CONFIDENCE INTERVALS FOR A CLASS OF RESIDUAL
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ABSTRACT. We analyze the asymptotic distribution of a general class of near-
est neighbor based residual variance estimators providing a central limit theo-
rem with asymptotic variance characterized as a linear combination of residual
moments. Based on the theoretical results, a numerical algorithm for estimat-
ing confidence intervals is provided in conjunction with a proof of asymptotic

consistency.

1. INTRODUCTION

The problem of residual variance estimation has been widely investigated as
an elegant approach for addressing the limitations of linear dependency measures
such as Pearson’s correlation coefficient [7, 13, 19]. Given the i.i.d. observations

i, Y;t:24, 1t concerns the estimation o
X;,Y; fvl i hi i i f
(1) EB[(Y: — E[V1|X1))%]

corresponding to the optimal mean squared error obtainable via non-linear regres-
sion. While not obvious at first sight, estimating the residual variance is often a
significantly easier task than performing an actual non-linear regression. As a mat-
ter of fact, there exists a diversity of non-parametric techniques providing estimates
without explicitly reconstructing a full mapping from X to Y.

Among a plurality of approaches, we will examine methods based on using near-
est neighbors to build upon the assumption of local regularity. Such techniques
often admit excellent consistency properties under realistic assumptions while re-
maining simple and understandable [4, 7, 13]. However, in order to position them

alongside classical statistical measures, it is necessary to establish sufficiently strong
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asymptotic normality results together with practical methods for estimating con-
fidence intervals. In this regard, existing literature covers specific estimators (see
e.g. [4]), but does not provide a generic theoretical framework in the context of
multidimensional randomized design. Relatedly, confidence intervals have not been
widely discussed in a broader setting, while some attempts towards this direction
exist [10].

Motivated by the aforementioned considerations, a principal aim of this paper
is to establish an asymptotic variance and normality result for a class residual
variance estimators with the proposed framework of sufficient generality to capture
a number of well-established nearest neighbor based methods including [19, 8, 9].
Moreover, as a technique for constructing confidence intervals, we provide a simple
algorithm for evaluating estimation variance with consistency guaranteed in the
infinite sample limit under realistic assumptions.

Our approach necessitates the use of auxiliary residual statistics opening a new
direction for future research due to their convergence properties having been rel-
atively scarcely investigated even if some existing literature relates to our work
closely in this aspect [8]. Relatedly, the finite sample accuracy of the approxima-

tive confidence intervals in different settings leaves room for further contributions.

2. ESTIMATORS

2.1. Basic Definitions and Assumptions. We denote by B(z,r) the ball with
center x and radius r in R™, where the fixed integer n > 0 presents the dimension-
ality of the input space in our analysis. For any subset A C R", scalar a > 0 and

vector z € R”, we adopt the standard set arithmetic convention
aA+z={ay+z: ye A}

The notation |A| is used to refer to the cardinality of A. For integers k > 0, we
denote by A* the set A x ... x A (Cartesian product of k sets).

We will adopt the notation X, to indicate the space of non-empty finite subsets
of R™. To impose some regularity for technical reasons, we remark that the elements
of such a space correspond to finite measures on R with the total variation norm

immediately providing a standard topology.
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Given a random event A, we denote by I(.A) the random variable with the value
1 if the event occurs and 0 otherwise. Generally, the event is expressed as a logical
expression involving random variables.

We will consider independent identically distributed (i.i.d.) random variables
{X;,Y;}2,, where each random input vector X; takes values in " and output
Y; in R; specifically, we derive asymptotics w.r.t. the subsamples {X;, V;}¥, for

integers IV > 0. For the reason of conciseness, we adopt the shorthand notation
= N
Env ={Xi}il1

Given a sequence of random variables (Z;)2,, the sequence is said to converge
in distribution to the normal distribution N (0, 1) of zero mean and unit variance

conditionally on =y, if for any ¢ > 0,
(2) P(Zy <t|En) — ©(t)

in probability in the limit N — oo, where ®(t) is the cumulative distribution
function of N(0,1). As another type of convergence, (Z;)$2, is said to converge in

mean to a random variable Z if
El|Z;—Z|| =0

in the limit 7 — oo.

We define the index of the nearest neighbor of X; by
Nli, 1] = argminlgjgN,j;éiHXj — Xi|
and that of the k-th nearest neighbor by

NT[i, k] = argminje{1,...,N}\{i,N[i,u,...,N[z‘,kq]}||Xj - Xill.

In this definition, ties may be broken in an arbitrary way; however, as we will
only consider points {X;}¥ | distributed according to a density function w.r.t. the
Lebesgue measure, the nearest neighbors will be almost surely unique. For nota-
tional convenience, we set

NTi, 0] = 1.

The conditional expected output is defined by

m(z) = E[Y1]|X; = 2]
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and the residual variables by r; = Y; — m(X;); moreover, we define the conditional

residual standard deviation function by
o(z) = /E[r|X; = a];
for integers [ > 2, we set
Vi(z) = Elrj| X = 2]
and for [ > 3,
(3) V/ () = El[ri| X1 = a] - E[r{| X, = 2]E[r{?|X; = a].

Note that in this notation, o(x)? = Va(x). In order to state our principal assump-
tions, we need the following variation of Holder continuity: for a function f(x) from

R™ to R, our continuity condition imposes the requirement

(4) (@) = fW)] < c(@+ ]l + lylD*[lz - ylI*

for all z,y € R™ and some constants ¢ > 0, £ > 0 and o > 0. Note that Equation

(4) with &€ =1 is implied by the simpler condition
IVF@)Il < e(X+ [lz[%)

for some constants «, ¢ > 0 and all x € R™. Our main assumptions are formulated
as follows:

(A1) The random variables {X;,Y;}32, are i.4.d. with the points {X;}2, dis-
tributed according to a density p(x) w.r.t. the Lebesque measure on R™. Moreover,
forl=2,...,4, the conditional moment functions m(z) and V;(z) are well-defined

and continuous in the sense of Equation (4).

(A2)
E[YP] <
and
E[| X[} < o0
for all a > 0.

