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Recap

We studied how LDx ,f (h) depends on the training sample S, which is randomly picked

• Thus, also LDx ,f (hS) is a random variable

This fact has led us to recognise the randomness in the choice of ERMH predictors hS

We cannot always expect that sample S is sufficient to guarantee ε-good predictors hS
• At least, not with respect to Dx and f

• That is, that LDx ,f (hS) ≤ ε

There is always some probability that S is non-representative of the underlying data

If we accept the realisability and other assumptions, this probability is upperbounded

Dx ({Sx : LDx ,f (hS) > ε}) ≤ |H| exp (−|S|ε)
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Recap (cont.)

Before the data, we select a finite hypothesis class H including labelling function f and
asked what is the probability that sample S is ε-wrong (LDx ,f (hS) > ε) for the ERMH

We considered all possible samples of size
|Sx | and labelled them with function f
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For each sample, the ERMH would select
a rule hS whose true error is LDx ,f (hS)
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<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="uwADrP0CWSMTa0hahGT2gFL9/E8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi1WXRjcuK9gFNCJPptB06mYSZiVpiPsWNC0Xc+iXu/BsnbRbaemDgcM693DMniBmVyra/jdLK6tr6RnmzsrW9s7tnVvc7MkoEJm0csUj0AiQJo5y0FVWM9GJBUBgw0g0mV7nfvSdC0ojfqWlMvBCNOB1SjJSWfLPqpm6I1Bgjlt5m/qOb+WbNrtszWMvEKUgNCrR888sdRDgJCVeYISn7jh0rL0VCUcxIVnETSWKEJ2hE+ppyFBLppbPomXWslYE1jIR+XFkz9fdGikIpp2GgJ/OYctHLxf+8fqKGF15KeZwowvH80DBhloqsvAdrQAXBik01QVhQndXCYyQQVrqtii7BWfzyMumc1p1GvXFzVmteFnWU4RCO4AQcOIcmXEML2oDhAZ7hFd6MJ+PFeDc+5qMlo9g5gD8wPn8A22SUaA==</latexit>{Sx}

<latexit sha1_base64="fBTuK3Ed122eUfLpSd1JEU37mzI=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqS6LunDhoqJ9QBvCZDpph04mYWYilpAfcOOvuHGhiFv37vwbJ20XtfXAhcM593LvPV7EqFSW9WPkFhaXllfyq4W19Y3NLXN7pyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3CZ+c0HIiQN+b0aRsQJUI9Tn2KktOSaBzdu0gmQ6mPEkqvUfTz201J/SrtL0yPXLFplawQ4T+wJKYIJaq753emGOA4IV5ghKdu2FSknQUJRzEha6MSSRAgPUI+0NeUoINJJRt+k8FArXeiHQhdXcKROTyQokHIYeLozO1LOepn4n9eOlX/uJJRHsSIcjxf5MYMqhFk0sEsFwYoNNUFYUH0rxH0kEFY6wIIOwZ59eZ40Tsp2pVy5PS1WLyZx5MEe2AclYIMzUAXXoAbqAIMn8ALewLvxbLwaH8bnuDVnTGZ2wR8YX78EiZwt</latexit>

LDx,f (hS)

The true risk cannot be calculated, as both the probability distribution Dx and the
exact labelling function f are not accessible to the learner (here, based on the ERMH)
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Recap (cont.)

We only know that certain samples S will lead to a failure of the learner (LDx ,f (hS) > ε)

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
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Yet, we are interested in understanding
how the probability of drawing such a
sample depends on the learning set up

• Sample size |S|
• Class size |H|

This probability cannot be calculated
and we ended up determining an up-
per bound, depending on S and H

• A distribution-free quantity
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Accuracy and confidence

DN
x ({Sx : LDx ,f (hS) > ε}) ≤ |H| exp (−|S|ε)

Let δ be the acceptable probability of drawing a non-representative sample S for ERMH
• We use δ ∈ [0, 1] to define (1− δ) as the confidence on hS

An ERMH hypothesis is then said to be probably (1−δ) approximately (ε) correct, PAC

DN
x ({Sx : LDx ,f (hS) > ε}) ≤ |H| exp (−|S|ε) < δ

The given notion of probably approximately correct contains two parameters (ε and δ)

• Accuracy ε indicates what is the tolerable magnitude of the true error

• Confidence (1− δ) shows how likely the solution is to meet accuracy

The two quantities are inevitable parameters under the typical data generating model

Informally, with PAC we are asking under which condition the learner (here, ERMH)
is at least ε-correct most of the time, that is with a probability which is at least (1− δ)

• The learner has only access to the hypothesis class H and the data S
• This requirement is guaranteed when enough instances |S| are given
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Accuracy and confidence (cont.)

