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Inputs to the learner

In the basic statistical learning framework, the learner can access to the following info

Domain set
This is the set of all objects that we might wish to label
Domain points are encoded as vectors of Nx features

X = {x : x ∈ RNx }

X ⊆ RNx

Label set
This is the set of Ny labels a domain point may take on
(We start with a two-label label set, Ny = 2)

Y ⊂ N0

Y = {0, 1}

In practice, the learner has access to a combination of the domain and the label set

Training data
Some subset of pairs in X × Y of labeled domain points
The set of N = |S| training examples, the training set

S = {(xn , yn )}Nn=1

with

{
xn ∈ X
yn ∈ Y
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Inputs to the learner (cont.)

X ⊂ RNx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

Y ⊂ N0

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

Domain set Label set
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Inputs to the learner (cont.)

X ⊂ RNx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

Y = {0, 1}

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

S ⊂ X × Y

<latexit sha1_base64="KcYseGGB9+lzVvId1DbyrNUIvKY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi1WXRjcsK9iFNKJPppB06eTBzI5SQnRt/xY0LRdz6C+78GydtEG09cOFwzr3ce48XC67Asr6M0tLyyupaeb2ysbm1vWPu7rVVlEjKWjQSkex6RDHBQ9YCDoJ1Y8lI4AnW8cZXud+5Z1LxKLyFSczcgAxD7nNKQEt989AJCIwoEWk3ww7wgCn8I91lfbNq1awp8CKxC1JFBZp989MZRDQJWAhUEKV6thWDmxIJnAqWVZxEsZjQMRmynqYh0QvddPpHho+1MsB+JHWFgKfq74mUBEpNAk935ieqeS8X//N6CfgXbsrDOAEW0tkiPxEYIpyHggdcMgpiogmhkutbMR0RSSjo6Co6BHv+5UXSPq3Z9Vr95qzauCziKKMDdIROkI3OUQNdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4BaTOZrQ==</latexit>X ⇥ Y

<latexit sha1_base64="bJMahMp9ooFdVqU7kjATwLwCVr8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjzqRdA==</latexit>S

<latexit sha1_base64="WuGuKEuY05n6gkmSjJ//42HjAlk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvXisYD+kDWGz3bRLdzdhdyOG0F/hxYMiXv053vw3btsctPXBwOO9GWbmBTGjSjvOt1VYWV1b3yhulra2d3b3yvsHbRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8c3U7zwSqWgk7nUaE4+joaAhxUgb6aH65Iuz1Benfrni1JwZ7GXi5qQCOZp++as/iHDCidCYIaV6rhNrL0NSU8zIpNRPFIkRHqMh6RkqECfKy2YHT+wTowzsMJKmhLZn6u+JDHGlUh6YTo70SC16U/E/r5fo8MrLqIgTTQSeLwoTZuvInn5vD6gkWLPUEIQlNbfaeIQkwtpkVDIhuIsvL5P2ec2t1+p3F5XGdR5HEY7gGKrgwiU04Baa0AIMHJ7hFd4sab1Y79bHvLVg5TOH8AfW5w//3Y/n</latexit>

(xn, yn)

Training data
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Outputs from the learner

The learner is asked to output a prediction rule, some function h from set X to set Y

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y
h : X → Y

Oftentimes, the prediction rule is known as the predictor , or hypothesis, or classifier

• This is the function used to predict the label y of any (new) domain point x
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<latexit sha1_base64="KcYseGGB9+lzVvId1DbyrNUIvKY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi1WXRjcsK9iFNKJPppB06eTBzI5SQnRt/xY0LRdz6C+78GydtEG09cOFwzr3ce48XC67Asr6M0tLyyupaeb2ysbm1vWPu7rVVlEjKWjQSkex6RDHBQ9YCDoJ1Y8lI4AnW8cZXud+5Z1LxKLyFSczcgAxD7nNKQEt989AJCIwoEWk3ww7wgCn8I91lfbNq1awp8CKxC1JFBZp989MZRDQJWAhUEKV6thWDmxIJnAqWVZxEsZjQMRmynqYh0QvddPpHho+1MsB+JHWFgKfq74mUBEpNAk935ieqeS8X//N6CfgXbsrDOAEW0tkiPxEYIpyHggdcMgpiogmhkutbMR0RSSjo6Co6BHv+5UXSPq3Z9Vr95qzauCziKKMDdIROkI3OUQNdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4BaTOZrQ==</latexit>X ⇥ Y
<latexit sha1_base64="bJMahMp9ooFdVqU7kjATwLwCVr8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjzqRdA==</latexit>S

