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Input-output models

We concentrate on single-input single-output (SISO) systems
e Input-output (IO) representation

e Linear and stationary systems

Linear ordinary differential equations w/ constant coefficients

e Direct integration of the ODEs in time
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Input-output models (cont.)

The analysis consists of determining the output signal for a given model
~+ Force-free and forced evolution

~ Decomposition by linearity

We study the homogeneous equation associated to the model equation
~+ A definition of the system modes
~~ They characterise this evolution

The force-free evolution is given by a linear combination of modes
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Input-output models (cont.)

‘We study the forced response of the system to the unit impulse
e It is a canonical regime

~» Full characterisation

The forced evolution to any input is given as a convolution

e The input and the response to the unit impulse

e The Duhamel integral
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Representation and analysis

Consider a SISO system represented by a linear, time-invariant I0 model

d"y(t dy(t
d?,fi )+"'+“1%+“°y(t)
d™u(t) du(t)
bt 4
L drm + + 01 dt

n

+ bou(t) (1)

The independent variable
~» Time, t € R

The dependent variables
~~ The input, u(t) : R - R
~» The output, y(t) : R — R

The parameters
~ a; € R,withi=0,...,n
~ b € R, withi=0,...,m

The order of the system is the highest order of derivation of the output
e We suppose that the system is proper (n > m)
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Representation and analysis (cont.)

d"y(t) a M+ aoy(t)

dtn 'Tae
d™u(t) du(t)
= byy——L oo by —— + bou(t
T +1dt+0u()

an

The problem

The fundamental problem of analysis for an IO model representation

~ Calculate the solution of the differential equation y(t)

~» From a given initial time ty (¢t > to)
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Representation and analysis (cont.)

This corresponds to determine the evolution of output y(t), for ¢t > to

Initial conditions

y(t)‘ =
t=tg
dy(t) o
dt lt=tg & (2)
dnily(t) _ (n—1)
AR/ =5

dtn—1 li=¢,

The values of the output and its derivatives at the initial time ¢y

Input signal
u(t), fort >ty 3)

The value of the input at the initial time ty
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We overview standard solution methods of ordinary differential equations

~~ And, some less standard methods will be introduced
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Representation and analysis (cont.)

The past of the system for ¢ € (—oo, tp] is summarised by the state x(to)
e The initial state is not given/available in the IO representation

o We have initial conditions for the output and its derivatives
~ The information is equivalent

Initial state and initial conditions are univocally related!

I This is strictly true only for observable systems.
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Representation and analysis (cont.)

Initial state and initial conditions
If the initial state of the system is null, then all initial conditions are null

x(tp) =0 ~ yo:y6=~--=yé"71)=0

If the initial state is not null, then not all initial conditions are null

x(to) #0 ~~

@ie{0,1,....n—1}) ¢ #0

Force
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Representation and analysis (cont.)

The solution (in terms of force-free and forced evolution)

We will consider the evolution of the output of a system
e We assumed that this is an effect

We assumed that the effect is due to two types of causes
~ Internal causes in the system, the initial state

~ External causes to the system, the input
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Representation and analysis (cont.)

Consider a linear system (superposition principle)

The effect is due to the simultaneous existence of both causes

The response can be determined as the sum of effects

e Each cause is acting alone
o y() = yu(t) +yp(t), fort>to
yu(t) is called the force-free response
e Contribution to the output that is only due to initial state at ¢t = to

y¢(t) is called the forced response
e Contribution to the output that is only due to input for any ¢ > o
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Representation and analysis (cont.)

Force-free and forced response

y(t) = yu(t) + ys(¢), fort>to

yu(t) ~» can be defined as the system response for an input u(¢) that
is identically null for t > ¢y and for given initial conditions

yr(t) ~»  can be defined as the system response for a given input u(t)
for t > tp and for initial conditions that are identically null
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Representation and analysis (cont.)

‘We want to study the two terms separately and show how they are calculated

e The analysis is restricted to stationary models

We introduce a simplification that will not disrupt generality

o We will assume that the initial time is top = 0

If to # 0, solve for 7 = (¢t — tp) to get y(7) for 7 >0
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Consider SISO system represented by a linear, time-invariant I0 model

Q. 10)
i e

Qan,

+ aoy(t)

d™u(t)
b —ggm +

du(t)
b bou(t
+ 01 at + bou(t)
We study a simplified form of this differential equation

e The homogeneous equation (RHS is null)

d"y(t) dy(t)
agn ey

3 an

+aoy(t) =0
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This form allow us to introduce the fundamental concept of system mode

System modes are functions that characterises the system evolution

~» The number of modes equals the system’s order

Linear combinations of modes solve the homogeneous equations
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Homogeneous equation

Consider the differential equation of a IO model

Ty L )
din T

an

+ aoy(t)

d™u(t) du(t)
b —Z 4 boult
dtm Y ou(?)

= Om

Suppose that we let the RHS of the IO representation be zero

Define the homogenous equation associated to it

d"y(t) dy(t)
500 db g N 1)=0
dtn o =g T wy(t)

an

~ tER
~ Yy:R—=>R
~ a; €ER, withi=0,...,n
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Homogeneous equation and modes (cont.)

y® L, @
dtn 1

Qn,

+aoy(t) =0

The homogeneous equation is a simplified form of the differential equation

It is possible to associate a polynomial to any homogenous equation
~» Characteristic polynomial
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Characteristic polynomial
Consider the homogeneous differential equation

"y dy(t)
d

dtn

~+a1—t+agy(t)20

Qan

The characteristic polynomial of a homogenous differential equation is a
n-order polynomial in the variable s whose coefficients correspond to the
coefficients {ao, ai, ..., an} of the homogeneous equation

n

o P(s) = ans™ + an—18" "+ + a1s +ag = Z a;s’ (4)
=0
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Homogeneous equation and modes (cont.)

Consider any polynomial of order n with real coefficients

e It has n real or complex-conjugate roots

The roots are solutions of the characteristic equation

~  P(s)= Zum’z =0
1=0

Input-output
representation

UFC/DC
SA (CKO0191)
2018.1

Homogeneous
equation and
modes

Aperiodic

Pseudo-periodic

Homogeneous equation and modes (cont.)

In general, there are » < n distinct roots p;, each with multiplicity v;

n

~ o pLocccopLop2 vt P2 ottt pr pr

vy vo

~ If i # j, then p; # p;

Y vi=n
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Homogeneous equation and modes (cont.)

Consider the particular case in which all roots have multiplicity equal one

n

~p1 p2 c Pn—1 Pn

~ If i # j, then p; # p;

~ v; =1, for every i
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Let p be a root with multiplicity v of the characteristic polynomial 1 b “Ho
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2018 20181 Such a system has four modes
Homogeneous ; ; N N N Homogeneous =-1, (1 =3 > te—t
equation and Consider the following homogenous differential equation cquati};n and P (1 ) t; s
modes modes e
dly(t)  dPy(e)  dPy(@) . dy(t)
3 21 +45 +39°0 L 19y =0 p=—4 (=1 ~ {e¥
dd ats az dt v(®)
Aperiodic
ST The associated characteristic polynomial il , et . te ! ; et , e
P(s) = 3s* + 215 4 4552 + 395 + 12 = 3(s + 1)3(s + 4) 08 08 08 08
0.6 0.6 0.6 0.6
Its roots
- p1 = —1, multiplicity v1 =3 0.4 0.4 0.4 0.4
p2 = —4, multiplicity vg =1 02 02 02 02
00 5 10 15 00 5 10 15 00 5 10 15 00 5 10 15
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modes
A linear combination of the n modes of a system is a function h(t)
o A sum of the modes, each weighted by some coefficient
‘\]11]1 Each root p; with multiplicity v; is associated to a combination of v; terms
~ o A ePit 4 Ay tePit

+ Az,wfltulilep”

v;—1

= Z A,;A’;;tk'ep’f’ (5)
k=0

T00l p;

Aperiodic

Pseudo-periodic

There is a total of r distinct roots

The complete linear combination of modes

=303 4y ptkent

vi—1

Aj"()e[)"l/ + A,L’lte’"’/’ +-+ Aiu,l/?flt’/' lepit — E Al_ktk'ep’l’
k=0

root p;
v1—1

vo—1
h(t) = Y ApptFePt £ )" Ay pther?! 4
k=0 k=0

vyp—1

root pq
r v;—1

ek 3 A pthert
k=0

root po

i=1 k=0

root py

(6)
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Consider the case in which all roots (n) have multiplicity equal to one

n
v () = Are”t 4 AgeP2t o ApePrt =) Azebit
i=1

(We have omitted the second subscript of coefficients A)

Input-output
representation

UFC/DC
SA (CK0191)
2018.1

Homogeneous
equation and
modes

Aperiodic

Pseudo-periodic

Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

d*y(t) d3y(t) d?y(t) dy(t)
21 45 39
dt4 * dt3 + dt? + dt

e Two roots p; = —1 (v1 = 3) and p2 = —4 (v2 = 1)

e Four modes e~ ¢, te~t, t2e~t and e~ 4t

et te ! t2et
1 1 1
0.8] 0.8] 0.8
0.6 0.6] 0.6]
0.4 0.4 0.4
0.2 0.2 0.2
0. [ 0

0O 5 10 15 0 5 10 15 0 5 10 15
t t t

+12y(t) =0

0.8

0.6

0.4

0.2]

0 5 10 15
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Homogeneous equation and modes (cont.)