For some fixed domain set X , label set Y, and hypothesis class H, we have these steps

The user chooses the accuracy ε ∈ (0, 1) and the confidence (1− δ) ∈ (0, 1)

• The pair (ε, δ) is accessible to the ERMH

To ensure success, the ERMH requires a minimum amount of instances

• The requirement is independent of Dx and f

• They are unaccessible to the ERMH, anyway

The user provides the ERMH with a sample Sx ∼ Dx labelled by f ∈ H

The ERMH returns a predictor hS
• The ERMH may succeed (LDx ,f (hS) < ε)

• The ERMH may fail (LDx ,f (hS) > ε)

If this is repeated many times, the ERMH is guarantees with high probability, (1− δ)
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Learner

Although given for the ERMH, the notion of probably approximately correct is general

To extend and utilise it beyond the ERMH, firstly we revise our definition of a learner

Definition
Formally, we redefine the learner as a function A that takes any possible sample S =
{(xn , yn )}Nn=1 of any possible size N = |S| as input, and outputs a hypothesis h ∈ XY

A :
∞⋃

n=1

{(xn , yn )}|S|
n=1 → {h : X → Y}, with (xn , yn ) ∈ X × Y︸︷︷︸

{0,1}

The weighty bit is that the output h = A(S) is no longer required to be in a class H
• Moreover, function f no longer need be in class H
• (For now, we still hold on to this assumption)
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Sample complexity

Definition
For any hypothesis class H and ε, δ ∈ (0, 1), we define a function nH : (0, 1)×(0, 1) → N

Such a function determines the sample complexity of learning from hypothesis class H
• It is a function of the accuracy and the confidence

It quantifies how many examples guarantee a probably approximately correct solution
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PAC learning | Learnability

We use the definition of sample complexity to introduce the notion of PAC learnability

• We provide a definition which is valid for any learning algorithm A

Definition
Class H is said to be PAC learneable, if there exists a function nH such that, for all
|S| ≥ nH(ε, δ), for every Dx , and every f : X → Y, there is a learner A for which the
probability over samples that the error LDx ,f (A(S)) is larger than ε is smaller than δ

PS∼DN
x ,f

[
S : LDx ,f (A(S)) > ε

]
< δ


For all sample sizes N ≥ nH(ε, δ)

For all data distributions Dx

For all labelling functions f ∈ XY

It follows that nH(ε, δ) is the minimum number of data needed for learning through H
• ... with confidence (1− δ) and accuracy ε, at least

• ... given that f exists and belongs to that class H
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PAC learning | Learnability (cont.)

For some fixed domain set X , label set Y, and hypothesis class H, we have these steps

The user chooses the accuracy ε ∈ (0, 1) and the confidence (1− δ) ∈ (0, 1)

• The pair (ε, δ) is accessible to the learner A

To ensure success, the learner A requires a minimum amount nH of instances

• The requirement is independent of Dx and f

• They are unaccessible to A, anyway

The user provides the learner A with a sample Sx ∼ Dx labelled by f ∈ H

The learner A returns a predictor A(S)
• A may succeed (LDx ,f (A(S)) < ε)

• A may fail (LDx ,f (A(S)) > ε)

If this is repeated many times, the learner A is guarantees with high probability, (1−δ)

If there exists at least one learner A such that this is satisfied, class H is PAC learnable
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PAC learning | Learnability (cont.)

Example
We can establish whether any finite class H is PAC learneable under the ERMH trick

PS∼DN
x ,f

[
S : LDx ,f (hS) > ε

]
≤ |H| exp (−|S|ε) < δ︸ ︷︷ ︸

By taking the natural log of the second inequality, we get

ln (|H|)− ε|S| < ln (δ)

Rearranging to get |S| and rounding up, we have

|S| ≥
⌈

ln (|H|/δ)
ε

⌉
︸ ︷︷ ︸

nH(ε,δ)

■
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PAC learning | Learnability (cont.)

If H is PAC-learnable, there may be several functions nH that satisfy the requirements

This motivates a definition of the sample complexity of learning H as the minimal nH
• From all triplets (ε, δ,nH), we choose the one returning the smallest integer

We will show that what determines the PAC-learnability of a class is not its finiteness

• Rather, it is a combinatorial measure called the VC-dimension

We will also show that there are infinite classes of hypothesis which are PAC-learnable
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We extend the learning model discussed so far to account for cases in which the real-
isability and exact labelling assumption are relaxed, and then to other learning tasks

Realisability assumption
Requiring that the learning algorithm succeeds on Dx and f when the realisability
assumption is satisfied may be too strong an assumption for practical learning tasks

• We assumed that there exists a h∗ ∈ H such that Px∼Dx [x : h∗(x) = f (x)]︸ ︷︷ ︸
1−LDx ,f (h

∗)

= 1

• This assumption does not hold for the majority of real-world problems

Deterministic labelling
Unrealistically, we also assumed that label attribution is deterministic, given features

• We assumed that labels are fully determined by the features via y = f (x)

These are the main limitations of the PAC definition that we are interested to overcome

• How far can we go without assuming that f exists?

• How far can we go without assuming that f ∈ H?
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Formal model (cont.)

Realisability can be, naturally, relaxed by replacing the exact labelling process f as-
sumed so far with a certain (conditional) probability distribution over the label set Y

• We assume that labels are stochastically determined, given the features

• Implicitly, we also relax the assumption that labelling is deterministic

Though arbitrary and unknown to the leaner A, this distribution over Y, like the
distribution over X , characterises how the domain-label generating process is modelled

• We are assuming that both domain instances and labels are picked randomly

Dxy = Dx |yDy

= Dy|xDx

Pragmatically, we introduce a more realistic data (domain-label) generating model and
we are interested in the best prediction rule h = A(S) that the learner could output

• (Keeping in mind that A has access to a finite sample S only)

For binary classification, that rule is a h that predicts the y for which Dy|x (y|x̄) ≥ 1/2

• We discuss how to construct such an intuition

• We discuss why this rule cannot not used
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Formal model | Data model

Data model
Firstly, we will introduce an arbitrary (and marginal) distribution Dy over label set Y

• This distribution allows us to introduce a joint domain-label distribution Dxy

• The joint distribution Dxy is over X × Y and it is assumed to be arbitrary

Dxy = Dx |yDy

= Dy|xDx

Probability distribution Dxy , though unknown, models the data generating mechanism

The data model Dxy implies the existence of two probability distributions over set Y

Dxy = Dx |y Dy︸︷︷︸
= Dy|x︸ ︷︷ ︸Dx

From the factorisation of the joint distribution Dxy

• A conditional distribution, Dy|x
• A marginal distribution, Dy

We characterise them both, from Dy towards Dy|x
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Formal model | Data model (cont.)