<latexit sha1_base64="4kpIhzI90kLHMxkEt4lNGQcYWpw=">AAACDnicbVDLSgMxFL3js9bXqEs3wVJwVWZEqrgqunFZwT6kM5RMmmlDMw+SjFCG+QI3/oobF4q4de3OvzHTDqitlwROzrmX3HO8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjjq1zv3FMhWRTeqklM3QAPQ+YzgpWm+mbVSUcXSB8nwGpEME+7GXJU9PO+y5ysb1asmjUttAjsAlSgqGbf/HQGEUkCGirCsZQ924qVm2KhGOE0KzuJpDEmYzykPQ1DHFDpplM7GapqZoD8SOgbKjRlf0+kOJByEni6M19Szms5+Z/WS5R/7qYsjBNFQzL7yE840nbzbNCACUoUn2iAiWB6V0RGWGCidIJlHYI9b3kRtE9qdr1WvzmtNC6LOEpwCEdwDDacQQOuoQktIPAAT/ACr8aj8Wy8Ge+z1iWjmDmAP2V8fAOnS5vo</latexit>{h : h : X ! Y}

The learner 
(A)

<latexit sha1_base64="wiRBxR0qiZfUy9Z1GMiRf5wf6I4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJH/V7ETYjgnn6MOuXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MIuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nrourVqrX7y0r9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBD9uSTw==</latexit>

hS

<latexit sha1_base64="WuGuKEuY05n6gkmSjJ//42HjAlk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvXisYD+kDWGz3bRLdzdhdyOG0F/hxYMiXv053vw3btsctPXBwOO9GWbmBTGjSjvOt1VYWV1b3yhulra2d3b3yvsHbRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8c3U7zwSqWgk7nUaE4+joaAhxUgb6aH65Iuz1Benfrni1JwZ7GXi5qQCOZp++as/iHDCidCYIaV6rhNrL0NSU8zIpNRPFIkRHqMh6RkqECfKy2YHT+wTowzsMJKmhLZn6u+JDHGlUh6YTo70SC16U/E/r5fo8MrLqIgTTQSeLwoTZuvInn5vD6gkWLPUEIQlNbfaeIQkwtpkVDIhuIsvL5P2ec2t1+p3F5XGdR5HEY7gGKrgwiU04Baa0AIMHJ7hFd4sab1Y79bHvLVg5TOH8AfW5w//3Y/n</latexit>

(xn, yn)

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="KcYseGGB9+lzVvId1DbyrNUIvKY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi1WXRjcsK9iFNKJPppB06eTBzI5SQnRt/xY0LRdz6C+78GydtEG09cOFwzr3ce48XC67Asr6M0tLyyupaeb2ysbm1vWPu7rVVlEjKWjQSkex6RDHBQ9YCDoJ1Y8lI4AnW8cZXud+5Z1LxKLyFSczcgAxD7nNKQEt989AJCIwoEWk3ww7wgCn8I91lfbNq1awp8CKxC1JFBZp989MZRDQJWAhUEKV6thWDmxIJnAqWVZxEsZjQMRmynqYh0QvddPpHho+1MsB+JHWFgKfq74mUBEpNAk935ieqeS8X//N6CfgXbsrDOAEW0tkiPxEYIpyHggdcMgpiogmhkutbMR0RSSjo6Co6BHv+5UXSPq3Z9Vr95qzauCziKKMDdIROkI3OUQNdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4BaTOZrQ==</latexit>X ⇥ Y

hS = A(S) is the hypothesis that a learning algorithm A returns, given a training set S
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It remains to define somehow the quality of a prediction rule h (how well it performs)

• This will define the strategy used by the learner to select the predictor hS

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn <latexit sha1_base64="wiRBxR0qiZfUy9Z1GMiRf5wf6I4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJH/V7ETYjgnn6MOuXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MIuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nrourVqrX7y0r9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBD9uSTw==</latexit>

hS

The quality of a rule should be determined with respect to the data-generating process

• (That is, it does not matter too much if a rule h fails on unlikely instances)
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The success of the learner (cont.)

Assumptions
Training instances {xn} are assumed to be from a probability distribution Dx over X

• For our learning tasks, we allow Dx to be an arbitrary distribution

Importantly, note that the learner has no information regarding the distribution Dx

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

As for the labels, we start by assuming that there exists an exact labelling function f

f : X → Y

That is, we assume that the label y ∈ Y of all x ∈ X is fully determined as y = f (x)

• Note that also the labelling function f is unknown to the learner

• (This function is precisely what the learner tries to figure out)

• (As we proceed, such a strong assumption will be relaxed)
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The success of the learner (cont.)