A linear combination of the modes

h(t) = Alyoe_t - A171te_t - A1’2t26_t + A26_4t
—_——

root py root pa
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Homogeneous equation and modes (cont.)

The modes are known through the characteristic polynomial

The coefficients of their linear combination are paramete
r vi—1
h(t) = > A pthert
i=1 k=0

TS

The equation is a parametric form of a family of functions

The actual coefficients determine the force-free evolution

~» From every possible initial condition
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Homogeneous equation and modes (cont.)

Solution of the homogeneous equation
Consider the homogeneous equation

), )

. =0
din o T v(®)

an

A real function h(t) is a solution of the homogeneous equation if and only
if it is a linear combination of its modes

r v;—1

o h(E) =)0 Ay pthert

=1 k=0
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Homogeneous equation and modes (cont.)

Proof
‘We demonstrate only the necessary condition

Consider the case in which all n roots have multiplicity equal to one

n
h(t) = Aleplt + A2€p2t + - +Anepnt = ZA’iepzt
i=1

For the k-th order derivative of function h(t), we have

dk
dtk

dk
s h(t) = d_k(Aleplt + AgeP2t 4 ... +An€p"t>
=pfA1ePrt 4 pfAgeP2t ... 4 pF A, ePn?

n
:prA,emt, for k=0,1,...,n
i=1
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da* u
@h(t) = prAiep’t, for k=0,1,...,n
i=1

We substitute the k-th order derivatives of h(¢) in the homogeneous equation

dmy(t) dy(t) n,d*
ANt 1 t) = —h(t) =0
an = o b o a0y () ];)akdtk ()

‘We have,
n dk n n
s Zak@h(t):z% prAiepit
k=0 k=0 i=1

n n n n
= arpF A;ePit = iel ap;
S S b aent = 3 A (3 ank)
i=1 k=0

k=01i=1
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Homogeneous equation and modes (cont.)

Z ak@h(t) = ZAZ‘epit(Z akplk) =0
k=0 i=1 k=0

For all values of © = 1,--- | n, the term between parenthesis is equal to zero

~ As p; is a root of the characteristic polynomial

n
> arpf = anpl + -+ + a1pi + ap = P(s) =0
k=0

s=p;
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Homogeneous equation and modes (cont.)

Complex and conjugate roots
Consider as characteristic polynomial P(s) whose roots are complex

The modes in h(t) are complex signals

r v;—1

h(t) = Z Z Aiyktkemt

i=1 k=0

Let P(s) be a polynomial with real coefficients and complex roots

o Let p; = a; + jw; with multiplicity v; be a complex root

For each p; = a; + jw; there is a conjugate complex root p, = a; — jw;

e Multiplicity v} = v;
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Homogeneous equation and modes (cont.)

Complex numbers (Cartesian representation)
Consider the set of complex numbers C = {u + jo|u,v € R} (j = v/—1)

A complex number

Im

Jv
z = Re(z) + Im(z) M
=u-+jv

It consists of two parts

e Real part, Re(z) = u

e Imaginary part, Im(z) = v
The complex conjugate of z

2" = Re(z) — jIm(z)
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The complex exponential function
Consider an imaginary number z = 0 + j¢

We have, )
v el? = cos (¢) + jsin (¢)

The exponential of an imaginary number is a complex number
e Real part, cos (¢)

e Imaginary part, sin (¢)
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Homogeneous equation and modes (cont.)

Proof
Let z € C be any scalar
We have (by definition),
2,3

oo
z
=R 2! 3! B

Let z = j¢, for this particular case

2 3
61O 0L
~ e 71“1‘]@5 2 J3'+

0o ¢2k . oo ¢2k:+1
-[Z e anl Pl X el
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o oo 2k+1
Pt i — k v 9
omogeneous e]d) = [ (_ )k ] [ (_l)k 7] omogeneous € - Z (_ ) | Z ( ) |
> 0 Gl 4 ey & @+ 1)
modes modes
cos (¢) sin (¢)
The first sum is the McLaurin expansion of the cosine function The second sum is the McLaurin expansion of the sine function
Aperiodic Aperiodic
Pseudo-periodic 3 Pseudo-periodic oo
@* rd* cos (z) . _ ¢_[ sin (1)]
cos (¢) Z IC_|: diII ] =0 st (¢) ; k! dl‘ z=0
2 3 @2 @3
= cos (0) — sin (0)¢ — cos 04)— + sin (O)¢— + = sin (0) — cos (0)¢ — SIHO— + cos (0)_
3 5 2k+1
pe . _ _¢_+¢_+,..:[ K 9 ]
:1_E+_+ [Z( b (Zk)l] R I;J( Ve
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A pair of roots (p;, p!) is associated to a linear combination of 2r; modes

o (Aioet 4 Al gemt) 4o 1T (A a4 AL, e (7)

k=0 k=v;—1
v; — 1 have been grouped up)

(Pairs of terms for k =0,...,

’ "
(AgoeP + Af gePi') oo+t Ay, 6P + Af,_jePt)

k=0 k=v;—1

Homogeneous
equation and
modes

Aperiodic

Pseudo-periodic

r o vi—1
h(t) = > A ptherit

i=1 k=0

Function h(t) is a real function (must take real values for all values of t)

. ’ L . /
(AgoePi + Af gelil) 4o+ 171 (Ay €7t + A],_jePi?)

k=0 k=v;—1

Coefficients A; ; and A) ; need be complex and conjugated
e Forall k=0,...,v;, —1

Then, A; g ePit and A’ epl are complex and conjugated
e Their sum will be a real number (as desired)

e For all values of ¢
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Homogeneous equation and modes (cont.)

Consider a characteristic polynomial P(s) that has complex roots

It is possible to derive a proper parameterisation of h(t)

~> (That is, one that only contains real terms)
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Homogeneous equation and modes (cont.)

Consider the contribution of (p;, p.) = a; + jw; a pair of conjugate complex
roots with multiplicity v; to the linear combination of the (2v;) modes

g L ’
(Aioel’ + Ajgel) oo 4 17 (Ai, 1™ + Af,_1e™")

k=0 k=v;—1

This sum of terms can be re-written

v;—1

Y M gtFeit cos(wit + ¢i k) (8)
k=0

The 2v; complex coefficients, A; 1, and Al ., are replaced by 2v; real ones
R ML,k

~ Pk
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Homogeneous equation and modes (cont.)

Proof
Consider the term (AeP + A’e?’t) in which (p, p’) = o + jw

Write the coefficients A and A’ in polar form

A= |Alel?
A=A e J®

~ | A] denotes the magnitude of coefficient A

~ ¢ = arg(A) is the phase of coefficient A

We have,

AePt + A'eP't = |A|e?P (o)t 4 |A|e=i%elomiw)t

= |A]et [ej(wt+¢>) + e*j(wtw)]

— M at t
e’ cos(wt + ¢)
M=2|A|>0

2| A|e®t cos(wt + ¢) [Buler’s formula]
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Homogeneous equation and modes (cont.)

The linear combination of two modes (At*eP* + A/tkeplt)

~ MtFeot cos(wt + ¢)

The term is denoted pseudo-periodic mode
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Homogeneous equation and modes (cont.)

Complex numbers (Polar representation)
Consider the set of complex numbers C = {u + jv|u,v € R} (j = v—1)

The complex number z = Re(z) + Im(z) = u + jv

We can define

Im
Module Jv z
o M =|z| = VuZ + 02 M
Phase f)
o ¢ = arg(z) = arctan (v/u)
u Re
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Homogeneous equation and modes (cont.)

The inverse formule hold
~ u = M cos (¢)
~ v = M sin (¢)

‘We have,
z=u-+jv
= M cos (¢) + jM sin (¢) = M [cos (¢) + j sin (¢)]
~ = MeI®
The polar representation of a complex number
z=Mel? = |z]e? = |z]ef 218 (%)
The complex conjugate
~ 2 = |Z|€_ arg(z)
|
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Homogeneous equation and modes (cont.)