Assumption (A1) adopts a slightly weaker continuity condition than Lipschitz
continuity covering most cases of practical interest including polynomial functions.

Note that it implies the growth condition

m(x)| + B[} X1 =] < ¢(1+ 2|7
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for some constants ¢,y > 0 independent of x € R™.
In order to establish an additional theoretical tool by extending the concept of

nearest neighbors, for a fixed K > 0, we define
(5) M,OZ{N[Zvo]aaN[ZaK]}
and for [ > 1, by recursion

(6) -/\[i,l = U ./\/‘j’lfl.
{1<G<N: Ny i—1nNj -1 #0}

As a notational convention, we will generally employ K to denote a fixed positive

constant determined by the specific estimator in question.

2.2. The Estimation Framework. As a general context aimed to capture a large
part of the existing literature, we will analyze residual variance estimators of the

form

| N KK
(7) Sy = N ZZ Z i.5.0" YNTi,j) Y NTi ']

where each weight W; ; ;» can be represented as

(8) Wi = fii(Xnpiop - - Xnjix])

for some bounded measurable function f; ;. (independent of ¢) implying that the
value of Sy is determined by the observations in the K nearest neighborhood of
each point X;. Note that while the constant K is fully determined by the choice of
the specific estimator, our theoretical results are based on varying the number of
samples N setting N — oo for an asymptotic analysis.

To establish the consistency of the estimator, we require that

K
(9) ZWi’j’j =1 and
7=0

K K
(10) > Wijj=> Wijy=0
=0 =0

almost surely fori =1,..., N and j =0, ..., K. Moreover, the weights are assumed
to be translation invariant with respect to the nearest neighbors in the sense of being

invariant w.r.t. the transformations

SXN[i70] +t,..., SXN[i,K] +t
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for any s,t € R, where the sum of a vector and a scalar is interpreted component-

wise.

2.3. Examples. In this section, we present some examples of estimators of the

form (7) with some practical guidelines on the choice of the estimator.

2.3.1. Locally Constant Estimators. The well-known K-NN estimator of residual

variance can be formulated as

N K
1
11 Sy = Y| D Y~ Yi |
1D YTERE N o\ =

where K is an arbitrary fixed constant. In this case,

K
Wi R
00 = T
while
Wi i = _ and
WK (K 1)
1
Wioj =Wijo=—5 7

for 1 < j,j7/ < K. As a matter of fact, the choice K = 1 is often made in practical

applications resulting in the simple estimator

2

However, despite its intuitive form, the estimator (11) does not possess optimal
convergence properties as it does not achieve a uniform rate of convergence for non-
smooth variance functions o(x)2. The asymmetric product estimator introduced in

[8] elegantly addresses this issue taking the simple form

N
(13) Z Y — Yi) (Yapig — Yi)-

This corresponds to the choice K = 2 with W00 =1, W12 =1, Wip2 = —1,
Wii0=—1fori=1,..., N setting the remaining weights equal to 0. Some of the
theoretical properties of this estimator have been analyzed in [14, 12], where it is
shown that the somewhat surprising form of the estimator ensures consistency for
non-smooth standard deviation functions o (z)?, while also providing a surprisingly

fast rate of convergence.
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Towards another direction, it is also of interest to consider linear combinations

of the form

(14)

1 K 2
:ﬁzwjz YN [i,5] —

j=1  i=1

for some fixed constants wy, ..., wg, where the constraint

K
ij =1
j=1

would ensure that conditions (9) and (10) hold. However, the optimal choice and
benefit of such weights remains a relatively unexplored topic closely related to the

Gamma test [7].

2.3.2. Local Linear Estimators. The local linear estimators introduced in [19] in-
voke the idea of applying linear regression for points in the proximity of each ob-
served regressor vector. While the added complexity might be expected to increase
variance and risk instability, such concerns are somewhat mitigated by the bound-
edness of the weights in the representation (7).

In order to demonstrate the variable bandwidth estimator according to [19], we

define the augmented vectors

N 1
Xij =
XNpig) = Xi

for1<i< Nandj=1,...,n+ 1. Moreover, we define the n + 1 x n + 1 matrix
X; = Xi,17~-~7Xi,n+1] .

Let e be the n + 1-dimensional vector with e) =1 and /) =0 for 1 < j <n +1.
Set

where it can be shown that Assumption (Al) suffices to ensure the almost sure
invertibility of X; (in contrast, [19] adopts a more general formulation covering the
non-invertible case). Finally, for 0 < j < n 4+ 1, we define w; ; as the component

j + 1 of the vector z;/||z;||. The estimator takes the form

2
n+1

N
(15) SN Z ZijYN[zj )

z:O
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where we have

n+1

(16) » ;=1 and
=0
n+1 B

(17) Y Wi Xig=0
=0

for any 1 < ¢ < N. The local linear estimator can be viewed in the framework (7)
by setting W; ; ;» equal to

Wy, j Wi, 5
and observing that by Equations (16) and (17), the weights are bounded and the
constraints (9) and (10) hold.

2.4. Note on the Choice of Estimator. At present, profound asymptotic analy-
sis of residual variance estimators in a general context remains a rather unexplored
topic. Consequently, it is hard to give reliable recommendations about the choice
of algorithm in practical applications. It seems likely that further theoretical work
on the bias/variance trade-off (with as exact characterization of the asymptotic
behavior as possible) would provide useful insight in this respect with major influ-
encing factors expected to include the dimensionality of the input space, boundary
effect and smoothness of the mappings m(xz) and o(x). In this regard, different
applications might pose varying requirements on the method used; as an example,
concerns about bias are somewhat mitigated if the goal is merely to compute a p-
value for the hypothesis m(xz) = 0. Nevertheless, based on the present knowledge,
some general guidelines may be outlined:

e As shown in [12], the bias of the estimator (13) is expected to be of order
N—3/"1og*N for some o > 0 (we believe a = 0 is provable) with variance
being of order N~/2. This suggests that the method often performs well
for low to moderate dimensionalities (up to n =5 or even n = 6).

e For high dimensional problems (n > 7), we recommend considering the
local linear estimator discussed in Section 2.3.2 to compensate for the curse
of dimensionality by making use of a higher order approximator.

