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A general reaction network (cont.)

Large total copy numbers Niot(t) usually imply a system with large size or volume V

® Quantities/parameters Q other than V can be used to indicate size, too

Copy numbers N, (t) can be divided by the size of the system 2, to get concentrations

X, () = NﬂT(f)

The choice of the system size 2 depends on the type of concentration we want to define

® (Not unusual to use [Sp, (t)] to denote concentrations, instead of X, (t))
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A general reaction network

We will consider the molecules of Ng chemical species homogeneously distributed in a
volume V', at thermal equilibrium, and interacting through N, reaction channels

S1 Sn, S1
® Typically, more reactions Sy, Sn sy,
than species, N, > N, Sy S SN
Ss "

® The reaction channels
are all irreversible S1

We symbolise the ns-th species with Sp, and its abundance in the compartment at
time ¢ with the copy number Ny (t¢), while the reaction channels are denoted by R,

The total copy number Niot(t) of all species indicates how large the system is

N
Niot(t) = Z N, (1)

ne=1

A general reaction network (cont.)

Molar concentrations are obtained by choosing 2 = N V, N is Avogadro’s constant
® The Avogadro’s constant is the number of molecules in a mole
Na = 6.022 x 102% moles™!

For the molar concentrations (units M = moles litre 1), we have

Ny, (t
an(t) = W(‘)

Relative concentrations can be obtained by choosing Q = Niot
® Relative concentrations are dimensionless quantities
Na, (t)

Xoe (8) = Niot (1)

In principle, it may be possible to use a different scaling factor 2, for each species

® This practice is commonplace when copy-numbers Ny, differ in magnitude
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A general reaction network | Reactions (cont.)

kn,
Sy Sid A8, o+t Sy SN, —

g1,71751 + - +§ns,nrsns + - +§N‘S,nTSN‘,. (nr =1,...

n,

If we have that S,

If we have that gns,nr >S5,

syl

.= Sngn, # 0, then species Sy, is a catalyst

> 0, then species Sy, is a auto-catalyst

7N7')
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A general reaction network | Reactions

For a Ry, -th reaction channel, we use the general reaction form based on all Ny species

Sy S+ + S

K,

Eng,ny S"s +ooet iNs,n,.SNs
~—~

species

gl,nrsl‘k""i‘gn,-,nr Sns +"'+§N5,n7.SN5 (nT‘: 17"'aN’V‘)
~~

species
The participation of the ns-th species to the mn,-th reaction is indicated by coefficients

Ko,
Sy Sttt Sy Snotoo+ Sy Sn,

Mg, Ny
as reactant

gI,nTSl + -+ Ens,nT Sns + - +§N5,nTSN5 (nr =1,..., Nr)
N —

as product

The stoichiometric coefficients, or stoichiometries
~ ﬁns,nr when species Sy, is a reactant

~+ Sns,n, when species Sy, is a product

The rate constant k,, tells us about the assumed reaction kinetics

A general reaction network | Reactions (cont.)

kn,.
Sy S1+ 0+ 8, 0 Sng+ o+ SN, SNy, —

gI,nTSl + - +§ns,n78ns + +§N5,nTSN5 (nr =1,..., Nr)
and Sn, n,

We did not specify any restriction on the stoichiometric coefficients S,,

We may take for S, , the actual number of molecules needed for a reactive event
® What about reactions that proceed through intermediate steps (chain reactions)
® They will have be written as a sequence of single-collision reactions

® (The intermediate products will appear as separate items as S

As three-body collisions are rare evenets, we will consider mainly reactions such that