Euler’s formula
Relationships to write a periodic function as sum of exponential functions
j b —jé
oo (g = S
2
¢ _ o—J¢
iy = L2
Proof
e/ + 79 [cos (¢) +sin (¢)] + [cos (—¢) +j sin (=¢)]
2 2
_ [cos (¢) +jsin ()] + [cos (¢) —jsin(¢)]  2cos(¢)
2 > =—F  =cos(9)
€% — e=i% [cos (¢) + j sin (¢)] — [cos (—9) + j sin (—¢)]
2 N 2
_ [cos (¢) +jsin(¢)] — [cos (¢) —jsin(¢)] _ 2jsin(¢) _ .
= - = ZERE —sin (o)
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Homogeneous equation and modes (cont.)

‘We can define an alternative structure of the linear combination of modes

e The structure will be equivalent to the form in A
r ov;i—1
S A

i=1 k=0

Pairs of conjugate complex roots are expressed using the form in M and ¢

v;—1
Z M,;,ktk eit cos(wit + @i k)
k=0
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Homogeneous equation and modes (cont.)

Let R be the number of distinct real roots p;
e Multiplicity v; (i =1,...,R)

~ P1,P25---5DPiy-- s PR

Let S be the number of pairs of distinct complex conjugate roots (p;, p/)
e Multiplicity v; (i =R+ 1,...,R+S)

~ (PR4+1:PR41) (PR+2,PRy2)s -5 (Piy PI), - - -5 (PR4-S» PRy-S)

Clearly, the total number of roots

R R+S
~ n= Z v + 2 Z 123
i—1 i=R+1
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Homogeneous equation and modes (cont.)

R R+S
n = Z v, +2 Z 123
i=1 i=R+1

We consider a particular representation of the linear combination of modes

We distinguish modes associated with real and conjugate complex roots

R vi—1
~ h,(l) = Z Z Ai,k['kep“t
i=1 k=0
R+S v;—1
+ D D MgtFe™itcos(wit + ¢ik)  (9)
i=R+1 k=0
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Homogeneous equation and modes (cont.)

Consider the case in which all roots have multiplicity equal to one

n=R+2S
We have,
R R4S
~ h(t) = Z AjePit 4 Z M;e®it cos(w;t + ¢;) (10)
i=1 i=R+1

(We have omitted the second subscript of the coefficients A, M and ¢)
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Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

d3y(t d?y(t dy(t
v(®) (1) | dy(t) _
dt3 dt? dt

0

The characteristic polynomial without constant term

P(s) = 8% 4+ 252 + 55 = s(s% + 25 +5)

Its roots, from P(s) =0

p1 =0, (1 =1)
~ p2 = az +jwr =—-1+32, (v2=1)
ph=az —jwr=—-1—-32, (vh=1)




Homogeneous equation and modes (cont.)

R Homogeneous equation and modes (cont.) R
representation representation
UFC/DC UFC/DC
SA (CK0191) SA (CK0191)
2018.1 2018.1
Homogeneous Homogeneous
equation and equation and

modes modes

We can write a linear combination of the modes

h(t) = A1ePrt + Mae®2! cos (wat + ¢2) ) o
Aperiodic ~— R We can define yet another structure of the linear combination of modes
root p1 root (p2,pé) Pseudo-periodic

Pseudo-periodic

= A1 + Mse ! cos (2t + ¢2)

]
Iput-output Homogeneous equation and modes (cont.) R Homogeneous equation and modes (cont.)
representation representation
UFC/DC UFC/DC
SA (CK0191) SA (CKO0191)
2018.1

2018.1
Progeiion ] e
Consider the term (AeP® + A’e?t) in which (p;, p)) =+ jw

Consider the contribution of (p;, p.) = a; + jw; a pair of conjugate complex

Homogeneous

Homogeneous 9 L R . 5 o )
Cqu;tion - roots with multiplicity v; to the linear combination of the (2v;) modes cquc';xtion " Write the coefficients A and A’ in cartesian form
t / It vi—1 it ’ It A= u+jv
(As0e™! + A geP!) -+ 71 (A, 1P + AL, eP) /
—_— A'=u—jv
Aperiodic k=0 k=v;—1 Aperiodic
Pseudo-periodic Pseudo-periodic We h
This sum of terms can be re-written ¢ have,
vi—1 AePt + A'e?'t = (u + jv)e [ cos(wt) + j sin(wt)]
k_a; kot
~ Z {Bi,kt e®it cos(w;t) + C; pt*e® Lsm(w,,t)] (11) + (u — jv)e™ [cos(wt) — j sin(wt)]
k=0
= 2ue®! cos(wt) — 2ve®" sin(wt)
. Y . / .
The 2v; complex coefficients, A; . and Ai,k’ are replaced by 2v; real ones — B ot cos(wl) + C oot sin(wt)
~—~ ~~
B=2u C=—2v

R Bz,k
7 Cz,k




Input-output
representation

UFC/DC
SA (CKO0191)
2018.1

Representation

and analysi
Homogeneous
equation and

modes

Force-free

evolution

Vodes
Aperiodic

Pseudo-periodic
Impulse response

Forced evolution

Homogeneous equation and modes (cont.)

We distinguish modes associated with real and conjugate complex roots

R vi—1
~  h(t) = Z Z A; ptkepit
=1 k=0
R+S v;—1
+ Z Z [Bi,ktkco”t cos(wit) + C,L,ktkca't sin(w;t) (12)
i=R+4+1 k=0
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Homogeneous equation and modes (cont.)

Consider the case in which all roots have multiplicity equal to one

~ n=R+2S
‘We have,

R
~  h(t) = ZAZep”
i=1

R4S
+ Z [B,;e"’t cos(w;t) + Cjeit sin(w,;t)] (13)
i=R+1
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Homogeneous equation and modes (cont.)

The equations

R v;—1
h(t) =D D" A pthen!
i=1 k=0
R+S v;—1
+ Z Z Mi,;céke”’t cos(wit + ¢i )
i=R+1 k=0
R R+S
( ~ Z/llel"t + Z M;e®it cos(wit + qﬁ,))
i=1 i=R+1
The equations
R vi—1
h(t)=>_ Y A pther!
i=1 k=0
R+S v;—1
+ Z Z [Bzvktkea"tcos(wit) + CT,Tktke“’tsin(wlt)]
i=R+1 k=0

R R+S
( poss Z AjePit + [Bic“”t cos(wit) + Cje®it sin(wit)])
i=1

i=R+1
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Homogeneous equation and modes (cont.)

They provide the parametric structure of the linear combination

~~ They are all equivalent
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Homogeneous equation and modes (cont.)

Consider a system with homogeneous differential equation

A3y (¢ d2y (¢ dy(t
y(t) P y( )+5 y( ):
dt3 dt? dt

0

Characteristic polynomial P(s) w/o constant term and the roots of P(s) =0

P(s) = 52 +25% + 5s = s(s2 + 25+ 5)
p1 =0, (l/1 = 1)
~ QP2 =02+ jw2 = —14 72, (1/221)
ph =02 —jwy =—-1—32, (vh=1)
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Homogeneous equation and modes (cont.)

This problem can be solved in two equivalent ways

~  h(t)= A1 4 Bae 'cos(2t) + Cae  'sin (2t)
~

root py root (p2,ph)

~  h(t)= A1 + Mae 'cos (2t + ¢2)
N~~~ —

root pp root (P2,Pé)

Input-output
representation

UFC/DC
SA (CKO0191)
2018.1

Homogeneous
equation and
modes

Homogeneous equation and modes (cont.)

The two coefficients A and A’ in the complex plane

Im
A= (M/2)et¥ = B/2 —jC/2
A= (M/2)e™% = B/2+jC/2 4
v=-0.5C
0.5M
M =2|A| =V B2+ C? f
¢ = arg (A) = arctan (—C/B) “ e Re

B =+Mcos¢p =+2u
C=—-Msing = —2v
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Force-free evolution

Input-output representation
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Force-free evolution (cont.)
UFC/DC

SA (CKO0191)
2018.1

Force-free
evolution

Aperiodic

Pseudo-periodic

The force-free response is a particular contribution to the output

It is due to the fact that the system is NOT initially at rest

e (This is the cause due to the non-zero state at o)

y(t) = Yu(t) +ys(t), for t > to
——

force-free response

We study how to characterise it

UFC/DC
SA (CK0191)
2018.1

Force-free
evolution

Aperiodic

Pseudo-periodic

Free-force response

Consider a SISO system represented by a linear, time-invariant 10 model

d"y(¢) dy(t)
m co 1 —— Y t
" ggn o =g T 0v(®)

d"™u(t) du(t)
W 200 4 (il di +b0u(t)

m

The free-force response y,(t) is a linear combination of the modes
Proof

Let the input u(t) be always zero for t > 0
e Then, also its derivatives are zero

d™y(t) dy(t)
AN ) =0
q T aoy(t)

an
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d"y(t) dy(¢)
am T ta— g tay®) =0

Qan,

The force-free response y,(t) for ¢ > 0 is equal to the solution of the asso-
ciated homogeneous differential equation, for some given initial conditions

= y(t ‘
Yo = y(t) —to
,  dy(?)
Yo =

dt lt=tg

(n—1) _ dnily(t)‘
Y% dtn=1 li=¢

h(t) solves the homogeneous equation iff it is linear combination of modes

~» Thus, yu(t) can be expressed as a linear combination of the modes
e (The n coefficients are still unknown)
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Force-free evolution (cont.)