As a particular method meriting a remark, [4] presents an exceptionally concise
estimator with satisfactory theoretical properties, which, however, falls outside the

framework formulated in this paper. The simple form of the method seems beneficial
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in terms of variance while, at present, the bias is not yet formally fully understood.
As a conjecture, we believe that it is an attractive choice in particular when the

dimensionality of the input space is in the range n < 3.

2.5. Asymptotic Distribution and Variance. The following theorem states the
asymptotic unbiasedness of residual variance estimators of the form (7) under our

assumptions. The result is expected by the corresponding results in earlier literature

(see e.g. [5]).
Theorem 1. Assume that Assumptions (A1)-(A2) hold. Then
E[Sn] = Elo(X1)?]
in the limit N — oo.
We compute the asymptotic variance of Sy by employing the decomposition
Var[Sy] = E[Var[Sy|ZEn]] + Var[E [Sn|EN]]-

In this context, the asymptotic distribution of v/N(Sy — E[Sy]) may be character-

ized as follows:
Theorem 2. Assume that Assumptions (A1)-(A2) hold. Then the variable
VN(Sy — E[Sn))

is asymptotically normal with

(18) NVar[E [Sx|En]] — Var[o(X1)?]
and
(19) NVar[Sy|En] — A1E[o(X1)*] + A E[V](X1)]

i mean in the limit N — oo for some constants Ay and As determined by n and

the estimator Sy .

Remarkably, the constants A; and Ay in Theorem 2 are universal in the sense
that they are independent of the probability distribution of the observations (X;, Y;).
As a strategy for constructing approximative confidence intervals, the asymptotic

normality signifies that it remains to formulate a statistic guaranteed to approach
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the sum of the limits (18) and (19) when the number of samples increases to infinity.

To this end, for 1 <, < N and 0 <ly,ls,l5,l4 < K, we define
(20) 5i7j1ll7l27l31l4 = Wi,ll,lz Wj,l3,l4I(N[iv ll] = N[]v 13])I(N[7’a 12] = N[ja 14])

and the random variables

N
1)
(21) by, (X EN) =Y Z 0ijiln o da,ls T 00l 1o Ll and
J=1 14=0
13;514
(22) b7 (Xi,En) ZZ%H“'
j=1U'=

Employing these notations, we adopt a two-step approach by formulating the in-

termediate statistic

N K K
1 1 2
(23) QN = N Z J(Xi)4 Z bl(l,)lg (qu HN + V4 Z bl( ) Xi, ~—4N
i—1 11,l2=0 1=0
l1#l2

capable of approximating the limit (19):

Theorem 3. Assume that Assumptions (A1)-(A2) hold. Then the random vari-
ables (23) relate to the constants A1 and Az in Theorem 2 by the convergence

Qn — A Elo(X1)Y] 4 A2E[V](X1)]
in mean in the limit N — oo.

As a matter of fact, the definition (23) is motivated by non-asymptotic consid-
erations in the proof of Theorem 2 aiming to ensure that the value is close to the
real value also in the non-asymptotic range. However, the functions o(z) and V}(x)
are generally unknown posing an auxiliary approximation problem closely related

to estimating the right side of (18).

3. CONFIDENCE INTERVALS

In this section, we complete Theorems 2 and 3 by providing estimators for

(24) Var[o(X1)?] = E[0(X1)"] — E[o(X1)?]?
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and @y in Equation (23) sufficient for evaluating approximative confidence inter-
vals. To this end, we propose an empirical method by adapting the statistical
techniques presented in [8] concerning higher order residual moments.

To outline the estimator for the first term in Equation (23),

N K
1 1 -
(25) ¥ 2ot 30 b (X Ew),
i=1 11,l2=0
l1#l2

we define
N ]g,i] = argminlglgN,le{j,z',N[vz,l]}HXZ - Xl

this definition is demonstrated by the following example involving a set of four

points:
[ ]
[ ] XNaum[N[l’QLl]
X1
[ ]
X,
[ ]
XN[1,2)
Defining
N 1
(26) Vi = Z(YN[i,l] — Y3)? (Yvaus [Ni,21,4) — YN[i2) s

the proposed estimator of (25) is then formulated as an average of the terms

K
‘7221 Z b (X5, 2nN).

l1,l2
11,l5=0
l1#l2

To demonstrate the intuition behind the definition, we resort to setting m = 0 and
observe that for a sufficiently large sample size, the relevant quantity to examine is

the expectation

K K
% 1 j— " j— 1 j—
E|VZ Y o) (X, En)| =E E[Vfl :N} 3 o (XiEw)
ll7l2:0 l1,12:0
l175l2 ll¢l2




12 CONFIDENCE INTERVALS FOR A CLASS OF RESIDUAL VARIANCE ESTIMATORS
In this context, using the conditional independence of the residuals, we have
N 1 2 2
2 |= —_
E [Vz,l‘:N] = 4 var {(TN[M] —r1)" (ryvessvi2.n — TNp2) ‘:N}

(0(X1)? 4+ o(Xnp1)?) (0(Xnp2)? + o(Xyewsvpa1)?) s

»-lk\}—‘

which is expected to be asymptotically close to the desired value o(X7)*.

Recalling that the second term in (23) takes the form

K K
E Vi(Xl)Zbl(z)(Xl»EN)l =E |(Va(X1) —o(X1)" Z '(X1,En ] :
=0 =0

we suggest making use of Equation (26) and the product estimator for the fourth

moment of the residual variance presented in [8] to define

4
Vzll,i = H(YN[ gl T ) ‘/2 7
j=1

The complete approximation of @) is then given by
1 K K
A - 1 - - 2 -
@) Qv=s Z (IR ENER A SR
=1 l1,12:0 =0
11#l2

At the same time, (24) can be estimated by

(28) 3 = SN

2=
iM-

for any consistent residual variance estimator Sy.
The following result demonstrates the asymptotic validity of the estimates (27)
and (28).