The marginal distribution Dx over X
We already assumed the existence of
a probability distribution Dx over X

Dxy = Dy|x Dx︸︷︷︸
Training instances {xn} are random
and independent draws from DN

x

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

The marginal distribution Dy over Y
For presentation, we consider an arbi-
trary probability distribution Dy over Y

Dxy = Dx |y Dy︸︷︷︸
Again, Dy is unknown to the learner

This probability distribution is not di-
rectly relevant for our learning purposes

Y = {0, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy

<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3

Y ⊂ N0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y

<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy

<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3
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Formal model | Data model (cont.)

The joint probability distribution Dxy (or D) over X × Y

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy
<latexit sha1_base64="eay7S1q7P1V4evl1Fp/1dWyNi6o=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0IUymk3bo5MHMpBhC/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHizmTyrK+jcra+sbmVnW7trO7t39gHh51ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+b3hZ+b0aFZFH4qNKYOgEeh8xnBCstuaY5DLCaEMyzu9zNntLcNetWw5oDrRK7JHUo0XbNr+EoIklAQ0U4lnJgW7FyMiwUI5zmtWEiaYzJFI/pQNMQB1Q62Tx5js60MkJ+JPQLFZqrvzcyHEiZBp6eLHLKZa8Q//MGifKvnYyFcaJoSBaH/IQjFaGiBjRighLFU00wEUxnRWSCBSZKl1XTJdjLX14l3YuG3Ww0Hy7rrZuyjiqcwCmcgw1X0IJ7aEMHCMzgGV7hzciMF+Pd+FiMVoxy5xj+wPj8ATkqlBA=</latexit>Dxy

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="8ZTPrPfKchAK5gctMLgcZ+HsVfA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEkqNrQ==</latexit>x3
<latexit sha1_base64="BaMF3PkaAsnZA0xVzTPLAY+indM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXLVfvKqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AE86Nrg==</latexit>x4

The data model is a joint domain-
label probability distribution Dxy

Dxy︸︷︷︸ = Dy|xDx

= Dx |yDy

Also Dxy is unknown to the learner
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Formal model | Data model (cont.)

The conditional probability distribution over Y, given (the elements in) X

It determines the probability of all the labels for all possible values of the domain set

<latexit sha1_base64="djICUobCClpe3aTkwNornBk9J3k=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUSkuizqwmUF+4A2hMl00g6dTMLMRC1pPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHjxmVyra/jZXVtfWNzdJWeXtnd2/frBy0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/V5OYuCEachpQjJSWPLPSD5EaYcTSm8xLJ9OnzDOrds2ewVomTkGqUKDpmV/9QYSTkHCFGZKy59ixclMkFMWMZOV+IkmM8BgNSU9TjkIi3XQWPbNOtDKwgkjox5U1U39vpCiUchL6ejIPKhe9XPzP6yUquHRTyuNEEY7nh4KEWSqy8h6sARUEKzbRBGFBdVYLj5BAWOm2yroEZ/HLy6R9VnPqtfrdebVxVdRRgiM4hlNw4AIacAtNaAGGR3iGV3gzpsaL8W58zEdXjGLnEP7A+PwBIQiUlg==</latexit>Dy|x

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="8ZTPrPfKchAK5gctMLgcZ+HsVfA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEkqNrQ==</latexit>x3
<latexit sha1_base64="BaMF3PkaAsnZA0xVzTPLAY+indM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXLVfvKqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AE86Nrg==</latexit>x4

<latexit sha1_base64="2+vGclV1deEM1reY/e8txuaHr+U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqW6Eoi5cVrAPaEOYTCft0MkkzEykIQb8FTcuFHHrd7jzb5y0WWjrgYHDOfdyzxwvYlQqy/o2SkvLK6tr5fXKxubW9o65u9eWYSwwaeGQhaLrIUkY5aSlqGKkGwmCAo+Rjje+zv3OAxGShvxeJRFxAjTk1KcYKS255kE/QGqEEUtvMjdNHieXE9fOXLNq1awp4CKxC1IFBZqu+dUfhDgOCFeYISl7thUpJ0VCUcxIVunHkkQIj9GQ9DTlKCDSSafxM3islQH0Q6EfV3Cq/t5IUSBlEnh6Mg8r571c/M/rxcq/cFLKo1gRjmeH/JhBFcK8CziggmDFEk0QFlRnhXiEBMJKN1bRJdjzX14k7dOaXa/V786qjauijjI4BEfgBNjgHDTALWiCFsAgBc/gFbwZT8aL8W58zEZLRrGzD/7A+PwBwIGWAw==</latexit>Dy|x=x1

