 2
−2

0

2

x1

x 2

−2 0 2
−2

0

2

x1

x 2

The problem has two solutions, two points where both function f1 and f2 equal to zero

≈ (0.47,−0.88)T

≈ (−0.47, 0.88)T
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Example

Consider the function f (x) = (f1(x1, x2), f2(x1, x2))
T

{
f1(x1, x2) = e(x

2
1+x2

2 ) − 1

f2(x1, x2) = e(x
2
1−x2

2 ) − 1

We are interested in point(s) x∗ = (x∗
1 , x

∗
2 ) where f (x∗) = 0

−1
0

1−1

0

1
0

5

x1
x2

f 1
(x

1
,x

2
)

−1
0

1−1

0

1
0

1

x1
x2

f 2
(x

1
,x

2
)
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−1 0 1
−1

0

1

x1

x 2

−1 0 1
−1

0

1

x1

x 2

The problem has a unique solution, the point where both function f1 and f2 are zero

⇝ (0, 0)T
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Our main interest in root-finding is on certain vector-valued functions f : RN → RN

• Functions f that are the gradient of twice-differentiable functions g : RN → R

f (x) = ∇g (x)

We are interested in point(s) x∗ ∈ RN such that ∇g (x) = 0

• Extrema: Minima, maxima, and saddle points of g (x)

Solve for δx Jf

(
x (k)

)
δx (k) = −f

(
x (k)

)
Compute x (k+1) = x (k) + δx (k)

⇝ Function f is gradient ∇g (x) of g, the Jacobian Jf
(
x (k)

)
is its Hessian ∇2g

(
xk

)
Solve for δx ∇2g

(
x (k)

)
δx (k) = −∇g

(
x (k)

)
Compute x (k+1) = x (k) + δx (k)
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Solve for δx ∇2g
(
x (k)

)
δx (k) = −∇g

(
x (k)

)
Compute x (k+1) = x (k) + δx (k)

We can re-write the Newton method as we derived it, as an explicit iteration scheme

Solve for δx ∇2g
(
x (k)

)(
x (k+1) − x (k)

)
= −∇g

(
x (k)

)
Compute x (k+1) = x (k) −

(
∇2g(x (k))

)−1
∇g(x (k))

That is, starting from some initial solution (guess) x (0)

x (k+1) = x (k) −
(
∇2g

(
x (k)

))−1
∇g

(
x (k)

)
, k = 0, 1, . . .
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Example

Consider function f : R2 → R

f (x) =
2

5
−

1

10

(
5x2

1 + 5x2
2 + 3x1x2 − x1 − 2x2

)
e(−(x2

1+x2
2 ))

−2
0

2−2

0

2
0.2

0.4

x1
x2

f
(x

)

We are interested in those points
(x1, x2) where ∇f (x) = 0

We can easily identify the points
where the gradient vanishes

• Two minima

• A maximum

• A saddle
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−2
0

2−2

0

2
0.2

0.4

x1
x2

f
(x

)
−2 0 2

−2

0

2

x1

x 2

We can analyse solutions from the Netwon’s method, from different initial points x (0)

Suppose that we let x (0) = (−0.9,−0.9)

⇝ After 5 iterations the method converges to x = (−0.63058,−0.70074)

Suppose that we let x (0) = (−1.0,−1.0)

⇝ After 400 iterations the stopping criterion is still not fulfilled

Suppose that we let x (0) = (+0.5,−0.5)

⇝ After 5 iterations the method converges to the saddle point

• x = (0.80659,−0.54010)
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x (k+1) = x (k) −
(
Jf

(
x (k)

))−1
f
(
x (k)

)
x (k+1) = x (k) −

(
∇2g(x (k))

)−1
∇g

(
x (k)

)
In spite of a simple implementation, the Newton method is demanding for a large N

⇝ The method requires analytic expressions of the derivatives

⇝ The method also requires inverting the Jacobian (Hessian)