Formally, we are given a domain subset Sx ⊂ X and a probability distribution Dx that
assigns a number Dx (x) which determines how likely it is to observe any point x ∈ X

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="1UJ9Z3YD0FSNaBOPBW+jQWt3PJ4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmVF+4B2KJk004ZmkjHJFMvQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoJvNbY6o0k+LBTGLqR3ggWMgINlbyuxE2Q4J5ej/tPfVKZbfizoCWiZeTMuSo90pf3b4kSUSFIRxr3fHc2PgpVoYRTqfFbqJpjMkID2jHUoEjqv10FnqKTq3SR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhFd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieirYEb/HLy6R5XvGqlerdRbl2nddRgGM4gTPw4BJqcAt1aACBR3iGV3hzxs6L8+58zEdXnHznCP7A+fwBKIeSXw==</latexit>Sx

• The set Sx is an event that can be realised using the function p : X → {0, 1}
• Sx = {xn ; xn ∈ X , p(xn ) = 1}Nn=1 occurs with probability Px∼Dx [{xn}Nn=1]
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The success of the learner (cont.)

The error of a classifier h is defined as the probability that the label y of an instance
x , randomly drawn from X according to Dx , is predicted wrongly, or h(x) ̸= y = f (x)

We can use this notion to define the error, or loss, L incurred by the predictor h : X → Y
LDx ,f (h) ≡ Px∼Dx [x : x ∈ X , h(x) ̸= f (x)]︸ ︷︷ ︸

Dx ({x :x∈X ,h(x )̸=f (x)})

Thus, the error occurred by h is the probability of sampling a x for which h(x) ̸= f (x)
• (Dx , f ) indicates that error L of h is evaluated with respect to Dx and f

LDx ,f (h) is often denoted as generalisation error , or risk , or true error of predictor h

Graphically, LDx ,f (h) is the volume under the portion of Dx associated to errors of h

<latexit sha1_base64="MtcVmZY1K/OMauAf7voUfSQdblQ=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEakui25cVrAXaIeSSc+0oZnMmGSKpfQ53LhQxK0P4863Mb0stPWHwMd/zuGc/EEiuDau++1k1tY3Nrey27md3b39g/zhUV3HqWJYY7GIVTOgGgWXWDPcCGwmCmkUCGwEg9tpvTFEpXksH8woQT+iPclDzqixlt8vPp2TtkQSWujkC27JnYmsgreAAixU7eS/2t2YpRFKwwTVuuW5ifHHVBnOBE5y7VRjQtmA9rBlUdIItT+eHT0hZ9bpkjBW9klDZu7viTGNtB5Fge2MqOnr5drU/K/WSk147Y+5TFKDks0XhakgJibTBEiXK2RGjCxQpri9lbA+VZQZm1POhuAtf3kV6hclr1wq318WKjeLOLJwAqdQBA+uoAJ3UIUaMHiEZ3iFN2fovDjvzse8NeMsZo7hj5zPH8yIkNY=</latexit>

h(x) 6= f(x)

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X
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The success of the learner (cont.)

In summary, pairs in S are generated by sampling x from Dx and labelling them by f

• Given S, the goal of the learner is to return a predictor of smallest loss LDx ,f

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn <latexit sha1_base64="wiRBxR0qiZfUy9Z1GMiRf5wf6I4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJH/V7ETYjgnn6MOuXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MIuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nrourVqrX7y0r9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBD9uSTw==</latexit>

hS

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

In principle, a learning algorithm A is requested to return that predictor hS that, given
S, minimises the loss LDx ,f (with respect to distribution Dx and labelling function f )

• However, LDx ,f cannot be directly calculated

• (Dx and f are unknown to the learner)
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The success of the learner (cont.)

What is a reasonable strategy for the learner to practically overcome such a limitation?

• ... knowing that the learner only has access to the sample S

We could think of looking for a predictor h that works well with sample S and that
would work well also with other points generated according to Dx and labelled with f

• A predictor hS that works well also on other similar sets (say, a test set)

• More precisely, a prediction rule hS such that LDx ,f (hS) is smallest
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Empirical risk

The algorithm A receives as input a training set S (whose x -elements are from some
distribution Dx and labeled by some target function f ) and outputs a rule h : X → Y

• To be calculable, we need a notion of error of h that depends on sample S

Pragmatically, it is then reasonable to search for that predictor h that works well on S

The training error or empirical risk LS is a notion of loss which can be calculated on S

It is defined as the error that classifier h incurs over sample S with N labelled examples

LS(h) ≡
|{xn : h(xn ) ̸= yn}Nn=1|

N

That is, LS(h) is defined as the fraction of training examples mislabeled by the rule h

• As such, LS(h) can be calculated without knowing anything about Dx and f
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Empirical risk (cont.)