N
Z Spyn, =0o0r lor2 (orpossibly 3 if a catalyst is involved)
ng=1

Importantly, the theoretical derivations are not subject to these restriction
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stoichiometries
kn
St St + S Sny oo+ Sy, Sn, —5
gl,nrsl + - +§n5,n, Sns + - +§Ns,nTSN5 (”r =1,..., NT)
One occurrence of the n,-th reaction changes the copy-number of the species involved
For species Sy, the change in copy-number after the occurrence of one reaction Ry,
S”lsﬂlr = §n5anr - §n5,nr (TLT = 17"'yN7‘)
—— ——
change after reaction  pefore reaction
If the copy-number of species Sy, is Ny, (before reaction), after reaction R, we have
Ny, (after reaction) = N, (before reaction) + Spy n, (nr =1,..., Ny)
Quantity Su,,n, = Sng,n. — Sy, the (ns, nr)-th element of stoichiometric matrix S
CHEMLVS A general reaction network | Stoichiometries (cont.)
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Reactions and S S N S
stoichiometries =1,1 =2,1 “=Ns,1
S12  Sae v Swe
5= : :
Sim, Som, Sngn,
Sin, San. 0 SN,
Ny X N
Sii S21 0 Swa
S1,2 S22 -+ SN2
S=|= _
Sl,n,« SQ,nr iNsv”T
S1,N, SN, SNgN,

Ny X Ng

CHEMLLVS A general reaction network | Stoichiometries
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Reactions and An expanded view of all the N, reaction channels, including all the Ny species involved

stoichiometries

81181+ 85182+ -+ Sn, 15N, Rzl 51,181+ 52,182+ + Sn, 18N,
81,281+ 85282+ -+ Sy, 2SN, L2,51,081 + 52,282 + -+ 4+ S, 2SN,

Koy

ﬁl,msl +§2,m32 + - +§Ns,anNs — gl,méﬁ +§2’,LT82 4+ —i-gj\jsmr‘S‘J\fS
. H e

815,51+ 83 N, S2+ -+ Sy, N, SN, = 51,881+ Sa,n,S2+ -+ SN, N, SN,

We collect the two sets of stoichiometric coefficients in two matrices, matrix S and S
~~ Matrix S for the reactants being consumed

~+ Matrix S for the products being generated

The two matrices have size N, X N

CHEMLIVS A general reaction network | Stoichiometries (cont.)
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Reactions and
stoichiometries

After moving the reactants to the right hand side of the associated chemical equation

/RN (51,1 - 51,1) S1+ (§2’1 B §2,1> G2t (gNMl - §NS’1) o
022 (31,1 - §1,2) S1+ (§2’2 - §2’2> St d (§N572 - §NS’2) o
0—s ...

0= (Sim =S, ) St (S =S, ) S2 o+ (Swme = S, ) S,
0— ...

p (El,NT — §1,Nr5'1) S+ (§2,NT - §2,NT) So+ -+ (gNs,NT _§N5,Nr> Sn,
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A general reaction network | Stoichiometries (cont.)

The (differences between) coefficients are arranged to form the stoichiometric matrix,

[ (Sia =81 S2,1 =851 Sng1 =8y, 1 ]
S12 -8, S22 =85, e SN2 =S, 2
P : 3 : : B :
(Bom =S1m)  (Bom =So) = (S = Sni)
_(§1,NT ;ﬁl,m) (Ez,NT ;§2:Nr) : (gNs,NT ;ENS,NT)_
N, X Ng
=5-5

The (ns, n,) element of the stoichiometric matrix encodes the net-change in copy num-
ber of the species ns due to the occurrence of a single reaction event of the n,-type

Sns,nr = Sns,nr _ﬁns,nr

A general reaction network | Time evolution

kn,
S1,n, S1 48y Sng e+ SN, SN,
S1,m, 81+ 4 Sy Sng + -+ SNy SN, (ne=1,...,Ny)

We use Z,, (t) to denote the reaction count of reaction Ry, at time ¢, since time t = 0

~ Zn, (t) can used to denote the progress of the reaction channel
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A general reaction network | Time evolution (cont.)

05 (S1m, =810 ) St (Snme = S, ) Snet oo+ (Snim, = S, ) S,
N ——

Sngnp

Let Z,, (t) be the total number of reaction event of type Ry, that occurred since ¢t = 0

® Each R, reaction contributes a change Sy, n, to the copy-number of S

The contribution of the n,-th channel to the total change in copy-number of Sy,

Sng,ne X Zn, (1)
|

one channel, over time
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A general reaction network | Time evolution (cont.)