The coefficients of the force-free response depend on the initial conditions
~+ So, does its evolution

The force-free response y,(t) is a particular linear combination of the modes

e The n coefficients are determined from initial conditions

o = y(“’t:to
dy(1)

R
Y% dt lt=ty

ne1y A" hy(R)
£

den—1 ‘t:to




Input-output
representation

UFC/DC
SA (CKO0191)
2018.1

Force-free
evolution

Aperiodic

Pseudo-periodic

Force-free evolution (cont.)

Consider a system with homogeneous differential equation

dPy(t) d?y(t) dy(t)
8 21
as T8 g

+18y(t) =0

We are interested in the force-free response yy(t), for t > 0

e The initial conditions

Yo =2
yo =1
¥y = —20

Force-free evolution (cont.)
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The characteristic polynomial

P(s) = s34 852 +21s + 18 = (s + 2)(s + 3)2

Force-free

suelmiien Its roots from P(s) = 0 are all real
Lot p1 = —2, multiplicity 1 =1
Pseudo-periodic

p2 = —3, multiplicity vo =2

The force-free response

~ gu(t) = Are™? + Ay geT? 4 Ag yte™

root pj root po
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Force-free evolution (cont.)

yu(t) = A1 e 2t + A2,0€_3t + A2,1t6_3t

root py root pa

The three modes to be combined to get the force-free response

e~ 2t e 3t te~ 3t

1 1 1
0.8 0.8 0.8
0.6] 0.6] 0.6]
0.4 0.4 0.4
0.2 0.2 0.2

AN
00 5 00 5 GO 5

Force-free evolution (cont.)
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The force-free response

Force-free yu(t) = A e 2t + A2’0673t + A271t673t

evolution

Its first- and second-order derivatives

dy.(t
y(;t( ) =24, e 2t — 3A2,0 e 3t —+ A2Y1(673t — 3t673t)

A2y (t
g%() =4A; e 2t —+ 9A2,06_3t + A2,1(76€_3t + 9t6_3t)
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Force-free evolution (cont.)

We substitute the initial conditions

p(t)] = A1+ Aso =2
dy., (t
yu(?) =—2A;1 —3A20+A21 =1
dt It=0
A2y (t)
—_— =4A 9A5 9 —6A21 = —20
a2 ‘ 2 1+ 2,0 2,1
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Force-free evolution (cont.)

ai,2
az,2
a3,2

wlt)] = A+ Asp =2
dyq (t
yu() =—2A1 — 3420+ A21 =1
dt It=0
A2y (t
S Ay 4 9Ms0 — 6401 = —20
dt?2  li=o
‘We have,
1 1 o0 a1,1
A =|-2 -3 1]|=]an
L 4 9 —6 az,1
L by
Ax=b ~<{b = 1 = | b2
—20] |bs
Aq 1
x = [A20| = |22
Azl x3

ai,3
az,3
as,3
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Force-free evolution (cont.)

The solutions of the linear system of equations
o A1 =T = 4
° Ago=z2 = —2
e Apqi=1x3=3
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Force-free evolution (cont.)

We can write the complete expression of the force-free evolution y.(t)

yu(t) = A eP1t —+ A2706p2’t + A2’1t8p2t

=4e7 2 —2¢7 3t 3t

—2e3t

3te %

5

4.5
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Force-free evolution (cont.)

Complex conjugate roots

Consider a characteristic polynomial P(s) with conjugate complex roots

(pv,apvl,) =yt jw;

We want to determine an expression for force-free evolution

e We need to use a(ny) linear combination of the modes

R v;—1
o h(t) =)D A tFerit
i=1 k=0
R+S v;—1
+ Z Z Mi,ktkeo‘it cos(wit + ¢4 k)
i=R+1 k=0
R v;,—1
o h(t) =)0 Y Ay ptFerit
i=1 k=0
R+S v;—1
+ Z Z [Bi,ktkeaitcos(wit)JrCthkeo”tsin(wit)]
i=R+1 k=0

Input-output
representation

UFC/DC
SA (CK0191)
2018.1

Force-free
evolution

Aperiodic

Pseudo-periodic

Force-free evolution (cont.)

Consider a system with homogeneous differential equation

d®y(2) N 2d2y(t) N 54y _

0
dt3 dt2 dt

We are interested in the force-free response yy(t), for ¢ > 0

e The initial condition

Yo =3
Y = 2
yo =1
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Force-free evolution (cont.)

The characteristic polynomial

P(s) = 5% 4252 455 = s(s> + 25+ 5)

Its roots from P(s) =0

p1 = —0, multiplicity v1 =1
p2 = —a2 +jw = —1+4 352, multiplicity vo =1
ph = —az —jw=—1—32, multiplicity v} =1

e R =1 distinct real roots

e S =1 distinct pair of complex conjugate roots
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Force-free evolution (cont.)

‘We first consider a parameterisation in the form

R vi—1 R+S v;i—1
h(t) = Z Z Ai,ktk’e”lt + Z Z Miykt’“e“’tcos(wit + dik)
i=1 k=0 i=R+1 k=0

We get the force-free response

Yu(t) Ier Mae®2t cos (wat + ¢2) = A1 + Mae™ ' cos (2t + ¢2)

root pp root (pa ,pé)
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Force-free evolution (cont.)

The force-free response and its derivatives of order 1 and order 2

yu(t) = A1 + Mae % cos (2t + ¢2)

dyu(t
ygt( ) = —Mse tcos (2t + ¢2) — 2Mae™ ! sin (2t + ¢2)
A2y (t
%() — —2Mye "t cos (2t + do) + AMae ! sin (2¢ + )

Force-free evolution (cont.)

Input-output

representation
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‘We substitute the initial conditions
yu(t)‘t_o = Ay + My cos (¢2) = 3
Force-free
. dyu(t)
evolution .
= — M3 cos — 2Ms sin =2
T limo 2 cos (¢2) 2 sin (¢2)
Aperiodic d2yu(t)
P seudo-periodic —_— = —3M2> cos 4Ms sin =1
Pseudo-period a2 }t:o 2 cos (¢2) + 4 Mz sin (¢2)

The system of equations is non-linear in the unknowns
~ Mo
~ g2
~ (A1)
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A1 + Ms cos (¢2) =3

w®)| _,

dyu(t)’
dt lt=0

— M cos (¢p2) — 2Ma sin (¢p2) = 2

deu(t) . _
?’tzo —3Ma cos (¢p2) + 4Masin (¢2) =1

The system of equations is linear in the unknowns
~ & = Mscos (¢2)
~ y = Masin (¢2)

For consistency, we let z = A;

Force-free evolution (cont.)
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yu(t)} = A1 + Macos(¢p2) =3
t=0 M N ——

z z
dyu (t
Tl yu( )‘ = — Macos (¢2) —2 Ma sin (¢2) = 2
evolution dt li=o
z y

Aperiodic

. d?y, (t

FEE —yU( )| = —3 Mz cos (¢2) +4 Mz sin (¢2) = 1

dt?  lt=0 —_— — ————

z Yy

The resulting system of linear equation

z+z=3
~ —x —2y =2
-3z +4y=1
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UFC/DC UFC/DC The force-free response for ¢t > 0
SA (CK0191) SA (CK0191)
2018.1 2018.1 t ot ¢
yu(t) = A1eP1" + Mae®2" cos (wat 4+ ¢2) = A1 + Mae™ " cos (2t + ¢2)
~——
root pj1 " ’
The solution root (p2,p5)
o z—d= A ~ =44 1.12¢" " cos (2t — 2.68)
Mepes e * &= —1= Mpcos(¢2) MRerefies 4 1.12¢ " cos (2t — 2.68)
evolution o y=—0.5= Mysin (¢2) evolution 5 05
A 0|
Aperiodic Aperiodic 3
Pseudo-periodic Thus, we get Pseudo-periodic . ~0.5|
1 -1
A =4
% 1 2 % 4 5 6 "% 1 2 % 4 5 6
~ My = \/IQ +92 = V12 £0.52 = 1.12 yu(t) =4+ 1.12¢ ' cos(2t — 2.68)
5
¢2 = arctan (y/z) = arctan (—0.50/ — 1) = —2.68 [rad] o
3
o
e
% 1 p 3 4 5 6
i
Iput-output Force-free evolution (cont.) R Force-free evolution (cont.)
representation representation
UFC/DC UFC/DC
SA (CK0191) SA (CK0191)
2018.1 2018.1
We now consider a parameterisation in the form
4 0.5¢""sin(2t) —e~tcos(2t)
5
R v;—1
. 4
h(t) = A pthePit
0=-3% A :
i=1 k=0
Force-free Force-free J
evolution R+S v;—1 evolution
+ Z Z [Bi,k theit cos(w;t) + C’thkealt sin(wit)] !
Aperiodic i=R+1 k=0 Aperiodic 0045;
Pseudo-periodic Pseudo-periodic t
yu(t) =4 — e 'cos(2t)+ 0.5¢ 'sin(2t)
5
We get the force-free response
aA
yu(t) = A1ePr! 4 Boe®2! cos (wat) + Cae®2! sin (wat) 3
—— o
root pi root (p2,ph) ,
= =t =t 1 L L L L L I}
= A1 + Bae” ' cos (2t) + Cae™ "sin (2t) o : L ; + - .