⇝ Naive inversion of a N ×N matrix is O(N 3)

For the method to converge, it is also important that x (0) is chosen near enough x∗



CHEM-E7225
2023

Preliminaries

The Newton
method

Newton-type
methods

Convergence
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x (k+1) = x (k) −
(
Jf

(
x (k)

))−1
f
(
x (k)

)
x (k+1) = x (k) −

(
∇2g(x (k))

)−1
∇g

(
x (k)

)
Flexibility is achieved by replacing Jacobians (Hessians) by invertible approximations

M (k)︸ ︷︷ ︸
N×N

The use of invertible approximations leads the family of Newton-type methods

x (k+1) = x (k) −

 M (k)︸ ︷︷ ︸
(Jf (x(k)))−1


−1

f
(
x (k)

)

x (k+1) = x (k) −

 M (k)︸ ︷︷ ︸
(∇2g(x(k)))−1


−1

∇g
(
x (k)

)
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Consider some function f ∈ C2(RN ) bounded below, we are interested in its minima

• That is, we are interested in point x∗ ∈ RN such that f (x∗) is the smallest

• The minima of f occur at points x where the gradient ∇f (x) is zero

We can use Newton and Newton-type recursions to find the zeros of function ∇f (x)

• From some initial approximate solution x (0), we have

x (k+1) = x (k) + (−1)
(
M (k)

)−1
∇f (x (k))︸ ︷︷ ︸

d(k)

, k = 0, 1 . . .

At iteration steps k ≥ 0, let x (k+1) be the next point of the sequence

• Point x (k+1) depends on point x (k) and some vector d(k)

The vector (direction) d(k) depends on two terms

⇝ The gradient vector ∇f
(
x (k)

)
of f

⇝ The Hesse matrix ∇2f
(
x (k)

)
of f

⇝ (Or, an approximation M (k))
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x (k+1) = x (k) + ( 1︸︷︷︸
α(k)

)
(
M (k)

)−1
(−∇f (x (k))︸ ︷︷ ︸

d(k)

), k = 0, 1 . . .

We can also introduce a dependence on some parameter αk ∈ R≥0, the step-length

• In the basic implementation a(k) is constant and equal to positive one

• ∇f
(
x (k)

)
gives the direction of max positive growth of f from x (k)

• ∇2f
(
x (k)

)
applies a transformation to the gradient direction f

The negative sign sets the iterates to move downwards
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The algorithmic formulation of a general Newton-type (line-search/descent) method

Let x (0) ∈ RN be an initial approximation of the minimiser

Determine descent direction d(k) ∈ RN

Compute step-length α(k) ∈ R≥0

Compute new approximation x (k+1) = x (k) + α(k)d(k)



CHEM-E7225
2023

Preliminaries

The Newton
method

Newton-type
methods

Convergence

Newton-type methods (cont.)

Because vector d(k) needs be a descent direction, it must satisfy certain conditions{
d(k)∇f

(
x (k)

)
< 0 (∇f

(
x (k)

)
̸= 0)

d(k) = 0 (∇f
(
x (k)

)
= 0)

⇝ d(k)∇f
(
x(k)

)
is the directional derivative of f along d(k)

For example, consider a function f (a quadratic form) and its gradient vector at x (k)228 7 Numerical optimization
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Figure 7.8. At left, countour lines of a function f(x), its gradient evaluated
at x(k) and a suitable descent direction d(k). At right, the restriction of the
function f(x) (7.32) along a descent direction d(k) and the minimizer x

(k)
min

along d(k)

7.5 Descent (or line search) methods

In this Section we assume for simplicity that f ∈ C2(R) and is bounded
from below.