Sng,ne X Zn, (1)
N— —

one channel, over time

Over [0, t), over all N, channels, the total change of copy-number of species Sy,

Nn(t) = Nu, (t = 0) = Sng,121() + Sny,222(t) + - -+ + Sny, N, Zn, (1)

Ny
D" Sngmy Zn, (1)

np=1

all channels, over time

Reordering, we have an expression for the evolution of the copy-number N, (t)

Ny
N, (t) = Nn,(t=0) + Z Sng,ny Zn, (1)

=1

A general reaction network | Time evolution (cont.)

Further developing the expression, we get

Ni(t) [ N1(0) T S1,121(t) + S1,2%Z2(t) + -+ 4+ S1,n, Zn, (t)
Ny, (t)| = | Nu, (0) | + thlZl(t) + Sns,2Z2(t) + -+ SnSvN’V‘ZNT'(t)
N, (1) NN, (0)] SN0 21(t) + Sny,222(t) + -+ - + Sny, N, Zn, (1)

[ N1(0) T [ S1,1 Si2 -+ SiN, Z1(t)

= | No,(0)| + | Sns1 Snyp2 Sng, Ny | | Zn, (1)

VN, (0)]  LSne1 Sne2 o0 S d L2, (B)
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A general reaction network | Time evolution (cont.)

Ny
Np,(t) = Nn (¢ =0) + Z Sngyny Zn, () (ns =1,..., N)

np=1

Stacking up, for all the Ny species across all the N, reaction channels

N1 [ Mt =0+ 0y Sn Zn, (1) ]
Na(t) Na(t=0)+32,7_1 S2,n, Zn, (1)
Nn"“ (t) - N”s (t = 0) + Zg::l S"s,anm (t)
N1 [Ny, (6= 0) + SN, Sw, iy Zn, (1)
[ N1 (0) [ Zgrzl S1,ny Zn, (1) ]
N2 (0) S Saimy Zn, (1)
Ny, (0) SN Sngne Zn, (1)
LN OF [N S, o, Za, (1))

A general reaction network | Time evolution (cont.)

Ni(t) N1(0) S11 Si2 - Sin, Z1(t)
Nog(8) | = [ Nn(0) | + | Sng1 Sng2 o+ Sagn, | | Zn(2)
Ny, (t) Ny, (0) Sne1 Snez o Snn ] L (1)

Then, we can define the vectors of copy-numbers and reaction-counts

N(t) = (N1(t),..., Nn, (1))
Z(t) = (Z1(t),..., Zn, (1))

The resulting conservation relation

N(t) = N(t =0) + SZ(t)
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2022
The vector N; of copy-numbers, at time ¢, is a vector in a Ng-dimensional state space
Time evolution Ni(1) Time evolution Reaction R, proceeds, state moves along a sequence of lattice points lying on a line
1
The integral values Ny, (t) of copy-numbers constitute a lattice

: N1(0) St = S1m, St =81, S1me =81,
N(t) = | N, (t) Each point of the lattice belonging to the octant of nonnegative . : :

values corresponds to a state of the system, ... and vice versa : _ : _ : _ :
N an(o) + SQ,nT 7§2,n7» + S2,nr 7§2,n7- +-- 4 S2,nr 7§2,m-
Ny, (1) : : :

An event of reaction Ry, changes the state of the system from Ny to Ng+Sp, n, —

§n n, NN*‘ (0) gNs,"r - §3,nr ENS,’"’T - §3,nT §Ns,"T - §3,nr
This is equivalent to change N(t) by adding a vector corresponding to row n,-th of S N (1)
- N(2
§1,n,« - §l,nr @
SZ,nT - §2,m— N(Zn,)
§NsJLr - S3,nr
CHEMLLVS A general reaction network | Time evolution (cont.) CHEMLVS A general reaction network | Time evolution (cont.)
2022 2022
_ Reactions Ry, and R, together, at time ¢ after Z,, (t) and Z,/(t) reaction events
An event of reaction R,,; changes the state of the system from Ns to Ns+8,,, 2 =S5, o ' §
o : . . N1(0) S1,n, SLTLL
This is equivalent to change N(¢) by adding a vector corresponding to row n/-th of S . . .
Time evolution _ Time evolution : : .
St = S N (0) | 4 Za, () | oy |+ Zng () | Sy |+ Zun (D), Zy (1) =0, 1.
S2,m; = St ) ) )

gNsJL?/_ _§3,n' N, (0)

SN on
A second sequence of lattice points becomes accessible

SNs,n{.