~ =4 — e !cos(2t) +0.5¢" ! sin (2t)
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Force-free evolution (cont.)

We can compare the different forms of the solution

A= (M/2)et = B/2 —jC/2
A= (M/2)e™7% = B/2 +jC/2

M =2|A|= VB2 + C?

¢ = arg (A) = arctan (—C/B)

B =+M cos¢ = +2u
C=—-Msing =—2v

We get,

Ms =+/B% + C3

¢

N

My =

Co

= arctan (—C2/B2)

+ M3 cos (p2)
— My sin (¢2)

Force-free evolution (cont.)
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Initial time not equal zero

Aperiodic

Pseudo-periodic How to calculate the force-free response from an initial time ¢ # 0
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Force-free evolution (cont.)

Consider a system with homogeneous differential equation

dsy(t)Jr d2y(t)+21dz(/i(t)

dies dt

-+ 18y() =0

We are interested in the force-free response, for ¢t > to # 0

e The initial condition

=y =2
=yp=1
=yl =-20
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representation
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Classification of modes
M\?desl Input-output representation

Pseudo-periodic
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Classification of modes

Modes fully characterise the dynamics of a system
e It is important to study their form

e It is important to classify them

‘We provide an intuitive classification
~+ Aperiodic modes

~ Pseudo-periodic modes

Aperiodic modes have no oscillatory behaviour, pseudo-periodic ones do
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Classification of modes (cont.)

n
P(s) = ans" + an_1s"" 14+ +ars+ap = Zaisi =0
1=0

Aperiodic modes
the®t fork=0,...,v—1

Associate to real roots p = o € R (multiplicity v)

Pseudo-periodic modes

{tke"“ cos (wt)

, fork=0,...,v—-1
th et sin(wt) ’

tke“l’cos(wt+<;$k), for k=0,...,v—1

Associate to conjugate complex roots (p, p’) = o+ jw € C (multiplicity v)
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Aperiodic modes

These are the modes associated to real roots p = o € R, multiplicity v

the®t k=0,...,u—1

The fundamental parameter of the generic aperiodic mode is v # 0

w r=-1/a, (a=p#0)

The exponent t/7 in tFe® = tke=t/7 is dimensionless
e Parameter 7 has the units of time

~ Time-constant

The time constant is not defined for a« =0
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Roots with multiplicity one
Let real root v have multiplicity v = 1, there is only one associated mode
at

~ e

This mode (a simple exponential) is aperiodic

Stable or convergent, if a < 0

~ As t increases, the mode ™! tends to 0 asymptotically

Stability limit or constant, if « =0

~+ The mode is equal to ¢?* = 1, for any ¢t > 0

Unstable or divergent, if a > 0

~ As t increases, the mode ¢! tends to oo asymptotically

Aperiodic (cont.)
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Unstable (a > 0)

~~ The time-constant takes negative values 7 < 0

Stable (a < 0)

~~ The time-constant takes positive values 7 > 0
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7 is geometrically understood as the (below) tangent to mode at ¢t = 0
The value of the tangent where it intersects the abscissa

d
—e
dt

~y = Qe =«

at‘ at —

t=0 t=0

The line tangent to e*! in ¢t = 0 is f(¢) = at + b with slope a = «
e The intercept (at t =0) is b= f(0) =1
e ft)=at+1=0whent=—-1/a=7

Aperiodic (cont.)
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t | 0 T 2T 37 4T 5T
et = et/ | 1 037 0.14 0.05 0.02 0.01
The smaller the time-constant 7 = —1/a, the faster a (stable) mode vanishes
Aperiodic

Pseudo-periodic
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Roots with multiplicity larger than one

Let real root o have multiplicity v > 1, there are v associated modes

— eul,7 teuzl,7 t2ewl,7 v .,tkeul'7. . tl/—leul,

We consider only modes in the form tFe®’ with k& > 0

Stable, if « <0 and k > 1

~ As t increases, the mode tFe®! tends to 0 asymptotically

Unstable, if « > 0 and k > 1

~ As t increases, the mode t*e®! tends to oo asymptotically
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Case with a <0 and k>0 (k>1)
Consider the case in which @ < 0 and k& > 0
A

tk Eat

If we study the asymptotic behaviour of the mode, we get

thk

~ lim tFe® = lim

= oo/o0
t—o0 t—o0 e—at

The undetermined form is solved by differentiating k times (de I’'Hospital)

X th k!
~  lim t*e“ = lim = lim ——
t—roo t—oo et t—ro0 (—a)/"e*”f’

=0 (stable)
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Case with o >0 and £ > 1

Consider the case in which @ > 0 and k& > 1

tkeat

If the root is null (o = 0), the mode is t* and it grows
~ k=1, aline
~ k = 2, a parabola

~ k = 3, a cubic

For a positive root (a > 0), the mode grows faster
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(a) For k =1, the tangent to the mode has unit slope in t =0
(b) For k > 1, the tangent to the mode has zero slope in ¢t = 0

(a) (b)
tea’t te0t — ¢ tkea’t 10t — ¢k
(o' >0) (o' >0)

tea”t (a// < 0) tkea”t (O// < 0)

0
0 7 t [s] 0 kr” t[s]

Stable modes have one maximum at ¢t = k7

~ T=—-1/a
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Aperiodic (cont.)

Consider a stable (decreasing) mode of the form t*e®! and k > 1

Still, the smaller the time-constant 7 = —1/a, the faster a mode vanishes
e Different geometrical interpretation compared to the case k = 0

~ t = k7 is the value of ¢t where the mode has its single maximum

To appreciate this fact, we can differentiate the mode
d k ot k—1 _at k ot k—1 ot
Ete =kt" e +atte =t" e (k+ at)

The derivative is zero for ¢ >0 and a <0 at t = —k/a = kT

k

e Curve e¥e®! for o < 0 has a maximum at t = k7
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Pseudo-periodic modes
Modes
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Pseudo-periodic modes

These are the modes associated to conjugate complex roots (p, p’) = a + jw

Pseudo-periodic modes can take various forms

e We restrict our presentation to one type
th et cos (wt), withk=0,...,v -1

The other cases (phased) are not considered
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Pseudo-periodic modes (cont.)

tFe*t cos (wt), (k=0,...,v—1)
The parameters that characterise the generic pseudo-periodic mode

~ Time-constant

~~ Natural pulsation

~~» Dumping coefficient
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Natural pulsation

We can represent the pair of roots (p, p’) = o + jw on the complex plane

Im (a) Im (b)

P C=£0
,,,,,,, e =05 (=-05

0 = arcsinC
Re

OF——i——
o

Suppose that p = « + jw is a pole on the positive imaginary half-plane

e w, is the module of the vector that connects pole p (p’) and origin

~  wp = Va4 w?
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Dumping coefficient

Im (a) Im (b)

,,,,,,, jw

0 = arcsinC

oF ——i——
(==}

C is the sine of the angle 6 between the vector connecting p with the origin
and the positive imaginary half-axis (counterclock-wise = positive)

« «

¢= Cwn _\/a2+w2
e Negative a, ~» positive 6
e Null o, ~ null 6

e Positive a, ~» negative 6
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Roots with multiplicity one
Consider a pair of conjugate complex roots (p, p’) = o + jw with v =1
The corresponding pseudo-periodic mode

~ e cos (wt)

Such a mode has an oscillatory behaviour

e This is due to the cosine factor

The mode envelops cos (wt) with functions —e®* and e®?