Graphically, LS(h) is the number of instances (xn , yn = f (xn )) mislabelled by a rule h

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="+1XK78S2oNHQn+CSAGxR8We0XCM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZREpHosevFYwX5AE8JmO22XbjZhdyMtoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxPOlHacb6uwsbm1vVPcLe3tHxwe2cfltopTSaFFYx7LbkgUcCagpZnm0E0kkCjk0AnHd3O/8wRSsVg86mkCfkSGgg0YJdpIgV32slF1EogL7AnA00B4s8CuODVnAbxO3JxUUI5mYH95/ZimEQhNOVGq5zqJ9jMiNaMcZiUvVZAQOiZD6BkqSATKzxa3z/C5Ufp4EEtTQuOF+nsiI5FS0yg0nRHRI7XqzcX/vF6qBzd+xkSSahB0uWiQcqxjPA8C95kEqvnUEEIlM7diOiKSUG3iKpkQ3NWX10n7subWa/WHq0rjNo+jiE7RGaoiF12jBrpHTdRCFE3QM3pFb9bMerHerY9la8HKZ07QH1ifPwQtk80=</latexit>{h(xn) 6= yn}

<latexit sha1_base64="MtcVmZY1K/OMauAf7voUfSQdblQ=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEakui25cVrAXaIeSSc+0oZnMmGSKpfQ53LhQxK0P4863Mb0stPWHwMd/zuGc/EEiuDau++1k1tY3Nrey27md3b39g/zhUV3HqWJYY7GIVTOgGgWXWDPcCGwmCmkUCGwEg9tpvTFEpXksH8woQT+iPclDzqixlt8vPp2TtkQSWujkC27JnYmsgreAAixU7eS/2t2YpRFKwwTVuuW5ifHHVBnOBE5y7VRjQtmA9rBlUdIItT+eHT0hZ9bpkjBW9klDZu7viTGNtB5Fge2MqOnr5drU/K/WSk147Y+5TFKDks0XhakgJibTBEiXK2RGjCxQpri9lbA+VZQZm1POhuAtf3kV6hclr1wq318WKjeLOLJwAqdQBA+uoAJ3UIUaMHiEZ3iFN2fovDjvzse8NeMsZo7hj5zPH8yIkNY=</latexit>

h(x) 6= f(x)

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X
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Empirical risk minimisation

A learning paradigm that returns a rule h that minimises LS (that works well on the
training data S) is said to operate according to the Empirical Risk Minimisation (ERM)

ERM(S) ∈ arg min
h:X→Y

|{xn : h(xn ) ̸= yn}Nn=1|
N︸ ︷︷ ︸

LS(h)

argminh:X→Y is that subset {hS} of predictors that minimise the empirical error LS

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...

<latexit sha1_base64="ADvVWI9JdA5QElAZTo1qeD/kNnA=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURqS6LblxWsA9oQphMp+3QySTMTMQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hwprTjfFtLyyura+uFjeLm1vbOrr2331RxKgltkJjHsh1iRTkTtKGZ5rSdSIqjkNNWOLye+K17KhWLxZ0eJdSPcF+wHiNYGymwD71sELjlh0CcIk9QNAqENw7sklNxpkCLxM1JCXLUA/vL68YkjajQhGOlOq6TaD/DUjPC6bjopYommAxxn3YMFTiiys+m14/RiVG6qBdLU0Kjqfp7IsORUqMoNJ0R1gM1703E/7xOqnuXfsZEkmoqyGxRL+VIx2gSBeoySYnmI0MwkczcisgAS0y0CaxoQnDnX14kzbOKW61Ub89Ltas8jgIcwTGUwYULqMEN1KEBBB7hGV7hzXqyXqx362PWumTlMwfwB9bnDzQVlHE=</latexit>{h1(xn) 6= yn}

<latexit sha1_base64="tkdLRCSwNMAl3pM0tGqXuZk0irI=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSxC3ZSkSHVZdOOygn1AE8JketsOnUzCzESsofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQxZ0rb9reVW1ldW9/Ibxa2tnd294r7By0VJZJCk0Y8kp2AKOBMQFMzzaETSyBhwKEdjK6nfvsepGKRuNPjGLyQDATrM0q0kfzikZsO/Wr5wRdn2BWAx75wJ36xZFfsGfAycTJSQhkafvHL7UU0CUFoyolSXceOtZcSqRnlMCm4iYKY0BEZQNdQQUJQXjq7foJPjdLD/UiaEhrP1N8TKQmVGoeB6QyJHqpFbyr+53UT3b/0UibiRIOg80X9hGMd4WkUuMckUM3HhhAqmbkV0yGRhGoTWMGE4Cy+vExa1YpTq9Ruz0v1qyyOPDpGJ6iMHHSB6ugGNVATUfSIntErerOerBfr3fqYt+asbOYQ/YH1+QM1qJRy</latexit>{h2(xn) 6= yn}
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Empirical risk minimisation | What could possibly go wrong?

ERM(S) ∈ arg min
h:X→Y

LS(h)

Given that the learner has access to all possible functions h ∈ XY , why not just pick
one that has zero error on the training sample S (or, equivalently such that LS(h) = 0)?