N(t)

N; (U) Sl,n,f. _Ql,m’_ Sl,n,’. _il,n; Sl,n,’_ _ﬁl,n;

A sub-lattice is generated of points accessible from the initial state N(0)
® For closed systems, we have that 27115:1 Ny, (t) < oo

: _ : _ : _ . ® The sub-lattice does not cover the entire octant
Ni (0) | + | S2,np = Samr | + | S2ns =Somr |+ + | S22 — So nr

When all reactions are taken into account, we have the relation encountered earlier
NN, (0) §N5,n; — §3,n’ gNsﬂlf. — §3,n' gNs,n; _§3,n' Sl,n,.
N :
N(1) u :
N(t)=N©O)+ > Zn.(t) | Szon,
N(2) np=1 .
N(Zn;_)

SNy,n,
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A general reaction network | Time evolution (cont.)

For reactions in a closed vessel, the sub-lattice is a bounded set of all accessible states
~ By construction, the system is confined to the sub-lattice containing N (0)
S1,n,

Nr :
N()=NO)+ > Zn(t) | S2pn,

ny=1

SNy, n,

States accessible from N (0)

If this representation were unique (for a given N(0), each accessible point N(¢) asso-
ciates to a single set of reaction counts Z(t)), then we could map N-space onto Z-space

® One reaction would be a unit step along the associated coordinate Z,,

It would be nice, but there is no reason why such a representation should be unique

A general reaction network | Time evolution (cont.)

We think of N(¢), X(t), and Z(t) as alternative ways of describing the reaction system
® Variables N(t), X (t), and Z(t) are macroscopic descriptors

‘We hope they would approximately satisfy a set of differential or difference equations

Reactions are discrete events, should be preferably described by difference equations
~~ Reactions are discrete events in time

~~ Copy-numbers do not vary continuously in time

The precise time of occurrence of reaction events is not predictable by these variables

® As it is the result of many (un-modelled) microscopic factors

The precise type of reaction is also not predictable by macroscopic variables

Instead of treating the macroscopic variables as deterministic quantities, we formulate
them as stochastic variables and define a mesoscopic description of the reaction system
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A general reaction network | Time evolution (cont.)

Similarly, we can define X (t) = (X1 (t),..., Xn, (¢)) with each X, (¢) = Q71 N, (¢)

We get the expression for the evolution of concentrations

Z(t
X(t) :X(t:0)+5'—( )
Q
In vector form, we get
X1 (f) X1 (0) 31’1 5271 SNs,l Z](t)
Xa(t) X2(0) S1,2 S2,2 SN2 Zo(t)
N R DY IO :

Xn ()| | X (0] 7 Q [ S1n, S2me 0 SNen | | Znn (1)
X, (1) Xn, (0) SuN, SN oo Snened LZn (D)

A general reaction network | Time evolution (cont.)

Suppose that because of the large number of molecules, reaction counts change quickly

® Each quantity Z,, (t) can be approximated by a continuous quantity Z; (t)

Under these circumstances, changes in copy-number due to a single reaction are small
® Also copy-numbers N, (¢) can be approximated by a continuous quantity Ny (%)

® (Similarly, concentrations X, () can be approximated by X7 (¢))

We derived the relations based on copy-numbers and reaction counts

N(t)=N(t=0)+SZ(t)
Z(t)

X(t)=X(t=0)+ 5=

These relations can be re-written for the continuous quantities,
N¢(t) = N°0)+ SZ(t)

Xe(t)
Q

X°(t) = X°(0) + 8§
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A general reaction network | Time evolution (cont.)