<latexit sha1_base64="poVrtLlcu/66TzhWcoQ/LCZjOrg=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRFqhuhqAuXFewD2hAm00k7dDIJMxNpiAF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NpeWV1bX10kZ5c2t7Z9fc22/LMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtf537ngQhJQ36vkog4ARpy6lOMlJZc87AfIDXCiKU3mZsmj5PLiVvLXLNiVa0p4CKxC1IBBZqu+dUfhDgOCFeYISl7thUpJ0VCUcxIVu7HkkQIj9GQ9DTlKCDSSafxM3iilQH0Q6EfV3Cq/t5IUSBlEnh6Mg8r571c/M/rxcq/cFLKo1gRjmeH/JhBFcK8CziggmDFEk0QFlRnhXiEBMJKN1bWJdjzX14k7VrVrlfrd2eVxlVRRwkcgWNwCmxwDhrgFjRBC2CQgmfwCt6MJ+PFeDc+ZqNLRrFzAP7A+PwBwgaWBA==</latexit>Dy|x=x2

<latexit sha1_base64="ufTDIFkhiUUXB6sf5y4EjbUPT7U=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQq1Y1Q1IXLCvYBbQiT6aQdOpmEmYk0xIC/4saFIm79Dnf+jZM2C209MHA4517umeNFjEplWd/GwuLS8spqaa28vrG5tW3u7LZkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uc7/9QISkIb9XSUScAA049SlGSkuuud8LkBpixNKbzE2Tx/Hl2D3NXLNiVa0J4DyxC1IBBRqu+dXrhzgOCFeYISm7thUpJ0VCUcxIVu7FkkQIj9CAdDXlKCDSSSfxM3iklT70Q6EfV3Ci/t5IUSBlEnh6Mg8rZ71c/M/rxsq/cFLKo1gRjqeH/JhBFcK8C9ingmDFEk0QFlRnhXiIBMJKN1bWJdizX54nrZOqXavW7s4q9auijhI4AIfgGNjgHNTBLWiAJsAgBc/gFbwZT8aL8W58TEcXjGJnD/yB8fkDw4uWBQ==</latexit>Dy|x=x3

<latexit sha1_base64="Qay0wclnZxwn+jAdaDvOB5kNZVo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRSqhuhqAuXFewD2hAm00k7dDIJMxNpiAF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NpeWV1bX10kZ5c2t7Z9fc22/LMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtf537ngQhJQ36vkog4ARpy6lOMlJZc87AfIDXCiKU3mZsmj5PLiVvLXLNiVa0p4CKxC1IBBZqu+dUfhDgOCFeYISl7thUpJ0VCUcxIVu7HkkQIj9GQ9DTlKCDSSafxM3iilQH0Q6EfV3Cq/t5IUSBlEnh6Mg8r571c/M/rxcq/cFLKo1gRjmeH/JhBFcK8CziggmDFEk0QFlRnhXiEBMJKN1bWJdjzX14k7bOqXa/W72qVxlVRRwkcgWNwCmxwDhrgFjRBC2CQgmfwCt6MJ+PFeDc+ZqNLRrFzAP7A+PwBxRCWBg==</latexit>Dy|x=x4

Dxy = Dy|x︸ ︷︷ ︸Dx

The probability distribution Dy|x is
the principal objective of learning

The best possible prediction rule h

• The Bayes rule

h∗(x̄) =

{
1, if Dy|x (1|x̄) ≥ 1/2

0, otherwise

The Bayes rule h∗ is optimal in the sense that no other rule h ∈ X {0,1} has lower error
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Formal model | Data model (cont.)

The conditional probability distribution over X , given (the elements in) Y

It determines the probability of all the domain instances for all values of the label set

<latexit sha1_base64="kzvBt8iHvjrI9+o5OjfeSbA07/o=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rKoC5cV7APaoWTSTBuaScYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvjanSTIoHM4mpH+GBYCEj2FjJ70bYDAnm6e2099Qrld2KOwNaJl5OypCj3it9dfuSJBEVhnCsdcdzY+OnWBlGOJ0Wu4mmMSYjPKAdSwWOqPbTWegpOrVKH4VS2ScMmqm/N1IcaT2JAjuZhdSLXib+53USE175KRNxYqgg80NhwpGRKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5PmecWrVqr3F+XadV5HAY7hBM7Ag0uowR3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHEZ6SUA==</latexit>Dx

<latexit sha1_base64="fDOLwOcAA+yedyTcERK5GoVcJuo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXty5pXr9UfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AltOReQ==</latexit>X

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="sc17Dr9U64lK3DnLLcXXgaWySqg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2IdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS34+xGRPMs8fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPmFiReg==</latexit>Y<latexit sha1_base64="Pbb7NfKpQnhqEHAbGz1L2nB2pCI=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQi1WVRFy4r2Ae0oUymk3boZBJnJoUQ+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiUacx9UI8EixgBGsjef0Q6zHBPLubDdKBXXVqzhxolbgFqUKB5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW6SeKxphM8Ij2DBU4pMrL5qFn6MwoQxRE0jyh0Vz9vZHhUKk09M1kHlIte7n4n9dLdHDtZUzEiaaCLA4FCUc6QnkDaMgkJZqnhmAimcmKyBhLTLTpqWJKcJe/vEraFzW3Xqs/XFYbN0UdZTiBUzgHF66gAffQhBYQeIJneIU3a2q9WO/Wx2K0ZBU7x/AH1ucPEyKSUQ==</latexit>Dy
<latexit sha1_base64="dbS/ToTSviOfXFMo+TG0XZr7U2M=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUSkuizqwmUF+4A2hMl00g6dTMLMRC1pPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHjxmVyra/jZXVtfWNzdJWeXtnd2/frBy0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/V5OYuCEachpQjJSWPLPSD5EaYcTSm8xLn6aTzDOrds2ewVomTkGqUKDpmV/9QYSTkHCFGZKy59ixclMkFMWMZOV+IkmM8BgNSU9TjkIi3XQWPbNOtDKwgkjox5U1U39vpCiUchL6ejIPKhe9XPzP6yUquHRTyuNEEY7nh4KEWSqy8h6sARUEKzbRBGFBdVYLj5BAWOm2yroEZ/HLy6R9VnPqtfrdebVxVdRRgiM4hlNw4AIacAtNaAGGR3iGV3gzpsaL8W58zEdXjGLnEP7A+PwBIQaUlg==</latexit>Dx|y