Descent methods (also known as line search methods) are iterative
methods in which, for every k ≥ 0, x(k+1) depends on x(k), on a vector
d(k) depending on ∇f(x(k)) and on a suitable parameter αk ∈ R. Given
x(0) ∈ Rn, the method reads as follows:
for k = 0, 1, . . . , until convergence

find a direction d(k) ∈ Rn

compute the step αk ∈ R
set x(k+1) = x(k) + αkd

(k)

(7.33)

The vector d(k) must be a descent direction, meaning that

d(k)T∇f(x(k)) < 0 if ∇f(x(k)) ̸= 0,

d(k) = 0 if ∇f(x(k)) = 0.
(7.34)

The name descent direction arises from the property that the vector
∇f(x(k)) provides in Rn the direction with sign of maximum positive

growth of f moving from x(k). As d(k)T∇f(x(k)) represents the direc-
tional derivative of f along d(k), the first condition in (7.34) ensures that
we are moving along a direction opposite to the gradient, that is towards
a minimizer of f , as displayed in Figure 7.8.

Some popular descent directions will be reported in the next Section.

( 1︸︷︷︸
α(k)

)
(
M (k)

)−1
(−∇g(x (k)))︸ ︷︷ ︸

d(k)

Direction d(k) must be a suitable descent direction

• Parameter α(k) defines the step-size
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The step-size α(k) can be computed by solving a one-dimensional minimisation problem

• The minimisation of the restriction of function f (x) along direction d(k)

• The idea is to set α(k) to reach x
(k)
min, the minimiser along d(k)

228 7 Numerical optimization
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Figure 7.8. At left, countour lines of a function f(x), its gradient evaluated
at x(k) and a suitable descent direction d(k). At right, the restriction of the
function f(x) (7.32) along a descent direction d(k) and the minimizer x

(k)
min

along d(k)

7.5 Descent (or line search) methods

In this Section we assume for simplicity that f ∈ C2(R) and is bounded
from below.

Descent methods (also known as line search methods) are iterative
methods in which, for every k ≥ 0, x(k+1) depends on x(k), on a vector
d(k) depending on ∇f(x(k)) and on a suitable parameter αk ∈ R. Given
x(0) ∈ Rn, the method reads as follows:
for k = 0, 1, . . . , until convergence

find a direction d(k) ∈ Rn

compute the step αk ∈ R
set x(k+1) = x(k) + αkd

(k)

(7.33)

The vector d(k) must be a descent direction, meaning that

d(k)T∇f(x(k)) < 0 if ∇f(x(k)) ̸= 0,

d(k) = 0 if ∇f(x(k)) = 0.
(7.34)

The name descent direction arises from the property that the vector
∇f(x(k)) provides in Rn the direction with sign of maximum positive

growth of f moving from x(k). As d(k)T∇f(x(k)) represents the direc-
tional derivative of f along d(k), the first condition in (7.34) ensures that
we are moving along a direction opposite to the gradient, that is towards
a minimizer of f , as displayed in Figure 7.8.

Some popular descent directions will be reported in the next Section.

When f or its restriction is not quadratic, the computation of α(k) can be involved

• Certain (Wolfe’s) conditions on α(k) must be satisfied before it is accepted
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Given a descent direction d(k), we would want the step-length α(k) to be optimal228 7 Numerical optimization
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Figure 7.8. At left, countour lines of a function f(x), its gradient evaluated
at x(k) and a suitable descent direction d(k). At right, the restriction of the
function f(x) (7.32) along a descent direction d(k) and the minimizer x

(k)
min

along d(k)

7.5 Descent (or line search) methods

In this Section we assume for simplicity that f ∈ C2(R) and is bounded
from below.