T
—e t=(02h+1)—, heN
~ e cos (wt) = w

)

™
et t=2h— heN
w
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1§ e cos(wt)  (a < 0)

(a)

=

e cos(2wt) (a < 0)

()

0 s SEE 0 \/,\l»/
-1 -1

us 27 3 4 5w us 2 3 4 5
oS gy T Tt oS T &5 T ot

Stable (a < 0)

~» As t increases the envelops tend to 0 asymptotically

Case (a) has a larger damping factor than case (b)

e Time constant is equal (same «)
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¢ cos(wt) = cos(wt)  (a)

ga‘cos(wt) (aw>0) ’ (/b{) .

A

o\
] 7eat\\\\ o
0 g 2“7Jr 3771' 4n 5T t[S] 0 % 27 37 4m 5m t[S]

Stability limit (o = 0)
~» The mode becomes equal to cos (wt) and it is periodic

~ As functions of ¢, the envelops are constant +1 curves

Unstable (a > 0)
~» As t increases the envelops tend to oo asymptotically
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The time constant
Again, the time constant indicates the velocity of the mode (envelops)

e (As in the aperiodic case)
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The dumping factor ¢

The dumping factor is a real number in the interval [—1,1]

~ As it is equal to sin (0)

Im Im
(a) (b)

p ¢=+0

,,,,,,, jw (=05 (=-05
| 0 = arcsinC
W
1 Re
@ 0

,,,,,,, —jw
p/

o o
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We study pairs of roots with the same natural pulsation (same wy,)

e Dumping coefficient is changed (different o and w)

" () fm (b)

,,,,,,, jw

0 = arcsinC

oF ——i——
(=)

These roots lie on the complex plane

e Along a circle, radius wy,
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™ (a) fm (b)

,,,,,,, jw

0 = arcsinC

oF-————
(=}

(=+1,ifa=—w, <0and w=20
e Two complex roots coinciding with a negative real root, multiplicity 2
e The associated modes are e~ “»! and te~“n!
(=-1ifa=—-wp, >0and w =20
e Two complex roots coinciding with a positive real root, multiplicity 2

o The associated modes are e“"* and te“nt
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Im (a) Im (b)

,,,,,,, jw

0 = arcsinC

(=0,ifa=0and w=w,
e Two conjugate imaginary roots
e The associated mode is at the stability limit
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™ (a) fm (b)

,,,,,,, jw ¢=0.5 (=-05
0 = arcsinC

Re

oF-————
(=}

Ce(0,1),ife<0and w>0
e The two complex roots have a negative real part

e The associated mode is stable

e (—1,0),ifa>0and w>0
e The two complex roots have a positive real part

e The associated mode is unstable
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Roots with multiplicity larger than one
Consider a pair of conjugate complex roots (p, p’) = a + jw with v > 1
The corresponding pseudo-periodic modes

et cos (wt), te®t cos (wt), t2e cos (wt),

o tR e cos (wt),

ot e cos (wt)

We consider the modes in the form t*e®* cos (wt) with k& > 0
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t‘ke‘“ cos(wt) (a < 0) (a)

theot cos(wt) (a>0)

e 3 L /
AN R . /\ /\

0 0
_tkeat . _tkeat Trai\

3 2 3m 4w 5w T 2r  3m  4m  bm .

0§ &= & & ooyl 0 5 2 oSxodm oty

Stable (a < 0 and k& > 0)
~ As t increases the mode tends to 0 asymptotically

Unstable (o« >0 and k > 1)
~» As t increases the mode tends to co asymptotically

at

The mode envelops cos (wt) with functions +t*e
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Impulse response

We will study the general forced response of a system due to arbitrary inputs

We start by studying a particular forced response

~~ Impulse response
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Impulse response (cont.)

Impulse response

The impulse response w(t) is the forced evolution of a system subjected to
an input u(t) = §(t) applied at time t =0

The impulse response is an important function, as it is a canonical regime

What do we get from its knowledge?
~» The forced evolution of the system under any input

~~ The force-free evolution for any initial condition
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Impulse response (cont.)

Unit impulse and unit step

The unit impulse §(t) is the derivative of the unit step 6—1(¢)

5(0) = 5-1(0)

The unit step is the Heaviside function

0, t<0
51(0_{1 t>0
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Structure of the tmpulse response

Consider a linear, stationary and proper SISO system

+ apy(t)

n

d"y(t) dy(t)
T T
d™u(t) du(t)

RN S
am T

—+ bou(t)

=

For ¢t < 0, the impulse response w(t) is null

~  w(t)=0

For t > 0, the impulse response w(t) can be parameterised as linear combi-
nation h(t) of the n modes of the system and, possibly, an impulsive term

~ w(t) = Apd(t) + h(t)o—1(t)
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Structure of the impulse response (cont.)

w(t) = Aod(t) + h(t)d_1(t)

Let v; be the multiplicity of root p; of the characteristic polynomial

r v;—1

h(t) =D > Ajptherit

=1 k=0

The impulsive term is present iff the system is not strictly proper

A = {bn/a717 m=n

0, m<n
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Structure of the impulse response (cont.)

Proof
w(t) = Aod(t) + h(t)d-1(t)

In a causal/proper (n > m) system, the effect cannot precede the cause

When subjected to impulse §(¢) at ¢t = 0, the response is null for ¢t < 0
e This is imposed by 6_1(t) in w(t)

Moreover, an impulsive input u(t) = §(t) is (definition) null for ¢ > 0

The system is assumed initially at rest in ¢ = 0~
e At time t = 0T, it is in a non-null initial state

Because of the action due to the impulsive input

After t = 0% the input is null

The evolution is a particular force-free response
e Unknown coefficients A; ; to be determined

e This is given by h(t) in w(t)
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Structure of the impulse response (cont.)

Consider an instantaneous system with the model
3y() = 2u(t)

We are interested in the force-free response to a unit impulse

d”y(t) dy(t)
AR T

t
T + aoy(t)

Qan,

d™u(t) du(t)
I §
m dtm + + b1 dt

+ bou(t)

The system has m = n = 0 (non strictly proper)
e a, =3
e b, =2
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Structure of the impulse response (cont.)

3y(t) = 2u(t)

Model is an algebraic equation, characteristic polynomial has order n = 0
~» A system represented by this model does not have any mode
The impulsive response for an input u(t) = §(t)
w(t) = Aod(t) + h(t)d—-1(¢)
~ (2/3)8(t)
~ h(t)=0
~ Ag = bn/an
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Structure of the impulse response (cont.)

Consider a characteristic polynomial of the system
e R distinct real roots
e S distinct pairs of conjugate complex roots

‘We can re-write
r v;—1

h(t) =" > Ajgtheri?

i=1 k=0

We can use one of the forms where the pseudo-periodic modes are explicit

R vi—1
() =)D Ajgther!
i=1 k=0
R+S vi—1
+ Z Z (Bi,ktkealt cos(w;t) + Ci’ktkeo”tsin(wit))
i=R+1 k=0
R v,—1
~ h(t) = Z Z Ai’ktkep’t
i=1 k=0

R4S vi—1
+ Z ZMi,ktkea”cos(witJr(f)i’k)

i=R+1 k=0
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Structure of the impulse response (cont.)

Unknown coefficients in the expression of A(¢) in the impulse response w(t)

o We used the symbols A, M, ¢, B and C

e As in force-free responses

In the force-free case, coefficients can take an infinity of arbitrary values
e They depend on the initial conditions

In the impulse case, coefficients depend univocally only on the system

We study a technique/algorithm to find their value
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Computing the impulse response
A complicated technique to calculate the impulse response in time-domain

The algorithm is based on the knowledge of the impulse response w(t)

e We know that w(t) has a known parameterisation
w(t) = Agd(t) + h(t)d—1(t)

As such, w(t) must satisfy the model

n m

Z aLd—y(f) = Z b; jtlu(f

i=0

~ For a given impulse input u(t) = 6(t)

~» For any value of ¢
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Calculation of the impulse response (cont.)

w(t) = Aod(t) + h(£)3-1(t)

In the parameterisation of w(t) there are (n + 1) unknown coefficients

e The n coefficients associated to the modes

e The coefficient Ag of the impulsive term
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Calculation of the impulse response (cont.)

The impulse response w(t) must satisfy the model for all ¢, ¢ = 0 included
o All of the nasty things happen here

~~ Discontinuities or impulsive terms

Qan

d"y(?) dy(t)
ETD + -+ 0174‘ aoy(t)

d™u(t du(t
oy, 4 o, du®)

bou(t
dgm o T bou(®)
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Calculation of the impulse response (cont.)