Theorem 4. Assume that Assumptions (A1)-(A2) hold. Then
Qv —Qn —0
and
| X
(29) N > Vi — Sk = Elo(X1)"] - Elo(X1)*)?
i=1

in mean in the limit N — oo
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Computing (27) and (28) based on empirical data is straightfoward and at once
provides approximative confidence intervals. It should be noted that while the proof
of Theorem 4 demonstrates the asymptotic correctness of the approximations, it
does not address finite sample behaviour and rate of convergence. As a related topic
of future work, it is also pertinent to consider the direction of the finite sample bias,

that is, whether the true value is over- or underestimated.

4. EMPIRICAL DEMONSTRATION

In order to assess the practical validity of the algorithm introduced in Section 3,
we computed relative estimation errors for the method (13) by computing empirical
averages using simulated data. More specifically, the input vector X was taken as

uniform on [0, 1]™, whereas the output was generated according to
(30) Y = vV12XVy 4+ x),

where U denotes an independent uniform random variable on [—~1/2,1/2] and X )
the first component of the vector valued random variable X. In the empirical
simulations, the size N of the samples drawn from (30) is varied from 1000 to 11000;
for each value of N, an error measure for the discrepancy between the estimated
variance of Sy and the actual variance is computed.

Fixing a value for N and considering the residual variance estimates S”j7 N (=
1,..., L) obtained by drawing L samples from the model (30), where L is a large in-
teger in the constraints of the computational resources available, the true empirical

variance of the estimator was estimated by

L L
) 1
_ 2
(31) Varegp, 1 [Sn] = Z v |1 Zl S
: ]:

Specifically, L was fixed as 10000.

The generated datasets were also used to compute the variance estimates Var; [Sn|
(j =1,...,L) using the method described in Section 3. As an implementation de-
tail, we decided to substitute Sj, n for Sy in Equation (28) even if in principle,

another estimator could have been used. Assuming that Var.,, 1, [Sn] is close to
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FIGURE 1. Expected relative errors of the standard deviation es-

timates as a function of the number of samples (N).

the true estimator variance, the discrepancy measure

1 L ’\/VarezpﬁL [SN] — \/V&I‘j [SN]‘

L j=1 Varew,L [SN]

(32)

was evaluated to assess the validity of the predicted estimation variances. Note the
square roots in (32) employed in order to focus on assessing standard deviations
instead of variances.

The empirical results displayed in Figure 1 are well-aligned with the theoretical
results of the paper exhibiting a rate of convergence independent of the dimension-

ality.

5. AUXILIARY RESULTS

5.1. Nearest Neighbors. It is well-known that in general finite dimensional set-
tings, nearest neighbor distances approach zero when the number of points tends

to infinity [11]. In our context, we need to the following restatement of this fact:
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Lemma 1. Assume that Assumptions (A1)-(A2) hold. Then for any ¢ > 0 and
0<a<n,

N =E[dS ] — 0

in the limit N — oo.
Proof. For v > 0 and N > 0, define the random variable
N
M =>"I(X;€[-N7,N"]").
i=1
The results in [11] imply that when 0 < a < n, we have
N
Zd?,K < CNl—i—'ya—a/n
i=1

on the event M = N for a constant ¢ > 0 independent N,
By Assumption (A2), the probability of the event M # N approaches zero faster
than N7 for any 8 > 0 finalizing the proof by an application of Holder’s inequality

and the inequality
K+1

di g <Xl + ) 151

j=1

O

The following result builds upon [5] by extending the corresponding result for

nearest neighbor graphs to cover the extended neighborhoods defined in Equations

(5)-(6)-

Lemma 2. Assume that (A1) holds. Then for any fized integer I > 0, there exists

constants Ng > 0 and ¢ > 0 such that all N > Ny, the inequalities

(33) HI1<i<N:1eN,} <c and

(34) N <e

hold almost surely.

Proof. Proceeding by induction, let us assume the induction hypothesis that the

claim holds for some constant ¢ > 0 and integers [ > 0 and Ny > 0:

N
(35) DI eN) <c
j=1
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and
(36) Wil <c

almost surely for all N > Ny and 1 <17 < N. As a matter of fact, Lemma 3.2 in [7]

establishes the upper bound (35) for [ = 0. Then, we have

N
(37) Wizl < D0 Y TG e Nu)Noa < ¢
JEN; 1 i'=1
and
N N N N
S I(GENi) <D DY I € Ni)I(§' € Nju )I(G € Njory)
i=1 i=1j'=15"=1
N N
<Sey DI e NI € Njra)
jr=1j=1
N
(38) <Y I EN) <P
§r=1
forany 1 <j < N. O

Lemma 2 can be used to prove the following result, which will turn out to be
useful for bounding the moments of random variables expressible as a sum over an

extended neighborhood.

Lemma 3. Assume that Assumption (A1) holds. For any N > 0, let (a;)Y., be a
sequence of positive numbers and fix arbitrary integers | > 1 and s > 1. Then for
some Ng > 0 and all N > Ny,

N N

S w) e

i=1 \jEN;, i=1

for some constant ¢ > 0 independent of N and (a;)Y ;.

Proof. We observe that

N

N N
SN aj:Zai > I(i € Njy)

i=1jEN; Jj=1

By Lemma 2 we know that

ZI(Z'G./\/J"[) <c¢

Jj=1
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and consequently
N N
> Y azade
i=1jENi, i=1

for some constant ¢; > 0. Moreover, by Jensen’s inequality [18] and Lemma 2,

S
Z aj | < |NFH Z a < ¢ Z as

JENL JENiL JENL
for some constant co > 0 independent of N and 1 < ¢ < N. Consequently, the case

s > 1 follows from the proof for s = 1. O

The following lemma is a corollary of Lemma 3 and Assumption (A2).

Lemma 4. Assume that Assumptions (A1)-(A2) hold. Then for any o > 0 and
integer | > 0,

limsupE g 1X501% | < 0.
N —o0 .
JEN1

Lemmas 1 and 4 in conjunction with Holder’s inequality yield the following result.

Lemma 5. Assume that Assumptions (A1)-(A2) hold. Then for any £ >0,1>0

and o > 0,
3

(39) El{1+ > IXypgll | dig| =0
JEN1

in the limit N — oo.