Descent methods (also known as line search methods) are iterative
methods in which, for every k ≥ 0, x(k+1) depends on x(k), on a vector
d(k) depending on ∇f(x(k)) and on a suitable parameter αk ∈ R. Given
x(0) ∈ Rn, the method reads as follows:
for k = 0, 1, . . . , until convergence

find a direction d(k) ∈ Rn

compute the step αk ∈ R
set x(k+1) = x(k) + αkd

(k)

(7.33)

The vector d(k) must be a descent direction, meaning that

d(k)T∇f(x(k)) < 0 if ∇f(x(k)) ̸= 0,

d(k) = 0 if ∇f(x(k)) = 0.
(7.34)

The name descent direction arises from the property that the vector
∇f(x(k)) provides in Rn the direction with sign of maximum positive

growth of f moving from x(k). As d(k)T∇f(x(k)) represents the direc-
tional derivative of f along d(k), the first condition in (7.34) ensures that
we are moving along a direction opposite to the gradient, that is towards
a minimizer of f , as displayed in Figure 7.8.

Some popular descent directions will be reported in the next Section.

• Such that function f is smallest along d(k)

• (Along the restriction f
(
x (k) + α(k)d(k)

)
)

f
(
x (k) + α(k)d(k)

)
≈ f

(
x (k)

)
+ α(k)∇T f

(
x (k)

)
d(k)

+
1

2
(α(k))2d(k)∇2f

(
x (k)

)
d(k)

By setting to zero the derivative with respect to α(k) of a second-order approximation
around x (k) of the restriction of function f along the descent direction d(k), we get

α(k) =
−∇T f

(
x (k)

)
d(k)

d(k)∇2f
(
x (k)

)
d(k)
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x (k+1) = x (k) + α(k)
(
M (k)

)−1
(−∇f (x (k)))︸ ︷︷ ︸

d(k)

, k = 0, 1 . . .

Newton’s directions, M (k) = ∇2f
(
x (k)

)

d(k) = −

∇2f
(
x (k)

)
︸ ︷︷ ︸

M (k)≻0


−1

∇f
(
x (k)

)
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d(k) = −

∇2f
(
x (k)

)
︸ ︷︷ ︸

M (k)


−1

∇f
(
x (k)

)

Consider functions f such that the Hessian matrices {∇2f
(
x (k)

)
} are positive definite

• Also, suppose that for some κ > 0 the condition number of ∇2f
(
x (k)

)
K(∇2f

(
x (k)

)
) =

λmax(∇2f
(
x (k)

)
)

λmin(∇2f
(
x (k)

)
)

≤ κ (for all k)

Under these conditions, the sequence {x (k)} converges to a minimum x∗ of function f
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The positive definiteness of M (k) must be over a large enough neighbourhood of x (k)

If M (k) ≻ 0, then d(k) = −
(
M (k)

)−1 ∇f
(
x (k)

)
is a descent direction

d(k)∇f
(
x (k)

)
< 0 (∇f

(
x (k)

)
̸= 0)

We have,

d(k)∇f
(
x (k)

)
= −∇T f

(
x (k)

)
M (k)︸ ︷︷ ︸
≻0

∇f
(
x (k)

)
︸ ︷︷ ︸

>0

< 0

Note that a descent direction do not necessarily imply a reduction in function value

• The step-length α(k) may lead to f
(
x (k+1)

)
> f

(
x (k)

)
• The step-length can be reduced, to avoid this risk



CHEM-E7225
2023

Preliminaries

The Newton
method

Newton-type
methods

Convergence

Newton-type methods | Newton directions (cont.)

d(k) = −

∇2f
(
x (k)

)
︸ ︷︷ ︸

M (k)


−1

∇f
(
x (k)

)

For Hessians that are not positive definite, direction d(k) may not be a descent direction

d(k)∇f
(
x (k)

)
≥ 0 (∇f

(
x (k)

)
̸= 0)

• (Also Wolfe’s conditions on the step-length may lose validity/meaning)

Against this, it is possible to add a diagonal or full matrix E (k) to the Hessian

∇2f
(
x (k)

)
+ E (k)︸ ︷︷ ︸

M (k)

≻ 0
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x (k+1) = x (k) + α(k)
(
M (k)

)−1
(−∇f (x (k)))︸ ︷︷ ︸

d(k)

, k = 0, 1 . . .