<latexit sha1_base64="fixUj1htQG8yK0YsGg/pAYMX10Q=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KolIdSMUdeGygn1AG8JkOm2HTh7MTMQQ46+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBFnUlnWt7G0vLK6tl7aKG9ube/smnv7bRnGgtAWCXkouh6WlLOAthRTnHYjQbHvcdrxJle537mnQrIwuFNJRB0fjwI2ZAQrLblmpe9jNSaYp9eZmz48Jhd25ppVq2ZNgRaJXZAqFGi65ld/EJLYp4EiHEvZs61IOSkWihFOs3I/ljTCZIJHtKdpgH0qnXQaPkNHWhmgYSj0CxSaqr83UuxLmfiensyjynkvF//zerEanjspC6JY0YDMDg1jjlSI8ibQgAlKFE80wUQwnRWRMRaYKN1XWZdgz395kbRPana9Vr89rTYuizpKcACHcAw2nEEDbqAJLSCQwDO8wpvxZLwY78bHbHTJKHYq8AfG5w8gMpUY</latexit>Dx|y=1

<latexit sha1_base64="B6XSehDQWa6iYKMFGvQHgz+9Orc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KolIdSMUdeGygn1AG8JkOm2HTh7MTMQQ46+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBFnUlnWt7G0vLK6tl7aKG9ube/smnv7bRnGgtAWCXkouh6WlLOAthRTnHYjQbHvcdrxJle537mnQrIwuFNJRB0fjwI2ZAQrLblmpe9jNSaYp9eZmz48JhdW5ppVq2ZNgRaJXZAqFGi65ld/EJLYp4EiHEvZs61IOSkWihFOs3I/ljTCZIJHtKdpgH0qnXQaPkNHWhmgYSj0CxSaqr83UuxLmfiensyjynkvF//zerEanjspC6JY0YDMDg1jjlSI8ibQgAlKFE80wUQwnRWRMRaYKN1XWZdgz395kbRPana9Vr89rTYuizpKcACHcAw2nEEDbqAJLSCQwDO8wpvxZLwY78bHbHTJKHYq8AfG5w8erZUX</latexit>Dx|y=0

Dxy = Dy Dx |y︸ ︷︷ ︸
The probability distribution Dx |y
is not the objective of learning
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Formal model | Agnostic PAC

Restating our assumptions and goals
Training instances {(xn , yn )} are assumed to be from a joint distribution D over X ×Y

• For our learning tasks, we again allow D to be an arbitrary distribution

• Again, a learner has no access to the probability distribution D

For a probability distribution D over X × Y, we are interested in determining how
likely hypothesis h is to make an error when labelled points are drawn from such a D

• That is, we need to refine what we mean by successful learning

Definition
We redefine the generalisation error, or risk, or loss, of the classifier h ∈ XY as the
probability that the label y of a pair (x , y) drawn according to D, is predicted wrongly

LD(h) ≡ P(x ,y)∼D [h(x) ̸= y]︸ ︷︷ ︸
D({(x ,y):h(x )̸=y})

The error occurred by h is the probability of sampling a pair (x , y) for which h(x) ̸= y

• D indicates that the risk L of h = A(S) is evaluated with respect to D
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Formal model | Agnostic PAC (cont.)

LD(h) ≡ P(x ,y)∼D [h(x) ̸= y]

Graphically LD(h) is the volume under the portion of D associated to errors of h on Y

<latexit sha1_base64="KcYseGGB9+lzVvId1DbyrNUIvKY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi1WXRjcsK9iFNKJPppB06eTBzI5SQnRt/xY0LRdz6C+78GydtEG09cOFwzr3ce48XC67Asr6M0tLyyupaeb2ysbm1vWPu7rVVlEjKWjQSkex6RDHBQ9YCDoJ1Y8lI4AnW8cZXud+5Z1LxKLyFSczcgAxD7nNKQEt989AJCIwoEWk3ww7wgCn8I91lfbNq1awp8CKxC1JFBZp989MZRDQJWAhUEKV6thWDmxIJnAqWVZxEsZjQMRmynqYh0QvddPpHho+1MsB+JHWFgKfq74mUBEpNAk935ieqeS8X//N6CfgXbsrDOAEW0tkiPxEYIpyHggdcMgpiogmhkutbMR0RSSjo6Co6BHv+5UXSPq3Z9Vr95qzauCziKKMDdIROkI3OUQNdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4BaTOZrQ==</latexit>X ⇥ Y
<latexit sha1_base64="J186KKFX+eTVRzJsHImp+A2xcKg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRFy4r2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu5sNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURPeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/eG+RZQ==</latexit>D