We calculate derivatives? of w(t) = Aod(t) + h(t)d—1(t), up to

w(t)= h(t)d_1(t) + Aod(t)

%w(t): R(£)5-1(t) + h(0)8(t) + Aody (1)
:;;w(t): B (£)6_1(t) + =D (0)8(t) + A2 (0)8(t) + - -

2In the sense of distributions,

()81 (t) = FP ()1 (1) + Zﬂ”(om 1-i(t)

i=0

dk d )
8k(8) = —p8(1) = 01 (1), with k > 1.

order n

+ AO(Sn (t)
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Calculation of the impulse response (cont.)

Moreover, we have,

u(t)=6(t)
du(t)
a =61(t)
d77lu(t)_
dem = om(?)
Thus,
B L C TN I

= bmOm (L) + - -+ b101(t) + bod(t)
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Calculation of the impulse response (cont.)

We can now substitute for the expressions of w(t) and its derivatives

e We solve after imposing equality between the coefficients
e Those that multiply the terms §(t), 81 (¢),...,dm(t)
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Calculation of the impulse response (cont.)

A set of n + 1 equations in n + 1 unknowns coefficients of w(t)
o Ao, {A;} and {M;} and {¢;} (or, {B;} and {C;})

bo= ag Ao + arh(0) + - - + an—1h("2(0) + a, L ("1 (0)
bi= a1 Ao + azh(0) + - - - + an K" 2 (0)

bp—1= an—140 + (l'u,h(o)
bp= anAg
The unknown coefficients Ag, {A;} and {M,} and {¢;} (or, {B;} and {C;})
e They appear also in the expression of k(0), k(0), - - - , A(*=1)(0)

~+ The coefficients a; and b; with ¢ = 1,...,n are given by the model
~ If we have n < m, we can set by,41 = b2 =+ =bp, =0

~ Terms that multiply §_1(¢) cancel out (missing from RHS)

Input-output
representation

UFC/DC
SA (CKO0191)
2018.1

Rep entation

Aperiodic

Pseudo-periodic
Impulse response

Forced olution

Calculation of the impulse response (cont.)

bo= ap Ao + a1 h(0) +--- + an_1h("=2 (0) + anh<"—1>(0)
bi= a1 Ag + agh(0) + - - - + an h("=2)(0)

bp—1= an—140 + (th(o)
bn= an Ao

From by, = an Ao,
o If m = n, then ap Ao = by, # 0 and Ag = bn/an #0
e If m < n, then ap,Ag = b, =0and Ag =0

It thus is possible to simplify the calculation
e Determine a priori the term Ag
e Treat it as constant

(Last equation of the system becomes an identity)
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Calculation of the impulse response (cont.)

Algorithm

1 Determine the characteristic polynomial P(s) of the homogeneous equa-
tion associated to the IO model and calculate its roots

2 Determine the n modes of the model
3 Write w(t) = Apd(t) + h(t)d—1(t) using a parameterisation of h(t)
4 Calculate the derivatives of h(t), up to the (n — 1)-th order

5 Write the system of n equations in the n unknown coefficients of h(t)

bo — ap Ao= a1 h(0) + agh(0) + - - - + an_1h" "2 (0) 4 an b~ (0)
bi — a1 Ao= agh(0) + azh(0) + - - - + anh("2)(0)

bn—2 — an—2A0= an—1h(0) + anh(0)
bp—1— an—140= an,h/(o)

6 Solve for the n unknown coefficients A; of w(t)
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Calculation of the impulse response (cont.)

Consider a system described by the IO model

2 u
it (O 10 Ld(t)

2
dt? dt t

+ 3u(t)

We are interested in computing the the impulse response

The characteristic polynomial
P(s) =252 +6s+4
From P(s) =0, two real roots, both with multiplicity one

~ p1 = —1, mode e~ P1t

~ pg = —2, mode e P2¢

A strictly proper model, m =1<n =2
~ w(t) w/o the impulsive term
~ Thus, Ag =0
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Calculation of the impulse response (cont.)

The structure of the impulse response and its derivative

w(t) = <Ale’t n Aze*%) 5_1(8)

N—
h(t)
dw(t) _ .y Y
= (f Are=t — 245 ) 51 () + (A1 + A2> 85(t)
h(t) h(0)
d2w(t) s b s
= (Ale + 4Aze ) S_1(t) + (— A — 2,42) 8(t)
N———
i (t) (0)
+ (A1 + Az) 01(t)
N——
h(0)
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Calculation of the impulse response (cont.)

By substituting w(¢) and its derivatives in the model and setting u(t) = §(¢)

4(A1 eit —+ A2672t)5,1 (t)

agw(t)

+6(—Aret —242e72)5_1 (1) + 6(A1 + A2)d(t)

a; —w(t)

dt
+2(A1e t + 4427251 (1) + 2(— A1 — 242)8(t) + 2(A1 + A2)d1 (1)

dQ
ag @w(i)
= 36(t) + 61(¢)
—_—

bod(t)+b161 ()

The coefficients multiplying §_1(¢) will cancel each other out, always
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Calculation of the impulse response (cont.)

Since m < n and thus Ag = 0, we can write a system of two equations

[a1h(0) + a2h(0)] 5(t) = bod(1)
agh(0)6—1(t) = b16—1(t)

4A1 +2A2 =3 A =1
2A1 +2A2 =1 A = —0.5

The resulting impulse response

w(t) = (e™t —0.5e72)5_1 (1)

a(t) w(t) = (e7!— 0.5e72)5_1(t)
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Calculation of the impulse response (cont.)

Calculate the impulse response for the system described by the I0 model

d3y(t)+2d2y(t) dy(t) _ ,du(t)
dt3 dt? dt dt

+ u(t)

The characteristic polynomial
P(s) = s34+ 252 + 55

From P(s) = 0, the roots
e A real root p1 = a1 = 0 with multiplicity one v

e A pair of conjugate complex roots p2 = ag + jws = —1 £ 52 also with
multiplicity one v = v =1
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Calculation of the impulse response (cont.)

A strictly proper model, m =1<n =3

e w(t) without the impulsive term

~w o w(t) = h(t)d_1(t) = [A1ePL! + Mye®2" cos (wat + ¢2)]5_1(t)
= [A1 + Mae™"cos (2t + ¢2)]5-1(t)
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Calculation of the impulse response (cont.)

By differentiating h(t) two times,

h(t) = A1+ Mgeit cos (2t =+ ¢2)
h(t) = —Mge ™t cos (2t + d2) — 2Mae ™ sin (2t + ¢2)
h(t) = —3Mae™ ! cos (2t + ¢o) + 4Mze ™ sin (2t + ¢2)

‘We have the system of equations

a1 h(0) + agh(o) + ag.}i(o) =bo
a2h(0) + a3f'L(0) =b
azh(0) = b
541 =1
> 2A1 4+ 5M> cos (¢p2) — 2Ma sin (¢2) = 4
A1+ Macos(¢2) =0
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Calculation of the impulse response (cont.)

Let up = Ma cos (¢2) and va = Masin (¢2)

541 =1
2A1 +up — 219 =4
Al +uy =0

3

A1 = +0.2
ug = —0.2
v = —1.9

{MQ =vu2 £ o2 =191
-

¢2 = arctan (u/v) = arctan (—1.9/—0.2) = —1.68 [rad]
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Calculation of the impulse response (cont.)

The impulse response

~ w(t) =[0.241.91e " cos (2t — 1.68)]6_1(t)

5(t) w(t) = (0.2 + 1.91e *cos(2t — 1.68)5_1(t)
12

1
0.8
0.6

0.4
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Forced evolution and Duhamel’s
integral
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Forced evolution (cont.)