In order to prove our main results, we will invoke the theory in [17] based on
stabilizing random functionals. To this end, we must establish a radius of stabi-
lization result in the case of the spatial Poisson process (also known as the Poisson
point process) of unit intensity on R™ (denoted by P). Consider the undirected
K-nearest neighbor graph (a widely studied structure in computational geometry,

see e.g. [16]) with vertices given by
AU {0}

for a set of points A C R", where for any r > 0, AN B(0,r) is a finite set with

unique pointwise distances (to ensure that the graph is well-defined); for each point,
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there is an edge between the point and its K nearest neighbors. Closely related to

Equations (5)-(6) with a slightly different perspective, we define

2L [A] = {x € AU {0} : the shortest path between 2 and 0 has at most I edges}.

As an example, the set Z};[A] contains the zero vector 0, the K nearest neighbors
of 0 and conversely, the points for which 0 is among the K nearest neighbors. Our
stability result is a variation of Lemma 6.1 in [15] with an adaptation for our slightly

different conceptual framework.

Lemma 6. For any integer | > 1, there exists a random wvariable R acting as a
radius of stabilization, i.e., associating a positive number with each realization of P

in such a way that almost surely

(40) ZLI(PNB(0,R)UY] = ZL[P]

for all finite point sets Y C B(0, R)C.

Proof. We define Z9%.[P] = {0} and state the inductive hypothesis that the claim
holds for an integer [ > 0 with a radius of stabilization R. For formal correctness,
it should be remarked that in the following, we will take the notational liberty to
denote by P and R fixed realizations of the actual random variables.

Fix a small number 0 < € < 1 and choose the cones Si,...,S; C R™ such that

forall1 <j <L and z,y € §;, we have

aTy > (1= e)|z[ly]

and UleSj =R". For 0 < r < 1y, we define S, ,, r, =5; N B(0,72) \ B(0,71).

Without losing generality, we assume that

(41) |Sj2rar NPl > K
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for j = 1,...,L. Consider two vectors x € Sjirc and y € Sj2r.ar for some

1 <j < L. Then

o =yl — Zer]g(igfm l — 2|
<z = yl* = (=]l - R)?
< 22Ty + 2R||z[| + [ly[|* - R?
< =201 = yll] + 2R]|z| + [lyl|* - R?
(42) < (4e — 2)R||z|| + 3R < (16e — 5)R* < 0

for all 0 < e < 5/16 (setting |ly|| = 2R to maximize the right side of the third
inequality). Aiming to demonstrate that 12R serves as a radius of stabilization for

ZIFP], let us consider
A= (PnB(0,12R)) UY U {0}

for an arbitrary finite set ) C B(0,12R)¢. Equations (41) and (42) imply that no
point in A located outside B(0,4R) contains a point in B(0, R) among its K nearest

neighbors. To the other direction, recalling that by construction, we certainly have
|B(0,4R)NP| > K +1

ensuring that the K nearest neighbors of the points in B(0,4R) are contained in
B(0,12R).

To complete the proof, we observe that Z?l[A] constitutes of the points in
Z![A], their K nearest neighbors and the points in A with a K nearest neighbors in
ZL[A]. We have demonstrated that these are determined by the points in B(0,4R)
and their K nearest neighbors, which in turn are determined by the points in

B(0,12R) regardless of ). We conclude that
ZIHA = 2P N B(0,12R)]
establishing 12R as a radius of stabilization for Zi™[P]. O

5.2. Results for Local Random Variables. In this section, we consider func-
tions of the points in the K nearest neighborhood of a given point. More specifically,

we will examine random variables {hx;}Y, of the form

(43) hni = k(XN YN0 - - - s XN K] YN[i,K])
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for a fixed measurable function h mapping (R")%+1 to R.
As a fundamental result of statistics, under general conditions, the standard
deviation of the mean of a sequence of independent identically distributed random

1/2 " However, if the terms in the

variables approaches zero proportionally to N~
average exhibit a local dependency structure instead of full independence, a more
elaborate analysis is necessary. To prove such results, the Efron-Stein inequality

has turned out to be a convenient tool [6].

Lemma 7. Assume that Assumption (A1) hold with random variables of the form

(43). Then we have

Var

N
1
= Z hN,i] <c (E[h?\m] + E[h?\ffl,l])
VN i=1
for some constant ¢ > 0 independent of N > K + 1.

Prior to proceeding to the actual proof, we formulate the following restatement
of the Efron-Stein inequality in a form suitable for the proof of Lemma 7. See [1]

for a derivation of the result among other concentration inequalities.

Lemma 8. Let {Z;}Y | be a set of i.i.d. random vectors and for 1 <i < N, define

the random variables

G=gn(Z1,...,ZN) and

Gi = gN—l(Zl --.,Zi_17Zi+1,-.-,ZN),

where gy and gy_1 are measurable functions taking values in R. Assuming that

the random variables G and G; are square integrable, we have

Var[G] < Z E[(G - G))Y.

Proof of Lemma 7. Observe that the random variables hn_1,; (1 <i < N —1) are
computed using { X, Y,;}Z-j\i_l1 corresponding to the removal of the N-th observation.

Setting hy_1,5 = 0, we observe that for any 1 <i < N,

(44) hni:—hn-1,=0
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unless
(45) N € {N]i,0],...,N[i, K|}
implying the more general condition
(46) i€ Nna.

Lemma 8, Holder’s inequality and Equations (44)-(46) imply the following inequal-
ity:
2

Var

N [/ N 2
1
— E hN,i‘| <E < E hni — th,i) <E E |hni — hn_1,il
VN i=1 | \i=1 1ENN1

<E ||Nnal Z (hn,i — hn—1,)?

iG./\/’NJ

<3E |NN,1| Z h?\’,i—’_h?Vfl,i )
1ENN 1

where in the last inequality the fact that (a + b)? < 3a? + 3b? for any a,b € R was

used. Moreover, by invoking Lemma 2, Lemma 3 and a symmetry argument, we

have
E | [Ny, Z hii+hi_1;| <aE Z hii +h—1i
1ENN 1 1ENN1
. [~
1 2 2
S8 S
| i=1 €N 1
o X
2 2 2
= yE ZhN,i +hN 1
Li=1
< CQE[h?\I,l + h?\/—m]
for some constants c1, ce > 0 independent of N. (]

Recall that in addition to investigating variance, we also aim to prove asymptotic
normality in the class of estimators covered by our framework. We will attain this
goal by establishing a sufficiently strong central limit theorem for functions of the
form (43). The following lemma demonstrates a local dependency structure alike to

those in [2] and [3], where various local dependency structures were shown to imply
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a central limit theorem together with non-asymptotic bounds on the approximation

error by a normal distribution.