Quasi-Newton directions, M (k) = ∇̃2f
(
x (k)

)

d(k) = −

∇̃2f
(
x (k)

)
︸ ︷︷ ︸

M (k)≻0


−1

∇f
(
x (k)

)

A common approach for constructing approximations of the Hessian matrix is BFGS

• The Broyden, Fletcher, Galfarb, and Shanno’s method
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Given an initial symmetric matrix M (0) ≻ 0, the BFGS method recursively computes

M (k+1) = M (k)

+

(
∇f

(
x (k+1)

)
−∇f

(
x (k)

)) (
∇f

(
x (k+1)

)
−∇f

(
x (k)

))T(
∇f

(
x (k+1)

)
−∇f

(
x (k)

))T (
x (k+1) − x (k)

)T
−

M (k)
(
x (k+1) − x (k)

) (
x (k+1) − x (x)

)T
M (k)(

x (k+1) − x (k)
)T

M (k)
(
x (k+1) − x (k)

)

The matrices from rank-one updates, as BFGS, need be symmetric and positive definite

This is guaranteed by the following condition,

(x (k+1) − x (k))T (∇f
(
x (k)

)
−∇f

(
x (k+1)

)
) > 0

From a quadratic approximation of f about x (k)
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Given an approximate solution x (0) and a positive definite approximate Hessian M (0)

We have the general formulation of the quasi-Newton’s method

Solve for d(k) M (k)d(k) = −∇f
(
x (k)

)
(Compute α(k) Verify Wolfe’s conditions)

Set x (k+1) x (k+1) = x (k) + α(k)d(k)

Compute x (k+1) − x (k)

Compute ∇f
(
x (k+1)

)
−∇f

(
x (k)

)
Compute M (k+1)
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x (k+1) = x (k) −
(
M (k)

)−1
∇f (x (k))︸ ︷︷ ︸

d(k)

, k = 0, 1 . . .

Gradient directions (gradient descent, steppest descent, ...), M (k) = I

d(k) = −

 I︸︷︷︸
M (k)

−1

∇f
(
x (k)

)

This approach is successfully utilised for large-scale optimisation problems

• Where large Hessian matrices are expensive to invert
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Conjugate-gradient directions

d(0) = −∇f
(
x (0)

)
d(k+1) = −∇f

(
x (k+1)

)
+ β(k)d(k), k = 0, 1, . . .

There exist alternatives for computing parameter β(k), some commonly used ones

⇝ Fletcher-Reeves

β
(k)
FR =

∥∇f
(
x (k)

)
∥2

∥∇f
(
x (k−1)

)
∥2

⇝ Hestenes-Stiefel

β
(k)
HS =

∇f
(
x (k)

)T (
∇f

(
x (k)

)
−∇f

(
x (k−1)

))
d(k−1)T

(
∇f

(
x (k)

)
−∇f

(
x (k−1)

))
⇝ Polak-Ribiére

β
(k)
PR =

∇f
(
x (k)

)T (
∇f

(
x (k)

)
−∇f

(
xk−1

))
∥∇f

(
x (k−1)

)
∥2
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Example

Consider function f : R2 → R

f (x) =
2

5
−

1

10

(
5x2

1 + 5x2
2 + 3x1x2 − x1 − 2x2

)
e[−(x2

1+x2
2 )]

−2
0

2−2

0

2
0.2

0.4

x1
x2

f
(x
)
=

f
(x

1
,x

2
)

−2 0 2
−2

0

2

x1

x 2

Compare sequences {x (k)} with Newton and quasi-Newton direction, from various x (0)
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x
(0)
1 = (0.5,−0.5), Newton converges (to a saddle) and some inexact methods collapse230 7 Numerical optimization

Newton

descent Newton

descent grad

descent GC−PR

descent GC−FR

descent quasi−Newton

Newton
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quasi−Newton, GC
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Figure 7.9. Convergence history of Newton’s and descent methods for the
function of the Example 7.5

Example 7.5 Consider again the function f(x) (7.32), featuring two local
minimizers, one local maximizer and two saddle points. See Figure 7.8, right.
We compare the sequences {x(k)} generated by Newton’s method (7.31) and
descent methods with descent directions given by (7.35)–(7.38).