‘We show a fundamental result in the analysis of linear IO models

o The Duhamel’s integral

The forced evolution y(t) of a linear time-invariant system subjected to
input u(t) is determined by its convolution with the impulse response w(t)
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Convolution
‘We start by assuming that the system is at some remote time ¢t = —co
Consider two functions f,g: R —C e We assume that no cause has ever acted on it before
The convolution of f with g is function h : R — C in the real variable ¢ ~ The system is therefore assumed to be at rest
Aperiodic Aperiodic
e Foo e At such a remote time, the system is subjected to an input (¢
- h(t):f*g(t):/ F(r)g(t — 7)dr NI > Jlecte put u(t)
: —o0 ; o We assume that the input u(t) is known in (—oo, ¢]
Forced evolution Forced evolution
~ This is needed to determine the output at time ¢
Function h(t) is constructed using the operator convolution integral x
GNP Forced evolution (cont.) et Forced evolution (cont.)
representation representation
UFC/DC UFC/DC
SA (CK0191) SA (CK0191)
2018.1 2018.1
e—0
Propositon | 5400
Duhamel’s integral 1
Consider a system at rest at t = —oo, for every value of t € R
We have, €

seudo-periodic

t t
ot
Aperiodi ~ o y(t) = /7 u(T)w(t — 7)dr

From the definition of the derivative of the unit step d_1(t), we have
odic

Duhamel’s integral
Forced evolution

d . d .
Forced evolution o(t) = 56_1(” - &515% I-1e(t) = 515% &671’5(0 N sl% 3 (%)
Proof

Let we () be the forced response of the system due to a finite impulse ¢ ()

ety = Lo = {1/57 teloe)

dt 0, elsewhere
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representation representation
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We are interested in approximating the function u(t)
Because §(t) = lime_,0 6= (%), it is intuitive to see that w(t) = lime—0 we (%) We approximate u(t) with a series of rectangles
e Each rectangle is a finite impulse, da(+)
(1) we(1)
A u()
Aperiodic — Amcriedkc
Pseudo-periodic l{e;}o lsi)() Pseudo-periodic
Forced evolution ' Forced evolution
&) w(t)

\ A

—2At =At 0 At 2At 3At

At denotes the sampling time (the base of the rectangles)

Iput-output Forced evolution (cont.) R Forced evolution (cont.)
representation representation
SAUFccléa%m Each rectangle is a assumed to be a finite impulse, da+(t — kAt) sAUfc(iéa%l)
ot o Subscript At is the base of the rectangle (was ¢) ot
e Argument (t — kAt) right-shifts it by kA¢
& u@)
The approximation gets better as At gets smaller
Thus, we define
o
> B v uai®) = Y u(kAOSA( — kALAL
—2At —At 0 Ar 2At 3At == o0
Forced evolution Forced evolution ‘We have,
u-ary 4O u(dr) u2A) ~ u(t) = Alirﬁo uat(t)
= o+ + + + + e
13 1 1 !
—At (‘) ) (‘) At ) 0 Ar 2At ] 0 2At 3A;

Su(t+A1) U(-ADAL Oy (A u(O)AT B (-A) u(Af) At Sy, (1=2A1) u(2AnA

Each finite impulse is multiplied by the scaling factor u(kA¢)At
e The area of a rectangle with base At and height u(kAt)
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Forced evolution (cont.)

The system is assumed to be linear (the superposition principle)

We approximate the total system output due to such an input ua(t)

e A sum of the outputs due to the component inputs

oo

wyal(t) = D u(kAt)war(t — kAL)AL

k=—o00

Again, the approximation gets better as At gets smaller
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Forced evolution (cont.)

‘We have,

o0
() = Jim ya(t) = Alygok_z_:ooU(kAt)wm(t — kAt)At

/_0:0 u(T)w(t — 7)dr

As At — 0, we let kAt =7 and At =dr

e 7 is now a real variable
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Forced evolution (cont.)

The system is assumed to be proper (causes first, then effects)
o w(t—7)is zero when (t —7) <0 (7 > t)

‘We have,

- y(t):/i u(f)w(t_f)dfzﬁtm w(r)w(t — T)dr

Duhamel’s integral
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Forced evolution (cont.)

The Duhamel’s integral is a convolution integral

y(t) = /_ u(T)w(t — 7)dr

Duhamel’s integral

The upper-limit is set to be ¢ instead of +oo

e As the convolution of u(7) and w(7) is zero for 7 > ¢
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Forced evolution (cont.)

Convolution integrals posses the commutative property

We can write
y(t) = uxw(t) = w*u(t)

= /_:)O u(t — Mw(r)dr = /()+°° u(t — T)w(r)dr

Moreover, for 7 < 0 we have that w(r) =0
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Forced evolution (cont.)

+o0
y(t) = /0 u(t — 7)w(r)dr

Consider the contributions to y(t) at time ¢

They are due to the value of the input u(t — 7) 7 times earlier

e Weighted by the impulse response w(r)

Consider a system whose modes are all stable
e The impulse response w(t) tends to zero
e It is virtually zero for 7 > 7
e 7 depends on system time-constant

The system loses memory of the input after a time 7 from application
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Forced evolution (cont.)

Decomposition in forced and force-free response
Consider some initial time ¢t = #g

‘We decompose the Duhamel’s integral

to t
y(t)=[ u(T)w(tfr)dTJr/t w(r)w(t — 7)dr, for t >ty

Yu(t) yr ()

The first term y,(t) is the contribution to the output signal at time ¢ due
to the values taken by the input before the initial time tp

~ At time tp, the system is a non null state
~ (Non-zero initial conditions)

~~ Force-free evolution

The second term yy (%) is the contribution to the output signal at time ¢ due
to the value taken by the input after the initial time #

~~ Forced evolution
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Forced evolution (cont.)

Forced response by convolution
Consider some initial time g

The forced evolution

~yp(t) = / u(T)w(t —7)dr = /0 Y u(t — 7)w(r)dr

to

The second formula is derived from the first one

e Change variable, p =t — 7

- /t w(r)w(t — r)dr

to

0 t—to
= /H u(t — p)w(p)(—dp) =/0 u(t — p)w(p)dp
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Forced evolution (cont.)

Let top = 0, we have the expression

~ o yp(t) = \/t/:U u(T)w(t — 7)dr = /f/:o u(t — 7)w(r)dr
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Forced evolution (cont.)

Consider the system represented by the IO model

2
L B | =29 gy

2
dt? dt t

We are interested in the forced evolution (¢t > 0) due to input u(t) = 45_1(t)
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Forced evolution (cont.)

The impulse response of the system

o w(t) = (et —0.5e72)5_1(4)

a(t) w(t) = (e — 0.5¢2)d_(t)
0.5]
0.4
0.3]
0.2

0.1

Input-output
representation

UFC/DC

SA (CKO0191)
2018.1

Aperiodic

Pseudo-periodic

Forced evolution

Forced evolution (cont.)

The forced response will be zero for ¢t < 0

For ¢ > 0, we have

yr(t) :/0 u(T)w(t — 7)dr

u(t) =4, for 7 € [0, t]

t t
~ o yp(t) = / u(T)w(t — 7)dr = / 4[67(t77—> — 0.5672“77-)](11’7'
0 0

t t
=4e ! / eTdr — 2¢ % / e27dr
0 0

=4e (et — 1) —2e724(0.5¢%! — 0.5)
=3—4de e %
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Forced evolution (cont.)

The forced response will be zero for ¢t < 0

For t > 0, we have

yr(t) = /0 u(t — M)w(r)dr

u(t) =4, for 7 € [0, t]

t

~ o yr(t) =/0t4[e*T —0.53*2T}d7=4/

0
=4(e”t —1) —2(0.5¢72 —0.5)

=3—4e t4e %

t
e Tdr — 2/ e 27dr
0
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Forced evolution (cont.)

u(t) = 46_4(t)

ys(t) = (3 —4de™" +e7*)o4(t)
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Forced evolution (cont.)

Consider the system represented by the IO model

Py(r) | dy(t) sty = FD s

2
di? dt dt

We are interested in the forced evolution (¢t > 0) due to input u(t)

2, te[l,4
wty=1> €LY
0, elsewhere
This input can be understood as the sum of two functions
1. A step with size +2, at t =1
2. A step with size —2, at t =4
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Forced evolution (cont.)

The impulse response of the system

~  w(t)= (et

—0.5e729)8_1(¢)

5(t) w(t) = (et —0.5e72")5_4(t)
0.5
0.4
0.3
02
0.1
0 0 2 4 6 8 10 0 [ 2 4 6 8 10
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Forced evolution (cont.)

Using the Duhamels integral, we can calculate the forced response

t
yr(t) = /7 u(T)w(t — 7)dr

0 t € (—o0,1)

=2 lwt—r)dr, tel,4)

2f14 w(t —7)dr, t€ [4,+00)
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Forced evolution (cont.)

The change of variable p =t — 7

For1<t<4

t t—1 t—1
~ / w(t —7)dr = / w(p)dp = / (e7P —0.5e72P)dp
0 0 0

=0.75 — e~ (=D 4 0.25¢ 20t 1)
=0.75—2.72e~ " +1.85¢~ 2

For t >4

4 t—1 t—1
~ / w(t —7)dr = / w(p)dp = / (e7P —0.5e72P)dp
1 t—4 t—4

=—e (=D 4 0.25e72(t=1) 4 = (t=4) _ g o5,—2(t—4)
=51.9¢"t 4 743e~ 2!
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0, t € (—o0,1]
~ yp(t) = ¢ 1.5 —5.44e7t +3.69¢72t, te[1,4)

104e~t 4 1487e~2t, t € [4,400)
u(t) ys(t)
1.5]
2|
1.5 1
1
0.5|
0.5
0 0 5 10 15 0 0 5 10
t t

The input signal u(t) is active only in the interval ¢ € [1,4]
e The response is not null for ¢ > 4
e At t = 4 there is a non-null state

From t = 4, the evolution is force-free