<latexit sha1_base64="wg2RbI6RR5YRLRKPP4VGvu8EDak=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmS5id9CZDZmeXmVkxhPyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqLSPJb3ZpSgH9G+5CFn1FjpYVB6OiMdiWTULRTdsjsDWSZeRoqQodYtfHV6MUsjlIYJqnXbcxPjj6kynAmc5DupxoSyIe1j21JJI9T+eHbxhJxapUfCWNmShszU3xNjGmk9igLbGVEz0IveVPzPa6cmvPLHXCapQcnmi8JUEBOT6fukxxUyI0aWUKa4vZWwAVWUGRtS3obgLb68TBrnZa9SrtxdFKvXWRw5OIYTKIEHl1CFW6hBHRhIeIZXeHO08+K8Ox/z1hUnmzmCP3A+fwA/35AC</latexit>

h(x) 6= y

We are interested in a predictor h that, without knowing D, minimises such an error

• Again, the learner has access to the training sample S only
• More importantly, there is no fixed f to compare against

The empirical risk remains unchanged and computable for any function h : X → {0, 1}

LS(h) ≡
|{(xn , yn )} : hxn ̸= yn}Nn=1|

N
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Formal model | Agnostic PAC | Learnability
No algorithm can find a hypothesis whose risk is smaller than the minimal possible one

It can be shown that, without prior assumption about the data-generating distribution,
no algorithm is guaranteed to find a predictor that matches the minimal possible risk

Agnostic PAC learnability
A hypothesis class H is said to be agnostic PAC learnable if there exists some function
nH : (0, 1)× (0, 1) → N and a learning algorithm A such that, for the hypothesis A(S)
from |S| independent examples from D, the following upper-bound can be satisfied

PS∼D

[
S : LD(A(S)) > min

h∈H
LD(h) + ε

]
< δ,

{
For all sample sizes |S| ≥ nH(ε, δ)

For all data distributions D

That is, the leaner A is guaranteed to succeed if its error is at worst ε-worse than the
best h ∈ H, if at least nH(ε, δ) examples are available for learning and regardless of D

Hypothesis A(S) is said to be probably (1−δ) approximately (minh∈H LD(h)+ε) correct

If realisability holds (f ∈ H), agnostic PAC learning and PAC learning provide the same
guarantee, thus rendering agnostic PAC learning a more general notion of learnability

min
h∈H

LD(h) = 0
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Formal model | Agnostic PAC | Learnability (cont.)

For some fixed domain set X , label set Y, and hypothesis class H, we have these steps

The user chooses the accuracy ε ∈ (0, 1) and the confidence (1− δ) ∈ (0, 1)

• The pair (ε, δ) is accessible to the learner A

To ensure success, the learner requires a minimum number nH of instances

• The requirement is independent of the distribution D
• D is not accessible to the learner, anyway

The user provides the learner A with a sample S ∼ D

The learner A returns a predictor A(S)
• The learner may succeed (LD(A(S)) < ε+minh∈H LD(h))

• The learner may fail (LD(A(S)) > ε+minh∈H LD(h))

If this is repeated many times, the learner is guaranteed to succeed with high probability

(1− δ)

If there exists at least a learner A such that this holds, class H is agnostic PAC learnable
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PS∼D

S : LD(A(S))︸ ︷︷ ︸
P(x,y)∼D [A(S)̸=y]

> min
h∈H

LD(h) + ε

 < δ

{
For all |S| ≥ nH(ε, δ)

For all D

For binary classification, the Bayes rule h⋆ would be the best possible prediction rule

• If it were available in some form and if it that form were included in H

h∗(x̄) =

{
1, if Dy|x (1|x̄) ≥ 1/2

0, otherwise
Agonistic PAC learnability would provide a rel-
ative guarantee of success for a learner A on S

The learning algorithm A, which does not necessarily outputs a hypothesis A(S) ∈ H,
is asked to compete against the best predictor in some benchmark hypothesis class H

• We can see that classes Ha ⊂ Hb are easier to compete against (to learn)

It is also important to notice that the learning algorithm A has access to H and to S
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Formal model | Agnostic PAC | Learnability (cont.)

A weaker notion of success LD(A(S)) ≤ minh∈H LD(h)+ε is a much more modest one

• Though, it is also a much more realistic one

We started getting an intuition as for why larger hypothesis classes H harder to learn

• It can be shown that all finite hypothesis classes are agnostic PAC learnable

• It can be shown that there are infinite classes that are agnostic PAC learnable

• It can be shown that there exist classes that are not agnostic PAC learnable
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General losses

We are interested in extending the formal learning model to a wider variety of problems

Classification (multi-class)

• The domain set X = {x : x ∈ RNy }
• The label set Y ⊂ N0

The training set S = {(xn , yn )}Nn=1 with xn ∈ X and yn ∈ Y

Regression

• The domain set X = {x : x ∈ RNy }
• The label set Y ⊆ R

The training set S = {(xn , yn )}Nn=1 with xn ∈ X and yn ∈ Y

It is easy to convince ourselves that what makes regression and multi-class classification
different from the perspective of learning is the notion of error, or failure of the learner

Though we are protected against this discrepancy, at least terminology-wise, by the
notion of loss, we need a more general set to discuss these (supervised) learning tasks

• (As well as other, unsupervised, ones)
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General losses | Loss functions

For discussing these learning tasks on a general setup, we introduce the set Z = X ×Y

Loss functions
We let l be any function from Z ×H to the set of non-negative reals, l : Z ×H → R+

We define the risk function to be the expected loss of rule h, with respect to D over Z

LD(h) ≡ Ez∼D [l(h, z )]

This is the expected loss hypothesis h ∈ H over instances z ∈ Z drawn according to D

Similarly, we define the empirical risk to be the expected loss over sample S = {zn}Nn=1

LS(h) ≡
1

|S|

N∑
n=1

l(h, zn )