Lemma 9. Assume that the random variables hy ; are of the form (48) and As-
sumption (A1) holds. Conditioning on Zx and fixing arbitrary | > 0, N > K and

1<i<N, {hnj}jen,, is independent of {hNJ}jE{Lm,N}\M,Hz'

Proof. Let {i; ?:1 and {gj}éf":l be two sets of indices in {1,...,N}. We consider
conditional independence on the events
-1
U Njo = {4 =1
JENiL
and

Tl
U Nijo = {Zj}jz;l
JE{L, . . NP\Ni 142
observing that by Equation (6), the two sets of indices must be disjoint. However,

on this event, each random variable in {hx ;};cn;, may be represented as

(47) f(XiN}/iu"'aXi }/ill)

17

for a measurable function f and analogously, the random variables in

{hntjett, NN
take the form

(48) 9(X: Y .. X;

217 T 112’}212)

for a measurable function g. The claim of the lemma follows due to the fact that
{XZJ ) )/ij }51:1

is independent from

l
{X;J ) Y: }j2:1'

vj

O

The analogy between Lemma 9 and conditions (LD1)-(LD2) in Section 4.7 of
[2] (alternatively, the results in [3] could be used) provides us the appropriate
tool for a concise proof of conditional asymptotic normality. It should be stressed
that similar results are well-known in the existing literature on local geometry and

nearest neighbors [5].
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Lemma 10. Assume that the random variables hyn; are of the form (43) and

Assumption (A1) holds with

Var

EN‘| — (72

1 X
N ; hn i
in probability for some constant o > 0 when N — oo, while

lim sup E[|hN,1|3] < 00.
N—oo
Then (in the terminology introduced in Section 2.1) we have the convergence in

distribution

1 X
(49) — hNﬂ‘ _E[hN,ilgN} —>N(O,0’2)

7w
conditionally on Zn in the limit N — oo.
Proof. Set
X
My = — hnyi —E[hn|2
N \/N ; N,i [ N,Z| N]
and
U]QV = Var[MN|EN]

By Lemma 3, we have

limsupiE Z Z | ] < oo

N—o0 N

i=1 \jENi 4
from which it follows that
3
1 N
1=1 JEN 4

in probability in the limit N — oo. In this context, recalling the dependency
structure in Lemma 9 and associating /\/‘i’g with the sets A; and j\/i,4 with B; in
Theorem 4.13 of [2] implies the convergence in distribution

M
P(N <t
ON

EN> — D(t)

in probability for any fixed ¢ > 0 in the limit N — oo, where ® refers to the
cumulative distribution function of the normal distribution of mean zero and unit

variance.
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However, as (by the statement of the lemma) o — o in probability, we also

M
p(Ngt
g

have

EN> — O(1).

O

5.3. Asymptotic Variance of a Weighted Average of Residuals. In the fol-

lowing, we consider random variables of the form

K K
(51) hni = Wi i "N TN
7=05'=0

for the weights introduced in (7). It will turn out that (51) is the most important
random variable to examine in the proof of Theorems 2 and 3 after excluding
asymptotically negligible terms.

As a preliminary remark, observe that recalling the notation X, in Section 2.1,
b(l)

l1,l2

and bl(2) in Equations (21) and (22) may be considered as bounded (by Lemma
2) scalar functions R™ x X, — R. As a matter of fact, by depending only on
the positions of the points and not their indexes, the definitions (21) and (22)
uniquely define functions for all arguments (z,)) € R x X, belonging to the range
of (X;,2n) for some N > K with =y viewed as a member of X,,. This construction
implicitly assumes that € ), whereas in the opposite case we simply consider
(xz,{z} UY). Moreover, in the absence of ties, the definition trivially extends to
any (z,)) € R x X,,, while in the non-pertinent case of ties we may always define

the value as 0.

Lemma 11. Suppose that Assumptions (A1)-(A2) hold. Then, considering the

random variables in Equation (23),
Qn — A1 E[o(X1)"] + A2 B[V (X1)]

in mean in the limit N — oo with the constants A1 and As determined by the

specific form of the functions f;; (0 < j,7' < K) in Equation (8).

Proof. By the invariance of the weights (9) and (10) together with the fact that
nearest neighbor indices are invariant with respect to scaling and translation, we

have

(52) b1, (2,) = i)

l1,l2

(0,a(y —x))
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fora >0, z € R and Y € X, with a similar equation for bl(g). Furthermore, the
right side of (52) is invariant to setting a = 1 and letting ) vary in such a way
that Z3 [V — z] stays intact. As a matter of fact, the value is determined by the
points in Z%[Y — ] and their K nearest neighbors, both of which stay unchanged.
Consequently, Lemma 6 with [ = 3 provides the radius of stabilization R as defined
in [17]: for almost all realizations of the spatial Poisson process P and the associated

radius R

(53) Tim b (0, B(0,r) NP) = b, (0, (B(O, R) N P)UY)
and
(54) Tlim b2 (0, B(0,r) NP) = b*(0,(B(0, R) N P)UY)

for all finite sets of points Y C B(0, R)“.
Employing the radius of stabilization formulated in Equations (53) and (54) in
conjunction with the invariance (52), Assumption (A2) (which ensures the finiteness

of the moments involved) and Theorem 2.1 in [17], we have

N K

1 =

53] AT S TRREENRREIE) SRt
i=1 11,l5=0
l1#l2

— AE[o(X1)"] + AE[V) (X1)]

in mean in the limit N — oo, where the constants A; and As are defined by

A =E Z byl (0, and
l1,l2=0
L l1#l2
K
(55) Ar=E Y 0 (0,P)

for the spatial Poisson process P of unit intensity on R adopting the notation
1 . 1
b1, (0,P) = lim b1, (0P N B(0, 7))
for bl(ll?lz (0,P) with a similar definition for bl(Q)(O, P). O