Since we assumed that labels are deterministically set, y = f (x), we can design such h

hS(x) =

{
yn , if x ∈ {xn}
0 (or 1), otherwise

, S = {(xn ∈ X , yn ∈ {0, 1})}

Such a predictor will always achieve a perfect empirical error, regardless of sample S
• As such, it can be chosen when using the ERM learning strategy

• Clearly, no rule can achieve a smaller loss on S, as LS(hS) = 0

Predictor hS has an excellent performance on S, yet its true performance is very poor

• This phenomenon is the infamous overfitting
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Empirical risk minimisation | Overfitting
Example
Consider the problem of labelling a set of points x uniformly distributed inside a circle

Consider some labelling function f

• label y = (·) to points x that
are within the inner circle

• label y = (·) to other points

Let the area of the outer circle be
2 and that of the inner circle be 1

We are given sample S = {(xn , yn )} and now consider the following prediction rule hS

hS(x) =

{
yn , if x ∈ {xn}
(·), otherwise

⇝ LS(hS) = 0

The true error of any classifier that predicts the label (·) only on finite sample S is 1/2

LDx ,f (hS) = 1/2

■
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Empirical risk minimisation | Overfitting (cont.)
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hS 6= f(x)

How to amend the ERM(S) in a way that the learner is protected against overfitting?

• ... considering that all the learner has access to is the sample S

We will discuss certain conditions under which the ERM is unlikely to overfit the data

• We ask how to find a predictor h with good performance with respect to S
• and, good performance over the (unknown) distribution Dx and function f
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One strategy to fix the ERM(S) would be to apply it over some restricted search space

Before seeing the data S, the learner picks a class of predictors, the hypothesis class H
• Each prediction rule h ∈ H must be a function which maps X to Y

H ⊂ {h : h ∈ XY}

• We might also assume that the target function f is in the set H

By selecting H, we are including a form of prior knowledge into the learning paradigm

• The choice of H should be based on some knowledge about the learning task

• (Say, we assume that same-class instances are bounded to certain regions)

We point the learner towards a class of prediction rules (inductive bias) by restricting
it to pick only predictors from a hypothesis class H, chosen before seeing a sample S

• We have shown that without prior knowledge, ERM learners cannot learn
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For the chosen hypothesis class H and given some training set S, an ERMH(S) learner
uses ERM(S) strategy to pick rules {hS} in H with smallest loss LS over that sample

ERMH(S) ∈ arg min
h∈H

|{xn : h(xn ) ̸= yn}|S|
n=1|

|S|︸ ︷︷ ︸
LS(h)

Again, argminh∈H is the subset of rules hS ∈ H which minimise the empirical loss LS

In many cases (under certain assumptions), ERMH(S) is a successful learning strategy

• That is, it leads to picking hypothesis hS with small generalisation error LDx ,f
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Notice that a fundamental question in statistical learning theory is ‘over which class
H of hypothesis functions, the learning paradigm ERMH will not lead to overfitting?’
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ERM | Inductive bias | Finite hypothesis

The simplest restriction on class H is obtained by imposing an upper bound on its size

H = {hnh : hnh ∈ XY}Nh
nh=1 (with Nh < ∞)

That is, we select a hypothesis class H whose number Nh = |H| of predictors h is finite

Theorem
It can be shown that, if H is a finite hypothesis class (|H| < ∞) and a sufficiently large
training sample S (|S| > const(|H|)) is available, then ERMH(S) is unlikely to overfit

• Assumption: The x -elements of S are independent draws from Dx

• Assumption: The correct labelling function f is also in class H

We show that, without limiting H to be finite, the ERMH(S) learner would always
have a large probability of error on new data from (Dx , f ), regardless of how large S is
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ERM | Inductive bias | Finite hypothesis (cont.)

This theorem highlights how learning refers to a different notion from hypothesis testing

• In hypothesis testing, we come up with an hypothesis before seeing the data

• Conversely, in machine learning we select an hypothesis based on the data

hS ∈ arg min
h∈H

LS(h)︸ ︷︷ ︸
via ERMH

Learning is about theories developed from data, not about theories chosen before data

• (Though, we still picked a hypothesis class rather than a single hypothesis)
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For an algorithm A that has access only to sample S, any guarantee on the error with
respect to the underlying distribution must depend on the relation between Dx and S

The sample S is the window through which the learner gets information about (Dx , f )

• Intuitively, the larger S is the more representative it is of Dx and f

• We saw how a non representative sample leads the ERM to overfit

That is, we are interested in (avoiding) those samples that confuse the ERMH learner
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Inductive bias | Finite hypothesis | Accuracy (cont.)