Because of the law of large numbers, the empirical risk tends to the true risk as N → ∞
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General losses | Loss functions | Classification

LD(h) ≡ Ez∼D [l(h, z )]

LS(h) ≡
1

|S|

N∑
n=1

l(h, zn )

In classification, no matter whether binary of multi-class, a common way to evaluate
the quality of the hypothesis function h : X → Y is obtained by considering a 0−1 loss

Y ⊂ N0

The loss function

l0−1 (h, (x , y)) ≡
{
0, if h(x) = y

1, if h(x) ̸= y

The risk function
LD(h) = E(x ,y)∼D [l0−1 (h, (x , y))]

Because l0−1(h, z ) is a binomial variable, we have El0−1(h)∼D = Pl0−1(h)∼D [l0−1(h) = 1]

⇝ E(x ,y)∼D [l0−1 (h, (x , y))] = P(x ,y)∼D [h(x) ̸= y]︸ ︷︷ ︸
D({(x ,y):h(x )̸=y})
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General losses | Loss functions | Regression

LD(h) ≡ Ez∼D [l(h, z )]

LS(h) ≡
1

|S|

N∑
n=1

l(h, zn )

In regression, a common way to evaluate the quality of the hypothesis function h :
X → Y is obtained by the using squared difference between true and predicted labels

Y ⊆ R

The loss function
l2 (h, (x , y)) ≡ (h(x)− y)2

The risk function
LD(h) = E(x ,y)∼D [l2 (h, (x , y))]
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General losses | Loss functions | Unsupervised learning

LD(h) ≡ Ez∼D [l(h, z )]

LS(h) ≡
1

|S|

N∑
n=1

l(h, zn )

Unsupervised tasks likes like dimension reduction, density estimation, and clustering?

In clustering, we are interested in representing a collection of unlabelled domain points
{x}Nn=1, such that xn ∈ X , with a collection K ≪ N code-words {ck}Kk=1, with ck ∈ X

X = RNx

Y = X
Z = X × X
H = All possible K -tuples h = {ck}

The loss function
lK (h, (x , c)) ≡ min

1≥k≤K
∥ck − x∥2

The risk function
LD(h) = E(x ,c)∼D [lK (h, (x , c))]
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General losses | Agnostic PAC

Agnostic PAC learning with general loss functions

A hypothesis class H is agnostic PAC learnable with respect to Z and a loss function
l : H × Z → R+, if there is a function nH : (0, 1) × (0, 1) → N and a learner A such
that, for the hypothesis A(S) from |S| independent examples from D, the bound holds

PS∼D

[
S : LD(A(S)) > min

h∈H
LD(h) + ε

]
< δ,


For all sample sizes |S| ≥ nH(ε, δ)

For all data distributions D
For LD(h) = Ez∼D [l(h, z )]

Agnostic PAC learnability for general loss functions is the most important concept in
the statistical theory of learning, most machine learning problems are built around it
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General losses | Agnostic PAC (cont.)

The definitions of agnostic PAC learnability required that the learning algorithm re-
turns a hypothesis h = A(S) from H, but we may also require A(S) ∈ H with H ⊂ H′

• The loss function needs to be extended to H′ (that is, l : H′ ×Z → R+)

Allowing H ⊂ H′ is often denoted to as representation independent or improper learning
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General losses | Uniform convergence

We are interested in showing that finite hypothesis classesH are agnostic PAC learnable

• That is, there is at least one learning strategy that be used to learn them

PS∼D

[
S : LD(A(S)) > min

h∈H
LD(h) + ε

]
< δ,

{
For all sample sizes |S| ≥ nH(ε, δ)

For all data distributions D

To prove the claim, it would suffice to show that ERMH can learn any finite class H
• In an PAC agnostic sense and with general loss functions

• (For concreteness, we consider binary classification)

For the chosen hypothesis class H and given some training set S, an ERMH(S) learner
uses ERMH(S) strategy to pick rules {hS} in H with smallest loss LS over that sample

ERMH(S) ∈ arg min
h∈H

|{xn : h(xn ) ̸= yn}|S|
n=1|

|S|︸ ︷︷ ︸
LS(h)
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General losses | Uniform convergence (cont.)

PS∼D

[
S : LD(hS) > min

h∈H
LD(h) + ε

]
< δ,


For all hypothesis hS ∈ ERMH(S)
For all sample sizes |S| ≥ nH(ε, δ)

For all data distributions D

We are interested in showing that all the hS ∈ ERMH also minimise the true loss LD

One strategy is to show that it is true for samples such that |LS(hS)−LD(h⋆)| is small

• That is, for samples S such that hS is close to h⋆, the best h ∈ H

Definition
A sample S ∼ DN is said to be ε-representative sample of the distribution D over Z,
with respect to a hypothesis class H and a loss function l(h, z ), if the following holds

|LS(h)− LD(h)| ≤ ε, for all h ∈ H

That implies that, if we draw such S, minimising LS also approximately minimises LD
• Then, for learnability, it only remains to guarantee that N is large enough

• (And, as always, how likely we are to be drawn one such S for training)
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General losses | Uniform convergence (cont.)

We can prove the existence of an upper bound on the sample complexity of the ERMH
• We did it for PAC learnability, we need to show it also for agnostic PAC

• |S| ≥
⌈

ln (|H|/δ)
ε

⌉
︸ ︷︷ ︸

nH(ε,δ)
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General losses | Uniform convergence (cont.)