The asymptotic variance for random variables of the form (51) may now be

characterized as follows.
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Lemma 12. Suppose that Assumptions (A1)-(A2) hold and the terms hy ; are of
the form (51). Then, setting N — oo, we have

Var En| = AElo(X1)Y + A E[V](X1)]

| X
ﬁ;hz\m‘

in mean for the constants Ay and As in Lemma 11.
Proof. Observe that by the conditional independence of the residuals,

Cov [P NI N{ia]» TN s] TN ] [EN] =0

unless N[i,l;] = N[j,l3] and NJi,ls] = N[j,l4], or alternatively, N[i,l1] = N[j,l4]
and NJi,l3] = N[j,13]. Recalling the definition (20), while distinguishing the cases

ly =1y and [y # 2, a short computation reveals that

N
Z hw,i EN]

1=1
1 N N K K
=~ > ( DD Gigitadots 00 tatats) 0 (Xngia) o (Xnjin)?
=1

=1 NIy 1a=0ls.01=0
I1#ly  13#ls

K K
+y > 5i,j,ll,ll,lz,l2Vi(XN[i,zl]))

11:0l2:0
| N K
1 -
:NZ Z bl(l,)ZQ(Xi?‘:N)U(XN[i,ll])QU(XN[i,b])Q

i=1 Mg ,la=0
11#l2

1
N Var

K
YRR, ENW;(XNM)) .

1=0
Due to Lemma 11, the claim follows by observing that the continuity assumptions
stated in Assumption (A1) together with the boundedness of bl(ll)12 and bl(Q) allow

us to invoke Lemma 5 to show that

N K
1 _
EHNZ( > b (X BN (X))o (Xnjii)

i=1 Ny ,la=0
l1#l2

K
+ Z bl(2)(Xiv EN)VAL/(XN[i,Z])) - QNH
1=0
. X
<% > E

i=1 =0

K
(1 + Z 1 XN ||B> diﬁ,K‘| —0
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in the limit N — oo, where ¢, 3 and 3’ are positive constants independent of N.
a
6. PROOFS

6.1. Proof of Theorems 1, 2 and 3. Reflecting different aspects of common as-
ymptotic considerations, the proofs of our three main results will be jointly demon-

strated. For notational brevity, we introduce the notation
(56) Aij =m(X;) —m(X;)

and decompose the residual variance estimator (7) as
(57) Sy = R1 + R + Rs,

where, applying Equations (9) and (10), we have

N K K

1
Ry = N 2o D D Wi NN
i=1 j=0 /=0
1 N K K
Ry = ¥ 222 20 Wiy m(X i )i )
i=1 j=0j'=0
1 N K K
+ 5 22 2 D Wit (X ni )
i=1 j=0j/=0
1 N K K
= N2 2 D Wi AN(igar N
i=1 j=0 j/=0
1 N K K
TN DD Wiy rniig Antin. and
i=1 j=0j'=0
1 N K K
Ry = N 222 D Wil Xga)m(X i 1)
i=1j=0j'=0

Wi 5.5 AN[i,51,: AN -

I
=z =
M=
M
M=

0

&
Il

—
<
Il

o

j/
In order to verify Theorem 1, we will examine E[R;], E[R2] and E[R3]. The more
challenging task of providing the asymptotic formulas (18) and (19) is achieved by
first establishing the asymptotic negligibility result

(58) NVar[Rs] + NVar[R3] — 0
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and consequently,
(59)
NVar[E [Ry|En]] + NVar[E [R3|=n]] + NE[Var[Rz|En]] + NE[Var[R3|Zx]] — 0

in the limit N — oco. Observe that by Equation (58)

limsup NVar[E [Ry|En]] < 00

N—oc0

implies that

E[[Var[Sy|En] — Var[Ri[En]]] < E[|(Sx — E[Sn[En])? — (R1 — E[R1[En])?|]

< E[Var[Rg + R3|ENH

+ 2v/E[Var[R, |En]]VE[Var[R2 + R3|Ex]] — 0

and
NV&I‘[E [SN|EN]] — NV&I‘[E [R1|EN” —0

in the limit N — oco. Consequently, once Equation (58) has been proven to hold,
it will remain to consider the terms Var[E [R1|=En]] and Var[R;|=n].
Concerning E[R;], by the properties of conditional expectations together with

the independence of the residuals, we have

N K K

E[Ri[EN] = & ZZ > Wiy B [ra g2

i=1 j=035'=0

1
= Z Z I/VMJcr(XN[i,j])2

i=1 j=0

En]

(60) = =Y o(xi)? ZZ 350 (Xng ) —o(X0)?),

i=1

where, the weights W; ; ;» being bounded, Lemma 5 and Equation (9) yield

(61) AT Z ZWJJ XN[z J]) - U(Xi)2) =0

i=1 j=0
in mean in the limit N — oo keeping in mind that o(x)? is a continuous function
in the sense of Equation (4).
To advance further towards a proof of Theorem 1, we observe that by the prop-

erties of conditional expectations,

E[Ry] = E[E[R|En]] = 0.
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Moreover, we impose Jensen’s inequality as follows:

K K 2
B LY. D WijiAnpgarnig | |Ex

5=0j'=0
K K T
3 2 2 2 =
SKE YN Wi AR N |EN
7=03"=0 |
K T K
3 2 2 —_ 2
< P . a = Lo
<K <1<1;};}§K Wm,y> B> B | 20 AR

Il
o

Jj=0 J

K
<c |1+ Z 1 X vl df,/K
j=0
for some positive constants ¢, 8 and 8’ independent of N and 1 < i < N with an
analogous derivation for the other terms present in R, and R3. Lemmas 5 and 7
then imply that Equation (58) holds and E[R3] — 0 in the limit N — oo finalizing
the proof of Theorem 1.
Having demonstrated the negligibility of Ry and R3 both in terms of expecta-
tions and variances, we proceed towards determining the asymptotic behaviour of
Var[E [R1|2n]] and Var[R;|Exn]. Observing that since by Lemmas 5 and 7, there

exists a positive number ¢y > 0 with

N K
. 1
lim sup Var 7N ZZWi’j*j(U(XN[i,j])2 —o(X;)?)