More precisely, for some fixed labelling function f ∈ XY , we want to determine what is
the maximum probability to sample N instances that leads to a true failure of ERMH

We quantify failure by introducing a fixed accuracy parameter ε ∈ [0, 1] of the prediction

• Parameter ε permits us to interpret the event LDx ,f (hS)︸ ︷︷ ︸
true risk

> ε as ERMH failure

• Conversely, LDx ,f (hS) ≤ ε defines an approximately correct ERMH predictor

To identify failing samples, let Sx = {xn}Nn=1 be the domain points in any training set

• For the collection of all confusing training samples Sx , we have

{Sx : LDx ,f (hS) > ε}

This set of sets cannot be determined because, though we could identify for each a hS
via ERMH, we are not able to establish what its true risk is (as Dx and f are unknown)
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For each possible sample Sx , the ERMH strategy determines an optimal predictor hS
• Yet, the true risk of these predictors is not accessible to the learner
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We want to determine under which conditions, for the assumed mechanism for gener-
ating samples S, the probability of observing a non-representative sample is very small
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<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="ZTQh4X6FoRMQIrMzBFwgTQplYPk="></latexit>

PSx⇠DN
x

[Sx : LDx,f (hS) > "]

For each possible sample Sx , ERMH strategy
determines the optimal prediction rule hS

We are interested in upper bounding the
probability of drawing a confusing sample

DN
x ({Sx : LDx ,f (hS) > ε})

As Dx is the probability of drawing a single
x , we let DN

x be that of N i.i.d. copies of x
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Now, we let HB be the set of all hypothesis rules in H which are not ε-correct, at least

• HB is the set of hypotheses which should be avoided by the learner

HB = {h ∈ H : LDx ,f (h)︸ ︷︷ ︸
true risk

> ε}

Because f ∈ H and LDx ,f (f ) = 0, we have that HB ⊂ H and thus also that |HB | < |H|
• Set HB is stated regardless of the ERMH strategy, as it only pertains {Sx}

Also notice how also this set of functions cannot be established (unknown Dx and f )

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>H

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

f

<latexit sha1_base64="echVb9sOMvxTgYEC6Zq546Y3J6M=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvHDERJAENqRbutDQbde2S0I2/A4vHjTGqz/Gm//GLuxBwUmaTGbey5tOEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FJ1A6wpZ4K2DTOcdmNFcRRw+hhM7jL/cUqVZlI8mFlM/QiPBAsZwcZKfj/CZkwwT5vzQWNQrrhVdwG0TrycVCBHa1D+6g8lSSIqDOFY657nxsZPsTKMcDov9RNNY0wmeER7lgocUe2ni9BzdGGVIQqlsk8YtFB/b6Q40noWBXYyC6lXvUz8z+slJrz1UybixFBBlofChCMjUdYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiedq6pXq9buryv1Rl5HEc7gHC7BgxuoQxNa0AYCT/AMr/DmTJ0X5935WI4WnHznFP7A+fwBxdOSHg==</latexit>HB
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The state of things, up to this point

• The set of all possible samples that can be generated

{Sx}

• The set of all truly bad predictors, regardless of the sample

HB = {h ∈ H : LDx ,f (h) > ε}

• The set of samples that are truly bad, if accessed by the ERMH

{Sx : LDx ,f (hS) > ε}

How to combine all the info into something that can be practically analysed and used?

What we want to avoid are those samples that, though they lead to a good ERMH
performance (small LS(hS)), would still perform badly in a true sense (LDx ,f (h) > ε)

Before we can proceed with such a set, we need to introduce an additional assumption
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Assumption
Let us assume (realisability assumption) there exists one h∗ ∈ H such that LDx ,f (h

∗) = 0

LDx ,f (h
∗) = Px∼Dx [h

∗(x) ̸= f (x)]︸ ︷︷ ︸
true risk

= 0

The assumption implies that with probability 1 over samples S, chosen according to
DN

x and then labeled by f , there is at least one rule h∗ ∈ H such that also LS(h
∗) = 0

LS(h
∗) =

|{xn : h∗(xn ) ̸= yn}Nn=1|
N︸ ︷︷ ︸

empirical risk

= 0
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<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="98ylvH81mH2Ex1XQvRqryFqsHuE=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaLUF2URKS6LLpxWcFeoI1lMj1ph04mYWYi1tAnceNCEbc+ijvfxmmbhbb+MPDxn3M4Z34/5kxpx/m2ciura+sb+c3C1vbObtHe22+qKJEUGjTikWz7RAFnAhqaaQ7tWAIJfQ4tf3Q9rbceQCoWiTs9jsELyUCwgFGijdWzi8P70/LjCe4KwIGBnl1yKs5MeBncDEooU71nf3X7EU1CEJpyolTHdWLtpURqRjlMCt1EQUzoiAygY1CQEJSXzg6f4GPj9HEQSfOExjP390RKQqXGoW86Q6KHarE2Nf+rdRIdXHopE3GiQdD5oiDhWEd4mgLuMwlU87EBQiUzt2I6JJJQbbIqmBDcxS8vQ/Os4lYr1dvzUu0qiyOPDtERKiMXXaAaukF11EAUJegZvaI368l6sd6tj3lrzspmDtAfWZ8/ZAORow==</latexit>

h⇤(x) 6= f(x)