Consider first x
(0)
1 = (0.5, −0.5) as initial point. In Figure 7.9 we see that

Newton’s method (7.31) converges to the saddle point (.8065, −.5401); the de-
scent method with Newton direction (7.35) breaks down at the second iteration
as it generates a matrix H(x(1)) which is not definite positive. (See Remark 7.2
on how to overcome this drawback.) The other descent methods with direc-
tions given by (7.36), (7.37), and (7.38) (for the latter, two different criteria for
the determination of the parameters βk have been used, named GC-FR and
GC-PR, see Section 7.5.5) converge to the local minimizer (−0.6306, −0.7007).
The faster convergence is achieved in 9 iterations using quasi-Newton direc-
tions (7.36), see the blue path in Figure 7.9. By choosing a different initial

point x
(0)
2 = (0.4, 0.5), the Newton method diverges while method (7.35), even

though it shares the same first descent direction with Newton’s method, builds
up a short steplength αk which then allows convergence to the local minimizer
(0.8095, 0.7097) in only 4 iterations. All the other descent methods with di-
rections (7.36), (7.37), and (7.38) converge in 10 to 15 iterations to the same
local minimizer. !

The choice of the steplength αk will be discussed in Section 7.5.2,
while the analysis of different descent directions is deferred to Sections
7.5.3–7.5.5.
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x
(0)
2 = (0.4, 0.5), Newton diverges but starts well together with some inexact methods230 7 Numerical optimization

Newton

descent Newton

descent grad

descent GC−PR

descent GC−FR

descent quasi−Newton

Newton

descent Newton

descent grad,
quasi−Newton, GC
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Figure 7.9. Convergence history of Newton’s and descent methods for the
function of the Example 7.5

Example 7.5 Consider again the function f(x) (7.32), featuring two local
minimizers, one local maximizer and two saddle points. See Figure 7.8, right.
We compare the sequences {x(k)} generated by Newton’s method (7.31) and
descent methods with descent directions given by (7.35)–(7.38).

Consider first x
(0)
1 = (0.5, −0.5) as initial point. In Figure 7.9 we see that

Newton’s method (7.31) converges to the saddle point (.8065, −.5401); the de-
scent method with Newton direction (7.35) breaks down at the second iteration
as it generates a matrix H(x(1)) which is not definite positive. (See Remark 7.2
on how to overcome this drawback.) The other descent methods with direc-
tions given by (7.36), (7.37), and (7.38) (for the latter, two different criteria for
the determination of the parameters βk have been used, named GC-FR and
GC-PR, see Section 7.5.5) converge to the local minimizer (−0.6306, −0.7007).
The faster convergence is achieved in 9 iterations using quasi-Newton direc-
tions (7.36), see the blue path in Figure 7.9. By choosing a different initial

point x
(0)
2 = (0.4, 0.5), the Newton method diverges while method (7.35), even

though it shares the same first descent direction with Newton’s method, builds
up a short steplength αk which then allows convergence to the local minimizer
(0.8095, 0.7097) in only 4 iterations. All the other descent methods with di-
rections (7.36), (7.37), and (7.38) converge in 10 to 15 iterations to the same
local minimizer. !