N—=oo i=1 j=0
2
K
(62) S Co lim supE Z Wl,j,j (O'(XN[LJ-])Q — U<X1)2) = 0,
N—o00 =0

we may make use of Equation (60) to establish the limit
NVar[E [R1|Ex]] — Var[o(X1)?],

while by Lemma 12,

(63) NVar[Ri|En] — A1E[o(X1)*] + A2 E[V](X1)]

in mean for some constants A; and A, determined by n and the specific form of the

residual variance estimator completing the proofs of the limits (18) and (19). To
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address the proof of Theorem 3, we observe that Lemma 12 also implies the limit
Qn — A1 E[o(X1)*Y] + AL E[V{(X1))

in mean when N — oo.
In order to establish the asymptotic normality required in Theorem 2, we observe

that

N
1
(64) = VN(R1 —E[Ri|EN]) + —= Y _(0(Xi)* = E[o(X1)?)) + &,
VN 5
where by Equations (60) and (62), the term
N

= = VN(BIRIEN - ElR1]) — < D (X0 ~ Blo(X0)?)

is asymptotically negligible due to the fact that
] MK
E[E%] = Var | —— Wi (0 (Xnpi ) — o(X:)?)

Let us introduce the notations
Zn = VN(R; — E[R{|2nN])
and
1 X
I = —=Y o(X;)? —E[o(X1)3.
Taking into account that the addends in Zy certainly possess bounded third mo-

ments, Equation (63) and a representation of Lemma 10 in terms of characteristic

functions yield
(65) E [6173|2y] - e~ H APl I A BV (X
for any ¢ € R in probability when N — oo. Moreover, since Zj, is asymptotically

(unconditionally) normally distributed by the standard central limit theorem, the

asymptotic normality of (64) follows from
B |:eit(ZN+Z}\,):| —E [E [eitZN |5N] eitZ}\,:|

by invoking the limit (65) as the convergence in probability suffices in this case due

to the boundedness of characteristics functions.
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6.2. Proof of Theorem 4. Theorem 3 implicitly implies that
Qn —E[QN] =0
in mean in the limit N — 0. For our proof, it thus suffices to show that
(66) Qv —Qn =0

in mean in the limit N — oco.

We recall the definition (56) and introduce the further notations

(67) 0ijj =Ti—Tj
and
K
. 1 -
(68) Si=Vii >, bz(l,)zz(Xi,:N)~
11,10
l1#ls

Assuming without losing generality that K > 3 to ensure that

(69) | X nouwe (ni,200) — XNl < X N3 — Xvpll < 2ds k0
and
(70) {i,N[i,1],N[i,Q],N“uw[N[i,Q],i]} CM,l

for 1 <i < N, consider the first term in the right side of Equation (27),

N N K
1 1 1 -
(M) %28 = 3 2 N idNew 2L NG2 D bl b (X0 En) + R,
i=1 i=1 11 ,la=0
l1#l2

where, by Equations (69) and (70) together with the boundedness of the random
variables in Equations (21) and (22) (guaranteed by Lemma 2), the residual term
is bounded by

3

N
LESDY (WGBS‘“’ miz) - m<y>|> > m(X) + Iy

i=1 (Xi,2di k) JENiA
for a constant ¢; > 0 independent of N. In this context, Lemma 5 together with

the continuity requirement in Assumption (A1) ensures the asymptotic negligibility
E[|R|]]—=0

in the limit N — oo.
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Concerning the first term in the right side of (71), introducing the notation
T = (0(X;)* + o(Xnpi1)*) (0(Xnpig)? + 0 (X nave i 21,17) )
we have
E [512\1[1',1],1'512\[““'[N[i,2],z’],N[i,2] ‘EN} =T,

whereas by Assumption (A1) and Lemma 5,

N

(1) (€]

4NZT DRI Z Y (K E) 0
=1 ll lg 0 1=1 ll lg 0
ll;élg ll;élZ

in mean in the limit — co. Putting the preceding logical steps together, we have

shown that
| N 1N K
_ 1 -
(72) E NZS =N —NZJ(Xi)‘l S b (X, En) 0
i=1 i=1 11,l2=0
l1#l2

in mean in the limit N — oco.

By the independence of the observations and Equation (70),
COV [Si,Sj|EN} =0

unless j € N; 2. Based on this observation, the inclusion (70) and Lemma 2, we

have
N
TZ i|2 1 =E [Cov |81, > SiEn||<E| ). St+87
i=1 1€NT 2 i€NT 2
(73) <euB| Y Y| <aEY] <

iENLg

for some constants co, c3 > 0 independent of N, where we have used the fact that

for any indices i1,...,is € N7 3, the inequality

holds, while when expanding the terms S?+8? in the right side of the first inequality

n (73), the output variables appear as products of such form. Taking into account
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Equation (72), this establishes the limit

N K
1 —
fZS SOt Y UL (XEw) >0
’L_l l1,l2=0
l1#l2

in mean in the limit N — oco.
The proof for the expectation of the second term in Q n is analogous by consid-

ering that we may decompose in a similar fashion to Equation (71):

Nzxazzb(”( Xi,En)

=1 =0
K
72 HéN[ll]i_ié 11]1512\/"“”[N[12 1,N[i,2] Zb ZvEN)+O(1)7
i=1 =0

where o(1) denotes an asymptotically negligible residual term and

4 K
1 2 — =
E | | TTontas = 080,08 v 2 np021 | 22057 (Xi, Ev) [En

=0
1 K
- (V4(Xi) - 4ri> S P (X, EN).
=0

The second part of the theorem, establishing the limit (29), is essentially included
in the first part of the proof setting

K
1 —_
Z bl(l,)lz (Xi’ ‘:N)
l1,l2=0
l1#l2

equal to 1.
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