<latexit sha1_base64="+XuMVn+OXiqq1MJ/cetd/bWWzoc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCdVESkeqy6MZlBfuAJobJ9LYdOpmEmYlYQ/FX3LhQxK3/4c6/cfpYaPXAhcM593LvPWHCmdKO82XlFhaXllfyq4W19Y3NLXt7p6HiVFKo05jHshUSBZwJqGumObQSCSQKOTTDweXYb96BVCwWN3qYgB+RnmBdRok2UmDveVn/9rh0H4gj7AnAw0B4o8AuOmVnAvyXuDNSRDPUAvvT68Q0jUBoyolSbddJtJ8RqRnlMCp4qYKE0AHpQdtQQSJQfja5foQPjdLB3ViaEhpP1J8TGYmUGkah6YyI7qt5byz+57VT3T33MyaSVIOg00XdlGMd43EUuMMkUM2HhhAqmbkV0z6RhGoTWMGE4M6//Jc0TspupVy5Pi1WL2Zx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9YH98nfJRp</latexit>{h⇤(xn) 6= yn}

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

When we assumed that f ∈ H, we have implicitly satisfied the realisability assumption
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Because of the realisability assumption, we have that the event LDx ,f (hS) > ε can only
occur whenever, for some h ∈ HB , we draw a misleading sample such that LS(h) = 0

• That is, for a truly bad hypothesis h which empirically performs as well as f

Let Mx denote the subset of those samples Sx for which there exists a truly bad rule
(h ∈ HB ) which would still lead to a good performance, empirically (in ERMH-sense)

Mx = {Sx : ∃h ∈ HB , LS(h)︸ ︷︷ ︸
empirical risk

= 0}

= {Sx : ∃h ∈ {h ∈ H : LDx ,f (h)︸ ︷︷ ︸
true risk

> ε

︸ ︷︷ ︸
is bad

}, LS(h)︸ ︷︷ ︸
empirical risk

= 0

︸ ︷︷ ︸
looks good

}

These samples are misleading, because they make the truly bad hypotheses look good

• Thus Mx is the set of samples for which there exists a truly bad hypothesis
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One way to construct set Mx is to consider each truly bad predictor h ∈ HB and then
identify all samples Sx such that, when h is given to ERMH, its empirical loss is zero

Mx = {Sx : ∃h ∈ HB ,LS(h) = 0}

=
{ ⋃

h∈HB

{Sx : LS(h) = 0}
}

Does Mx relate to the target
set {Sx : LDx ,f (hS) > ε}?

• Mx is about the existence
of a bad hypothesis

• {Sx : LDx ,f (hS) > ε} is
about selecting it

Thus, we have

{Sx : LD,f (hS ) > ε} ⊆ Mx

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

f

<latexit sha1_base64="echVb9sOMvxTgYEC6Zq546Y3J6M=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvHDERJAENqRbutDQbde2S0I2/A4vHjTGqz/Gm//GLuxBwUmaTGbey5tOEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FJ1A6wpZ4K2DTOcdmNFcRRw+hhM7jL/cUqVZlI8mFlM/QiPBAsZwcZKfj/CZkwwT5vzQWNQrrhVdwG0TrycVCBHa1D+6g8lSSIqDOFY657nxsZPsTKMcDov9RNNY0wmeER7lgocUe2ni9BzdGGVIQqlsk8YtFB/b6Q40noWBXYyC6lXvUz8z+slJrz1UybixFBBlofChCMjUdYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiedq6pXq9buryv1Rl5HEc7gHC7BgxuoQxNa0AYCT/AMr/DmTJ0X5935WI4WnHznFP7A+fwBxdOSHg==</latexit>HB