Ne(t) = N°(0) + SZ°(t)
P0)
Q

X°(t) = X°(0) + 8§

The relations for the continuous counterparts re-written and expanded

TNE()T [NE(0)] S -+ Snoa Z{(t)
e = | ¥E© ] + |5 S| |50
_N,f,i ()] _N,f,; (0] 51,: N, y SN; Ny va,:, (t)
FXE)T  [XP0)7 Si1 o Snya Z{(1)
Xﬁ:(t) - X;v:(o) g | S Z;;:(t)
o) Lol Lo o s Lo

A general reaction network | Kinetics

NE(t) = N¢(0) + SZ°(t)

iy e °(t)
Xe(1) = X(0) + 5

Taking time derivatives, we get the instantaneous rates of change in the copy-numbers
Ne(t) =0+ 8Z°(t)
. Ze(t
0 =04 520

Derivatives N (%) and X ¢(t) give the net copy-number and concentrations rates (fluxes)

Ne(t) = SZ°(t)

Useful expression, as long as a relation between derivative N¢(t) and N€(t) is available
e (Similarly, for a relation between X ¢(¢) and X ¢(t))

Everything else being a constant, the relation must be encoded by the derivative Z (1)
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A general reaction network | Kinetics (cont.)

For the sake of reasoning, suppose that such a relationship is available in some form
Z°(t) =9 (N°(1))
=Qx v (X))
The function v (X (¢)) = (v1 (X°(t)),...,vn, (X(t))) is the reaction rate
~» Reaction count per unit time, per unit of system size
® For a specific concentration X “(¢) and time ¢
Function ¥ (N€(t)) = (01 (N()),...,n, (N€(t))) is the conversion rate
~» Reaction count per unit time

® At a specific ¢ and N°(t)
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A general reaction network | Kinetics (cont.)

2°(1) = Qo (X°(1))
N——
T(Ne(t))

The reaction rate v is the reaction count per unit time, Z¢, divided by system’s size

[ v (Xf(t),“.,Xﬁs(t),...,XK,’_(t)) 1

o (X0) = [on, (XF(,0s X (1), 0, X5 (1)

Low, (X£(0),- .,X;fq(t),‘..,X& )]

_Ze)
TQ

The temperature is assumed to be constant, no other dependences other than X “(¢)

® The assumption is realistic, otherwise we could have had v (X (t), T'(t))

A general reaction network | Kinetics (cont.)

For a large class of reactions, we have rate laws with definite orders, in which the rate
Qu (X ¢(t)) is proportional to the concentration of each reactant raised to some power

Uy (XE(0) = kuy [XE(O77 % XS (1) x --- x Xf (£)r]
Ny
= kn, H X;s(t)g”“‘wv nr=1,...,Np
ng=1
Rate constants k,, summarise factors like activation energy and molecular orientation

Exponents g, n, define the order of reaction Ry, with respect to reactant species Sy,

~- (For elementary reactions, exponents ¢, ,, equal the stoichiometries S, ns,m)

The sum of exponents Zﬁ{ _1 9n..n, over a channel is the actual order of the reaction
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A general reaction network | Kinetics (cont.)

The specific form of the reaction rate vy, (X “(t)) of the n,-th reaction is its rate law
‘We obtain the deterministic kinetic equations, by incorporating the rate law
Ne(t) = 8Z°(t)
= 5[Qv (X))
= ST (N(1))
Similarly,

Q)
Q

_ A (X4(1)
_ g7 e
= Sv (X“(1))

Xe(t)y=25

A general reaction network | Kinetics (cont.)

N,
vn, (XC(0) = kn, T X%, mp=1,..., N,

ng=1
This is the law of mass-action kinetics, justified by collision and transition state theory

b Ty X, (£)e
. s c Ing,2
U(Xc(t)) — k2 Hnszll).(tns(t) ‘

Ny > ng,Nr
ko, Tlng=n X, (8) 7

Reactions not described by rate laws of this form have no definite reaction order

~~ Michaelis-Menten kinetics, Hill kinetics, competitive inhibition, ...