Theorem
It can be shown that if a sample S is ε-representative of D over Z, with respect to class
H and loss function l(h, z ), then the following bound holds for all ERMH(S) predictors

LD(hS) ≤ min
h∈H

LD(h)︸ ︷︷ ︸
LD(h⋆)

+2ε

Proof
Because S is ε-representative, we know that LD(hS) ≤ LS(hS)+ε and, because we are
considering the ERMH learner, we also know that LS(hS) + ε ≤ minh∈H (LS(h) + ε)

LD(hS) ≤ LS(hS) + ε

≤ min
h∈H

LS(h)︸ ︷︷ ︸
LS(hS)

+ε

≤ min
h∈H

LD(h)︸ ︷︷ ︸
LD(h⋆)

+ε

︸ ︷︷ ︸
LS(hS)

+ε

Because sample S is ε-representative, the last inequality is true, and this ends the proof
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General losses | Uniform convergence (cont.)

LD(hS) ≤ min
h∈H

LD(h) + 2ε

We proved that on a ε-representative sample S, the true risk of ERM is upper bounded

To prove that the ERM can learn agnostically, we need to prove that large enough
samples S are likely to be ε-representative (that is, with probability at least (1− δ))

Definition
We say that a hypothesis class H has the uniform convergence, with respect to D over Z
and a loss function l(h, z ) if there exists a function nUC

H : (0, 1)× (0, 1) → N such that

samples S ∼ DN are ε-representative with high probability (that is, at least (1− δ))

That is, the definition quantify the sample complexity needed for uniform convergence

• How large S must be to make it ε-representative, with probability at least (1− δ)
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General losses | Uniform convergence (cont.)

By combining LD(hS) ≤ minh∈H LD(h)+2ε and the definition of uniform convergence
with function nUC

H , we can show that any finite class H is PAC learnable agnostically

with sample complexity nH(ε, δ) ≤ nUC
H (ε/2, δ) and that ERMH is a successful learner

Informally, we have the two following steps

1 For some (ε, δ), we need to determine the sample size N which guarantees with
probability (1− δ) that for a S ∼ DN , regardless of D, all h ∈ H are such that

|LS(h)− LD(h)| ≤ ε

For all h ∈ H, the probability of drawing a ε-representative S is at least (1− δ)

2 We need that for any h ∈ H, |LS(h)−LD(h)| is small enough if N is large enough

We followed similar steps when we discussed ERMH for finite classes under realisability
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General losses | Uniform convergence | Step 1

Step 1

For some (ε, δ), we need to determine the sample size N which guarantees with prob-
ability (1− δ) that for a S ∼ DN , whatever D, all h ∈ H with |H| < ∞ are such that

|LS(h)− LD(h)| ≤ ε

Equivalently, we have

DN ({S : ∃h ∈ H, |LD(h)− LS(h)| ≤ ε}) ≥ 1− δ

Or,
DN ({S : ∃h ∈ H, |LD(h)− LS(h)| > ε}) < δ

We also have,

{S : ∃h ∈ H, |LD(h)− LS(h)| > ε} =
⋃

h∈H
{S : |LD(h)− LS(h)| > ε}

Using the union bound, we get

DN ({S : ∃h ∈ H, |LD(h)− LS(h)| > ε}) ≤
∑
h∈H

DN {S : |LD(h)− LS(h)| > ε}
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General losses | Uniform convergence | Step 2

DN ({S : ∃h ∈ H, |LD(h)− LS(h)| > ε}) ≤
∑
h∈H

DN {S : |LD(h)− LS(h)| > ε}

Step 2

We want to show that each of the summands is small enough when N is large enough

• For a single h, the true risk LD(h) need be ε-close to the empirical risk LS(h)

• With high probability, for samples S ∼ DN whose size N is large enough

We have the notions of true and empirical risk, an expectation and empirical estimate

LD(h) = Ez∼D[l(h, z )]

LS(h) = N−1
N∑

n=1

l(h, zn )

However, the expectation of the loss function l(h, z ) is not accessible, as D is unknown

• This implies that we cannot determine how far apart its sample average is
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General losses | Uniform convergence | Step 2 (cont.)

LD(h) = Ez∼D[l(h, z )]

LS(h) = N−1
N∑

n=1

l(h, zn )

We need a statistical tool, a concentration inequality, to quantify how close the expec-
tation LD(h) is to its empirical estimate LS(h) is calculated using samples S ∼ DN

• The Hoeffding’s inequality is the statistical tool for this purpose

For a single h and for l(h, z ) ∈ [0, 1], we have

P

|
1

N

N∑
n=1

l(h, zn )︸ ︷︷ ︸
LS(h)

−LD(h)| > ε


︸ ︷︷ ︸

DN {S:|LD(h)−LS(h)|>ε}

≤ 2 exp
(
2N ε2

)

Over all the h ∈ H, we have

DN ({S : ∃h ∈ H, |LD(h)− LS(h)| > ε}) ≤
∑
h∈]H

2 exp
(
2N ε2

)
= 2|H| exp

(
2N ε2

)
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General losses | Uniform convergence (cont.)

By choosing for nH ≥
log (2|H|/δ)

2ε2
, we have

DN
(
{S : ∃h ∈ H, |LD(h)− LS(h)| > ε}

)
≤ δ

Uniform convergence property is satisfied

nUC
H (ε, δ) ≤

⌈
log (2|H|/δ)

2ε2

⌉

The sample complexity for the ERMH

nH(ε, δ) ≤ nUC
H (2/ε, δ)

≤
⌈
2 log (2|H|/δ)

ε2

⌉
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