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="uwADrP0CWSMTa0hahGT2gFL9/E8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi1WXRjcuK9gFNCJPptB06mYSZiVpiPsWNC0Xc+iXu/BsnbRbaemDgcM693DMniBmVyra/jdLK6tr6RnmzsrW9s7tnVvc7MkoEJm0csUj0AiQJo5y0FVWM9GJBUBgw0g0mV7nfvSdC0ojfqWlMvBCNOB1SjJSWfLPqpm6I1Bgjlt5m/qOb+WbNrtszWMvEKUgNCrR888sdRDgJCVeYISn7jh0rL0VCUcxIVnETSWKEJ2hE+ppyFBLppbPomXWslYE1jIR+XFkz9fdGikIpp2GgJ/OYctHLxf+8fqKGF15KeZwowvH80DBhloqsvAdrQAXBik01QVhQndXCYyQQVrqtii7BWfzyMumc1p1GvXFzVmteFnWU4RCO4AQcOIcmXEML2oDhAZ7hFd6MJ+PFeDc+5qMlo9g5gD8wPn8A22SUaA==</latexit>{Sx}
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<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="uwADrP0CWSMTa0hahGT2gFL9/E8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi1WXRjcuK9gFNCJPptB06mYSZiVpiPsWNC0Xc+iXu/BsnbRbaemDgcM693DMniBmVyra/jdLK6tr6RnmzsrW9s7tnVvc7MkoEJm0csUj0AiQJo5y0FVWM9GJBUBgw0g0mV7nfvSdC0ojfqWlMvBCNOB1SjJSWfLPqpm6I1Bgjlt5m/qOb+WbNrtszWMvEKUgNCrR888sdRDgJCVeYISn7jh0rL0VCUcxIVnETSWKEJ2hE+ppyFBLppbPomXWslYE1jIR+XFkz9fdGikIpp2GgJ/OYctHLxf+8fqKGF15KeZwowvH80DBhloqsvAdrQAXBik01QVhQndXCYyQQVrqtii7BWfzyMumc1p1GvXFzVmteFnWU4RCO4AQcOIcmXEML2oDhAZ7hFd6MJ+PFeDc+5qMlo9g5gD8wPn8A22SUaA==</latexit>{Sx}

<latexit sha1_base64="HuGP6A0jNttrpD5M9RoTb8Cxjnc="></latexit>{Sx : LDx,f (hS) > "}

Remembering that we want to upper bound PSx∼DN
x
[Sx : LDx ,f (hS) > ε], , it suffices to

upper bound PSx∼DN
x
[Sx : ∃h ∈ HB ,LS(h) = 0], because {Sx : LD,f (hS ) > ε} ⊆ Mx

PSx∼DN
x
[Sx : LDx ,f (hS) > ε] ≤ PSx∼DN

x
[Sx : ∃h ∈ HB ,LS(h) = 0]
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PSx∼DN
x
[Sx : LDx ,f (hS) > ε] ≤ PSx∼DN

x
[Sx : ∃h ∈ HB ,LS(h) = 0]

That is, we have

DN
x ({Sx : L(D,f )(hS) > ε}) ≤ DN

x (Mx )

= DN
x (

⋃
h∈HB

{Sx : LS(h) = 0})

By using the usual union bound (D(A ∪ B) ≤ D(A) +D(B)), we have the inequality

DN
x ({Sx : LDx ,f (hS) > ε}) ≤

∑
h∈HB

DN
x ({Sx : LS(h) = 0})

The inequality allows us to bound each summand DN
x ({Sx : LS(h) = 0}) individually
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DN
x ({Sx : LDx ,f (hS) > ε}) ≤

∑
h∈HB

DN
x ({Sx : LS(h) = 0})

By fixing a h ∈ HB , we observe that LS(h) = 0 corresponds to h(xn ) = f (xn ) for all n

DN
x ({Sx : LS(h) = 0}) = DN

x ({Sx : h(xn ) = f (xn ), for all n})

As the examples are independently sampled from the same distribution (i.i.d.), we get

DN
x ({Sx : h(xn ) = f (xn )︸ ︷︷ ︸

yn

, for all n}) =
N∏

n=1

Dx ({xn : h(xn ) = f (xn )︸ ︷︷ ︸
yn

})

For an individual possible draw of a training sample and a tolerable failure ε, we get

Dx ({xn : h(xn ) = yn}) = 1−Dx ({xn : h(xn ) ̸= yn})
= 1− LDx ,f (h)

≤ 1− ε

≤ exp (−ε)
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Dx ({xn : h(xn ) = yn}) ≤ exp (−ε)

DN
x ({Sx : h(xn ) = yn , for all n}) =

N∏
n=1

Dx ({xn : h(xn ) = yn})

By combining the results relative to one h ∈ HB , we get

DN
x ({Sx : LS(h) = 0}) ≤ (1− ε)N

≤ exp (−N ε)

Remembering that we have |HB | such hypothesis, we have∑
h∈HB

DN
x ({Sx : LS(h) = 0}) ≤ |HB | exp (−N ε)

For the probability of drawing a non-representative (ε-wrong) sample of size N = |S|,

DN
x ({Sx : LDx ,f (hS) > ε}) ≤

∑
h∈HB

DN
x ({Sx : LS(h) = 0})

≤ |HB | exp (−|S|ε)
≤ |H| exp (−|S|ε)
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DN
x ({Sx : LDx ,f (hS) > ε}) ≤ |H| exp (−|S|ε)

The bound decays exponentially with the number |S| of data and tolerable accuracy ε

• (The larger the training set the better)

Still, the bond grows linearly with the number |H| of hypotheses in the selected class
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