The choice of the steplength αk will be discussed in Section 7.5.2,
while the analysis of different descent directions is deferred to Sections
7.5.3–7.5.5.
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Consider the set of nonlinear equations from the vector-valued function f : RN → RN

f (x) = 0

We are interested in solving this system of equations, a root-finding problem

• That is, find x∗ such that f (x∗) = 0

The exact Newton method, solve

f
(
x (k)

)
+ Jf

(
x (k)

)
(x (k+1) − x (k)) = 0

We get the exact iterates,

x (k+1) = x (k) −
(
Jf

(
x (k)

))−1
f
(
x (k)

)
The Newton-type iterates,

x (k+1) = x (k) −
(
M (k)

)−1
f
(
x (k)

)
M (k) must be an invertible and positive definite approximation of the Jacobian Jf

(
x (k)

)
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Convergence (cont.)

Let x (k) be the approximated solution at iteration k and let x∗ denote the solution

Consider converging sequences of iterates {x (k)},

lim
k→∞

x (k) = x∗

Or, equivalently,
lim

k→∞
∥x (k) − x∗∥ = 0

We are interested in characterising the rate at which iterates the x (k) converge to x∗

Consider the convergence condition,

∥x (k+1) − x∗∥
∥x (k) − x∗∥p

≤ C (for some C ∈ (0, 1) and k ≥ k0)

Order of convergence is denoted by p and C is known as the convergence factor

• The condition is defined for an error, which is based on unknown x∗

The necessary condition for convergence is that x (k0) is chosen sufficiently close to x∗

• Because of this, only local convergence properties can be established
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Convergence (cont.)

We define the following (local) convergence rates for the sequence {x (k)} of iterates

• Q-linear, for some C (k) ∈ (0, 1) and for all k = 0, 1, . . .

∥x (k+1) − x∗∥
∥x (k) − x∗∥

≤ C (k)

C (k) is the rate of convergence

• It remains constant with k

An equivalent form

lim supk→∞
∥x (k+1) − x∗∥
∥x (k) − x∗∥

< 1

x(k)
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Linear contraction rates characterise an exponential decay of the approximation error

• An exponential decay (or growth) is not necessarily rapid, it depends on C
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Convergence (cont.)

• Q-superlinear, for some stable sequence C (k) → 0

∥x (k+1) − x∗∥
∥x (k) − x∗∥

≤ C (k)

C (k) is the rate of convergence

• It shrinks with k

In the limit form,

lim supk→∞
∥x (k+1) − x∗∥
∥x (k) − x∗∥

= 0

x(k)
<latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit>

x(k+1)
<latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit>

Ck
<latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

x⇤
<latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit>

The rate of the exponential decay is not constant, but decays with the iteration count

• It is equivalent to an always increasing linear contraction rate
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Convergence (cont.)

• Q-quadratic, for some C (k) < ∞ and for all k = 0, 1, . . .

∥x (k+1) − x∗∥
∥x (k) − x∗∥2

≤ C (k)

Rearranging terms, we have

∥x (k+1) − x∗∥
∥x (k) − x∗∥

≤ C (k)∥x (k) − x∗∥︸ ︷︷ ︸
C (k)(x(k))

C (k)(x (k)) is a local rate of convergence

• It shrinks with k and x (k)

x(k)
<latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit><latexit sha1_base64="CJkkhRnC/og03fmUUmfwSSRrp2Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaWDbbSbt0swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUenrIKqOzSa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmedVzq97dRbl2ncdRgGM4gQp4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/vPI9K</latexit>

x(k+1)
<latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit><latexit sha1_base64="teMzYW7ktLjhThgYu3E96u5UkLM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuix6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXUbz1SpVkk78w4pr7AA8lCRrCx0v3TQ1oenXmnk16x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrz0UybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0qxXPrXi356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/JSI+6</latexit>

Ck
<latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit><latexit sha1_base64="CTSZpBzBDHnVoM6O3f5yr0U7W74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC/YiOlAgFo2ilh8ZgMihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvqp5b9e6vK/XbPI4inME5XIIHNajDHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAS2o2l</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

x⇤
<latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit><latexit sha1_base64="hlBWmv0UApmYDArr/7XwwI1N7vw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx//gI2Y</latexit>

x(k)
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